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Abstract— Smooth and nonsmooth versions of the Pontryagin
Maximum Principle can be proved using necessary conditions
for set separation in terms of approximating multicones arising
from generalized differentiation theories. We propose a notion
of approximating multicone derived from J. Warga’s theory of
derivate containers and the notion of Mordukhovich normal
cone, and state and prove the corresponding set separation
theorem.

I. INTRODUCTION

In a series of papers (e.g., [1], [2], [3], [4]) we have proposed
versions of the Pontryagin Maximum Principle for highly
non-smooth systems, based on generalized differentials and
flows, and proved by “primal” methods, using packets of
needle variations. All these proofs are based on separation
theorems for sets, which give a necessary condition for two
sets S1, S2 containing a point s̄ to be separated at s̄—in
the sense that S1 ∩ S2 = {s̄}. The condition involves the
notion of “approximating multicone” to a set at a point,
and says that, if C1, C2 are approximating multicones to
S1, S2 at s̄, then C1 and C2 are not “strongly tranver-
sal.” The notion of approximating multicone is specific
to a particular “generalized differentiation theory.” (For
example, the classical notion of Boltyanskii approximating
cone corresponds to the classical differential.) In our previous
papers, this was done for differentiation theories such as
the “generalized differential quotients,” and the result was
used to prove very nonsmooth versions of the Pontryagin
principle. In all these versions, the transversality condition
turns out to involve some version of the notion of Boltyanskii
cone, and does not apply to Clarke tangent cones or Mor-
dukhovich normal cones.

The purpose of this note is to present the analogue
of the separation theorem for the differentiation theory of
Warga derivate containers (cf. Warga [5], [6], [7]). We
define the notion of a “MWAMC” (“Mordukhovich-Warga
approximating multicone”) to a set at a point, and prove the
separation theorem. As was the case for other differentiation
theories, the key element of the proof is a directional open
mapping theorem, stated and proved in §V. The application
of these results to the nonsmooth maximum principle will
be discussed in subsequent papers.
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II. PRELIMINARY BACKGROUND MATERIAL

If X , Y are real linear spaces, then Lin(X, Y ) will denote
the space of all linear maps from X to Y . If X and
Y are finite-dimensional and normed, then Lin(X, Y ) is
also finite-dimensional, and we will always regard it as
a normed space, endowed with the operator norm ‖ · ‖op

given by ‖L‖op = sup{‖L(x)‖ : x ∈ X, ‖x‖ ≤ 1}. We use
X† to denote the dual space of X , so X† = Lin(X, R).
We use R

n, R
m×n to denote, respectively, the space of

real n-dimensional column vectors, and the space of all
real matrices with m rows and n columns. We iden-
tify R

m×n with Lin(Rn, Rm) in the usual way, by
identifying each matrix M ∈ R

m×n with the linear map
R

n � x �→ M · x ∈ R
m. If X is any set, then IX will denote

the identity map of X . If X is a metric space, x̄ ∈ X ,
and 0 < r ∈ R, we use B̄X(x̄, r), BX(x̄, r), to denote,
respecetively, the closed ball {x ∈ X : dist(x, x̄) ≤ r} and
the open ball {x ∈ X : dist(x, x̄) < r}. We write B̄

n(x̄, r),
B

n(x̄, r) for B̄Rn(x̄, r), BRn(x̄, r).
A cone in a real linear space X is a nonempty subset C

of X such that rc ∈ C whenever r ∈ R, r ≥ 0, and c ∈ C.
The polar of a cone C in X is the set C† of all w ∈ X† such
that 〈w, c〉 ≤ 0 for all c ∈ C. It is clear that C† is always a
closed convex cone, and C⊥⊥ is the smallest closed convex
cone containing C, so in particular C⊥⊥ = C if and only
if C is closed and convex. A convex multicone in X is a
nonempty set of convex cones.

Two convex cones C1, C2 in a finite-dimensional real
linear space X are transversal, if C1 − C2 = X , i.e., if for
every x ∈ X there exist c1 ∈ C1, c2 ∈ C2, such that
x = c1 − c2. The cones C1 and C2 are strongly transversal
if they are transversal and in addition C1 ∩ C2 �= {0}.

If C1, C2 are convex cones in X , then

(1) C1 and C2 are transversal if and only if either (i) C1

and C2 are strongly transversal or (ii) C1 and C2 are
linear subspaces and C1 ⊕ C2 = X .

(2) C1 and C2 are transversal if and only if
C†

1 ∩ (−C†
2) = {0}.

(To prove (1), it suffices to assume that C1 and C2 are
transversal but not strongly transversal and show that (ii)
holds. Let us prove that C1 is a linear subspace. Pick c ∈ C1.
Using the transversality of C1 and C2 write −c = c1 − c2,
ci ∈ Ci. Then c1 + c = c2. But c1 + c ∈ C1 and c2 ∈ C2.
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So c1 + c ∈ C1 ∩C2, and then c1 + c = 0, since C1 and C2

are not strongly transversal. Therefore −c ∈ C1. This shows
that c ∈ C1 ⇒ −c ∈ C1. So C1 is a linear subspace. A
similar argument shows that C2 is a linear subspace. Then
the transversality of C1 and C2 implies that C1 + C2 = X ,
and the fact that they are not strongly transversal implies that
C1 ∩C2 = {0}. Hence C1 ⊕C2 = X . To prove (2) observe
that C1 −C2 is a convex cone, so C1 −C2 = X if and only
if Clos(C1 −C2) = X , and if Clos(C1 −C2) �= X then the
Hahn-Banach theorem implies that C†

1 ∩ (−C†
2) �= {0}.)

Two convex multicones C1, C2 in a finite-dimensional real
linear space X are transversal, if C1 is transversal to C2

whenever C1 ∈ C1, C2 ∈ C2. The convex multicones C1,
C2 are strongly transversal if they are transversal and in
addition there exists a µ ∈ X†\{0} such that

(∀C1 ∈ C1, C2 ∈ C2)(∃x ∈ C1 ∩ C2)(µ(x) > 0) . (1)

Let S be a subset of a finite-dimensional real linear space
X , and let s̄ ∈ S. The Bouligand tangent cone to S at
s̄ is the set of all vectors v ∈ X such that there exist a
sequence {sj}j∈N of points of S converging to s̄, and a
sequence {hj}j∈N of positive real numbers converging to
0, such that v = limj→∞

sj−s̄
hj

. We use TB
s̄ S to denote the

Bouligand tangent cone to S at s̄. It is clear, and well known,
that TB

s̄ S is a closed cone. The Bouligand normal cone
of S at s̄ is the polar cone (TB

s̄ S)† of TB
s̄ S, that is, the

set of all covectors p ∈ X† such that 〈p, v〉 ≤ 0 for all
v ∈ T s̄BS. The limiting normal cone, or Mordukhovich
normal cone of S at s̄ is the set of all covectors p ∈ X†

such that p = limj→∞ pj for some sequence {pj}j∈N of
members of X† and some sequence {sj}j∈N of members of
S such that pj ∈ (TB

sj
S)† for each j. We use NM

s̄ S to denote
the Mordukhovich normal cone of S at s̄. For each p ∈ X†,
we let p† = {v ∈ X : 〈p, v〉 ≤ 0}. The Mordukhovich
tangent multicone to S at s̄ is the set

MT s̄S
def= {p† : p ∈ NM

s̄ S} .

Lemma 2.1: Let S be a closed subset of a finite-
dimensional normed real linear space X , and let s̄ ∈ S,
p̄ ∈ X†. Then the following conditions are equivalent:

(∗.1) p̄ ∈ NM
s̄ S ,

(∗.2) lim inf
s→s̄

(
max{〈p̄, v〉 : v ∈ TB

s S, ‖v‖ ≤ 1}
)

= 0 ,

(∗.3) lim inf
s→s̄,p→p̄

(
max{〈p, v〉 : v ∈ TB

s S, ‖v‖ ≤ 1}
)

= 0 .

Proof: Although Conditions (∗.2) and (∗.3) depend on
the norm of X , it is easy to see that the truth values of
(∗.2) and (∗.3) are norm-independent. Hence we may assume,
without loss of generality, that the norm of X arises from
an inner product 〈·, ·〉, and we may use this inner product to
identify X and X† in the standard way.

For s ∈ S, p ∈ X , let

Θ(p, s) = max{〈p, v〉 : v ∈ TB
s S, ‖v‖ ≤ 1} . (2)

Then Θ(p, s) ≥ 0, because 0 ∈ TB
s S.

If (∗.1) holds, then we can find a sequence {sj}j∈N of
members of S and a sequence {pj}j∈N of members of X
such that limj→∞ sj = s̄, limj→∞ pj = p̄, and pj ∈ (TB

sj
S)†

for each j. Then, Θ(pj , sj) = 0 for each j, so (*.3) holds.
We now prove that (∗.3)⇒(∗.2)⇒(∗.1). The

implication (∗.3)⇒(∗.2) is trivial, because if (*.3)
holds then there is a sequence {(sj , pj)}j∈N of
members of S × X such that limj→∞ sj = s̄,
limj→∞ pj = p̄, and limj→∞ Θ(pj , sj) = 0. Since
Θ(p̄, sj) ≤ Θ(pj , sj) + ‖p̄ − pj‖, we can conclude that
limj→∞ Θ(p̄, sj) = 0, and then (∗.2) holds.

We now assume that (∗.2) holds, and prove (∗.1). If
p̄ = 0 then p̄ ∈ NM

s̄ S, so (∗.1) is true. So we may assume
that p̄ �= 0 and then, without loss of generality, we may
also assume that ‖p̄‖ = 1. It follows from (∗.2) that we
can find a sequence {sj}j∈N of members of S such that
limj→∞ εj = 0, where εj = Θ(p̄, sj) = 0. For α > 0,
j ∈ N, define βj(α) to be the minimum of all the nonnegative
real numbers β such that the closed ball B̄X(sj + αp̄, β)
intersects S. (The minimum exists because S is closed.) Then
βj(α) ≤ α, because

sj ∈ B̄X(sj + αp̄, α‖p̄‖) = B̄X(sj + αp̄, α) .

We are going to construct, for each j, a covector pj which
is close to p̄ and such that pj is a Bouligand normal to S at
a point ŝj close to sj .

Fix a j. If βj(α) = α for some α, then the open
ball BX(sj + αp̄, α) does not intersect S, and this clearly
implies that p̄ ∈ (TB

sj
S)†. So in this case we take

pj = p̄ and ŝj = sj . Next assume that βj(α) < α for
all positive α. Then for each α we can pick a point
σ(α) ∈ B̄X(sj + αp̄, βj(α)) ∩ S. Let v(α) = σ(α) − sj ,
π(α) = αp̄ − v(α). Then v(α) �= 0, and in addi-
tion 〈v(α), p̄〉 = 〈v(α) − αp̄, p̄〉 + α = α − 〈π(α), p̄〉, since
‖p̄‖ = 1. Furthermore,

‖π(α)‖ = ‖αp̄ − v(α)‖ = ‖(sj + αp̄) − σ(α)‖ = βj(α)

so that 〈π(α), p̄〉 ≤ βj(α), and then 〈v(α), p̄〉 ≥ α − βj(α),
so that βj(α) ≥ α − 〈v(α), p̄〉. On the other hand,
lim supα↓0 ‖v(α)‖−1〈v(α), p̄〉 ≤ εj . (Indeed, suppose the
inequality is not true. Then there exist a positive δ and a
sequence {αk}k∈N of positive numbers that converges to 0
and is such that ‖v(αk)‖−1〈v(αk), p̄〉 ≥ εj + δ. If we let
wk = ‖v(αk)‖−1v(αk), then we may assume, after passing
to a subsequence, that the limit w = limk→∞ wk exists.
Since sj + v(αk) ∈ S, the vector w belongs to TB

sj
S.

But 〈w, p̄〉 ≥ εj + δ, and this contradicts the fact that
Θ(p̄, sj) = εj .)

Let α∗ be such that ‖v(α)‖−1〈v(α), p̄〉 ≤ εj + 2−j

whenever 0 < α ≤ α∗. Given any α, it is clear that
‖v(α)‖ ≤ 2α. Then 0 ≤ 〈v(α), p̄〉 ≤ αε̃j whenever
0 < α ≤ α∗, where ε̃j = 2(εj+2−j). Let a(α) = 〈v(α), p̄〉p̄,
b(α) = v(α) − a(α), so b(α) ⊥ a(α), and then ‖v(α)‖2 =
‖a(α)‖2 +‖b(α)‖2. On the other hand, π(α) = αp̄−v(α) =
αp̄ − a(α) − b(α), so π(α) = (α − 〈v(α), p̄〉)p̄ − b(α), and
then

α2 ≥ βj(α)2 = ‖π(α)‖2 = |α − 〈v(α), p̄〉|2 + ‖b(α)‖2 .
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Since 〈v(α), p̄〉 ≤ αε̃j , we have α − 〈v(α), p̄〉 ≥ α(1 − ε̃j),
and then α2 ≥ α2(1 − ε̃j)2 + ‖b(α)‖2, so that

‖b(α)‖2 ≤ α2(1 − (1 − ε̃j)2) ≤ α2(2ε̃j − ε2
j ) ≤ 2α2ε̃j ,

and then ‖b(α)‖ ≤ α
√

2ε̃j . Therefore

‖π(α) − αp̄‖ = ‖〈v(α), p̄〉)p̄ + b(α)‖ ≤ αε̂j ,

where ε̂j = ε̃j +
√

2ε̃j . Hence, if we pick any α such that
0 < α ≤ α∗ and α ≤ 2−j−1, and let pj = π(α)

α , ŝj =
sj + v(α), we see that ‖pj − p̄‖ ≤ ε̂j , ‖ŝj − sj‖ ≤ 2−j , and
pj is a Bouligand normal to S at ŝj . This shows that p̄ is a
limiting normal of S at s̄, concluding our proof.

If S is closed, the Clarke tangent cone to S at s̄ is the
set of all vectors v ∈ X such that, whenever {sj}j∈N is
a sequence of points of S converging to s̄, it follows that
there exist Bouligand tangent vectors vj ∈ TB

sj
S such that

limj→∞ vj = v. We use TCl
s̄ S to denote the Clarke tangent

cone to S at s̄. It is well known that TCl
s̄ S is a closed

convex cone. Also, it is well-known that TCl
s̄ S is the polar of

NM
s̄ S. Therefore TCl

s̄ =
⋂
{C : C ∈ MT s̄S}. The Clarke

normal cone of S at s̄ is the polar (TCl
s̄ S)† of the Clarke

tangent cone, so (TCl
s̄ S)† is the smallest closed convex cone

containing NM
s̄ S.

If X, Y are finite-dimensional real linear spaces, Ω is an
open subset of X , F : Ω �→ Y is a map, and x∗ ∈ Ω, a
Warga derivate container of F at x∗ is a compact subset
Λ of Lin(X, Y ) such that for every compact neighborhood
Λ̂ of Λ in Lin(X, Y ) there exist an open neighborhood U
of x∗ in X and a sequence {Fj}j∈N of maps of class C1

from U to Y such that Fj → F uniformly on U as j → ∞,
and DFj(x) ∈ Λ′ for all x ∈ U , j ∈ N. It is clear that if
F has a Warga derivate container at x∗ then F is Lipschitz-
continuous on a neighborhood of x∗.

If M , N , are manifolds of class C1, and x̄ ∈ M , then
it is easy to extend the concepts of Bouligand and Clarke
tangent cone and Mordukhovich tangent multicone, as well
as the corresponding normal cones, to a subset S of M at
x̄, and to define intrinsically the notion of a Warga derivate
container at x̄ of a map F : M �→ N . In that case, if x̄ ∈
S ⊆ M , then (i) the cones TB

x̄ S, TCl
x̄ S, are subsets of the

tangent space Tx̄M of M at x̄, the convex multicone MT x̄S
is a set of convex cones in Tx̄M , (ii) the cones (TB

x̄ S)†,
(TCl

x̄ S)†, NM
s̄ D are subsets of the cotangent space (Tx̄M)†,

and (iii) the Warga derivate containers of F at x̄ are compact
subsets of Lin(Tx̄M, TF (x̄)N).

III. WARGA APPROXIMATING MULTICONES

If C, D are convex multicones, then we write C � D if for
every D ∈ D there exists a C ∈ C such that C ⊆ D.

If M is a manifold of class C1, s̄ ∈ S ⊆ M , and C is a
convex multicone in Ts̄M , we say that C is a Mordukhovich-
Warga approximating multicone (abbr. MWAMC) of S at
s̄ if there exist (i) a nonnegative integer n, (ii) a compact
subset K of R

n such that 0 ∈ K, (iii) an open neighborhood
U of K in R

n, (iv) a Lipschitz-continuous map F : U �→ M ,
(v) a compact subset Λ of Lin(Rn, Ts̄M), and (vi) a convex

multicone D in R
n, such that (I) F (0) = s̄, (II) F (K) ⊆ S,

(III) Λ is a Warga derivate container of F at 0, (IV) D �
MT s̄K and, finally (V) C = {L · D : L ∈ Λ, D ∈ D}.

Example 3.1: If S is a closed subset of a manifold M of
class C1, s̄ ∈ S, and C is any convex multicone in Ts̄M such
that C � MT s̄S, then C is a MWAMC of S at s̄. Indeed, it
clearly suffices to assume that M = R

n and s̄ = 0. We then
let U , V be, respectively, an open subset of R

n containing 0,
and a compact ball centered at 0 and contained in U . We then
take K = V ∩ S̃, so K is compact and MT 0K = MT s̄S.
We then let F : U �→ R

n be the inclusion map, and take Λ =
{IRn}. Then C = {L · C : L ∈ Λ, C ∈ C}, and C � MT 0K.

Example 3.2: As a special case of the previous example, if
S is a closed subset of a manifold M of class C1, and s̄ ∈ S,
then the multicones MT s̄S and {TCl

s̄ S} are MWAMCs of
S at s̄.

Example 3.3: It follows trivially from the definition that,
if M , N are manifolds of class C1, S ⊆ M , s̄ ∈ S, F : M �→
N is a Lipschitz-continuous map, Λ is a Warga derivate
container of F at s̄, and C is a MWAMC of S at s̄, then
Λ · Cdef= {L · C : L ∈ Λ, C ∈ C} is a MWAMC of F (S) at
F (s̄).

Example 3.4: . If M1, M2 are manifolds of class C1,
s̄1 ∈ S1 ⊆ M1, s̄2 ∈ S2 ⊆ M2, C1 is a MWAMC
of S1 at s̄1, and C2 is a MWAMC of S2 at s̄2, then
C1 × C2 is a MWAMC of S1 × S2 at (s̄1, s̄2), where

C1 × C2
def= {C1 × C2 : C1 ∈ C1, C2 ∈ C2}. To see this find,

for i = 1, 2, a nonnegative integer ni, a compact subset Ki

of R
ni containing 0, an open neighborhood Ui of 0 in R

ni , a
Lipschitz-continuous map Fi : Ui �→ Mi such that Fi(0) =
s̄i and Fi(Ki) ⊆ Si, a derivate container Λi of Fi at 0, and
a convex multicone Di in R

ni such that Di ≺ MT s̄iKi, for
which Ci = {L · C : C ∈ Ci, L ∈ Λi}. Define n = n1 + n2,
U = U1 × U2 ⊆ R

n1 × R
n2 ∼ R

n, K = K1 × K2,
M = M1 × M2, S = S1 × S2, s̄ = (s̄1, s̄2), Λ = Λ1 × Λ2

(that is, Λ = {L1×L2 : L1 ∈ Λ1, L2 ∈ Λ2}, where L1×L2

is the map that sends (s1, s2) ∈ R
n1 × R

n2 to the pair
(L1 · s1, L2 · s2) ∈ Ts̄1M1 × Ts̄2M2 ∼ Ts̄M ), C = C1 × C2,
D = D1 ×D2, F = F1 × F2. (That is, F is the map that
sends (s1, s2) ∈ U to (F1(s1), F2(s2)) ∈ M .) Then
Λ is a derivate container of F at s̄, and Λ · D = C.
So the desired conclusion will follow if we show that
D � MT s̄K. But this is trivial, because, if p ∈ NM

s̄ S,
then p = limj→∞ pj for some sequence {(sj , pj)}j∈N

such that sj → s̄, sj ∈ S, and pj ∈ (TB
sj K)†. If

we write sj = (sj
1, s

j
2), then TB

sj K = TB
sj
1
K1 × TB

sj
2
K2, so

(TB
sj K)† = (TB

sj
1
K1)† × (TB

sj
2
K2)†, and then pj = (pj

1, p
j
2),

pj
1 ∈ (TB

sj
1
K1)†, pj

2 ∈ (TB
sj
2
K2)†. Hence p = (p1, p2),

p1 ∈ NM
s̄1

K1, p2 ∈ NM
s̄2

K2. Since Di ≺ MT s̄i
Ki for

i = 1, 2, we may pick Di ∈ Di such that Di ⊆ p†i .
Then D1 × D2 ⊆ p† and D1 × D2 ∈ D. This shows that
D � MT s̄K and concludes our proof.

Remark 3.5: In the previous example, it is important
to notice that the product MT s̄1K1 × MT s̄2K2 of the
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Mordukhovich tangent multicones MT s̄1K1, MT s̄2K2

does not in general coincide with the Mordukhovich tangent
multicone MT s̄K of the product. On the other hand, it is
always true that MT s̄1K1 ×MT s̄2K2 � MT s̄K, and that
is all that is needed for the proof in Example 3.4.

IV. THE TRANSVERSALITY THEOREM

Two subsets S1, S2 of a topological space X are locally
separated at a point p ∈ X if there exists a neighborhood U
of p in X such that S1 ∩ S2 ∩ U = {p}.

Theorem 4.1: Let M be a manifold of class C1, let S1,
S2 be subsets of M , and let x̄ ∈ S1 ∩ S2. Let C1, C2, be
MWAMCs of S1, S2 at x̄. Assume that C1 and C2 are
strongly transversal. Then S1 and S2 are not locally separated
at x̄.that is, there exists a sequence {xj}j∈N of points of
(S1∩S2)\{x̄} such that limj→∞ xj = x̄. Furthermore, there
exists a Lipschitz arc γ : [0, 1] �→ M such that γ(0) = x̄,
γ(t) does not identically equal x̄, and γ(t) ∈ S1 ∩S2 for all
t ∈ [0, 1].

Proof: The proof is based on the directional open
mapping property, stated and proved in Theorem 5.1 below.

Without loss of generality, we assume that M = R
n and

x̄ = 0. We let X = R
n, X = X × X , Y = X × R. We

fix a linear functional µ : X �→ R such that (1) holds,
and define a map G : X = X × X �→ Y by letting
G(x1, x2) = (x1 − x2, µ(x1)). Then G is a linear map, so
the differential DG(0) is just G.

Let S = S1 × S2. Also, let C = C1 × C2. Then we know
from Example 3.4 that C is a MWAMC of S at (0, 0). Let
D = G · C. Then D is a MWAMC of G(S) at G(0, 0).

Let ȳ = (0, 1) ∈ Y = X × R. Then a straightforward
calculation shows that ȳ ∈ IntD for every D ∈ D. (Proof.
Let D ∈ D, and write D = G(C1 × C2), C1 ∈ C1, C2 ∈
C2. Then C1 − C2 = X . In view of (1), we can pick
c̄ ∈ C1 ∩ C2 such that µ(c̄) = 1. Then G(c̄, c̄) = ȳ. Given
any v ∈ X , we can use the transversality of C1 and C2 to
write v = c1 − c2, with c1 ∈ C1, c2 ∈ C2. So there exists
r ∈ R such that (v, r) ∈ G(C1 × C2). If (e1, . . . , en) is a
basis of X , and e0 = −(e1 + . . . + en), then there are reals
ri such that (ei, ri) ∈ G(C1 × C2) for i = 0, . . . , n. Since
ȳ ∈ G(C1 × C2), it follows that (ei, r̄) ∈ G(C1 × C2),
for every i, if r̄ = max(1, r0, r1, . . . , rn). Hence
(ẽi, 1) ∈ G(C1 × C2) for every i, if ẽi = r̄−1ei. This clearly
implies our conclusion.)

We have therefore verified the hypotheses of Theorem 5.1.
It then follows from the theorem that, for some positive α,
there exists a Lipschitz arc ξ : [0, 1] �→ S such that ξ(0) = 0
and {G(ξ(t)) : t ∈ [0, 1]} = {(0, r) : 0 ≤ r ≤ α}. Write
ξ(t) = (ξ1(t), ξ2(t)), so ξ1(t) ∈ S1 and ξ2(t)) ∈ S2. Let
γ(t) = ξ1(t). Then, if t ∈ [0, 1], G(ξ(t)) = (0, r) for some
r, so ξ1(t) = ξ2(t), and then γ(t) ∈ S1 ∩ S2, Furthermore,
γ does not vanish identically because, for some t ∈ [0, 1],
G(ξ(t)) = (0, α), so µ(γ(t)) = α.

V. THE DIRECTIONAL OPEN MAPPING PROPERTY

Given a subset A of R
ν , and a positive number r, we use

Γ(A, r) to denote the set of all maps γ : [0, 1] �→ A such

that γ(0) = 0 and ‖γ(t) − γ(s)‖ ≤ r|t − s| whenever s, t ∈
[0, 1]. (So, naturally, Γ(A, r) is empty if 0 /∈ A.) It is then
clear that if A is closed then Γ(A, r) is a compact subset of
C0([0, 1], Rν).

If D is a closed convex cone in R
ν , and α > 0, we use

D(α) to denote the set {y ∈ D : ‖y‖ ≤ α}. If y ∈ R
ν , we

use σy to denote the set {ty : 0 ≤ t ≤ 1}. If γ : [0, 1] �→ A
is an arc, then |γ| will denote the set {γ(t) : t ∈ [0, 1]}.

Theorem 5.1: Assume that

• m and n are nonnegative integers,
• S is a closed subset of R

n such that 0 ∈ S,
• U is an open subset of R

n such that 0 ∈ U ,
• F : U �→ R

m is a Lipschitz map such that F (0) = 0,
• Λ is a Warga derivate container of F at 0,
• ȳ ∈ R

m and ‖ȳ‖ = 1,
• ȳ ∈ IntL · p† for every L ∈ Λ. and every p ∈ NM

0 S.

Then there exist a closed convex cone D in R
m and positive

numbers α, κ such that ȳ ∈ IntD and

(∀y ∈ D(α))(∃γ ∈ Γ(S, κα))(σy = |F ◦ γ|) . (3)

Proof: We assume, as we clearly may without
loss of generality (after making an orthogonal change of
coordinates, if necessary) that ȳ = (0µ, 1), where µ = m−1
and 0µ is the origin of R

µ. We then let R = R
µ, and identify

R
m with R× R.
Our first task will be to reformulate our hypothesis in dual,

rather than primal terms, by proving that

(#) There exists a real number δ ∈]0, 1[ such that, if
q ∈ R

m, L ∈ R
m×n, s ∈ S are such that ‖q‖ = 1,

〈q, ȳ〉 ≥ −δ, dist(L,Λ) ≤ δ, s ∈ S, and ‖s‖ ≤ δ, then
Θ(L†(q), s) ≥ δ, where Θ is the function defined in (2).

We prove (#) by contradiction. Assume that δ does not
exist. Then there are sequences {qj}j∈N, {Lj}j∈N, {sj}j∈N,
such that, for each j, the following are true: qj ∈ R

m,
‖qj‖ = 1, 〈qj , ȳ〉 ≥ −2−j , Lj ∈ R

m×n, dist(Lj , Λ) ≤ 2−j ,
sj ∈ S, ‖sj‖ ≤ 2−j , and Θ(L†

j(qj), sj) < 2−j . Pick
L̃j ∈ Λ such that ‖L̃j − Lj‖ ≤ 2−j . Then we may find an
infinite subset J of N such that the limits q̄ = limj→∞ qj ,
L̄ = limj→∞ L̃j , exist. Then ‖q̄‖ = 1, 〈q̄, ȳ〉 ≥ 0, and
L̄ ∈ Λ. In addition, limj→∞ sj = 0 and limj→∞ Lj = L̄.
Let pj = L†

jqj , p̄ = L̄†q̄, so limj→∞ pj = p̄. Since
Θ(pj , sj) < 2−j , it is clear that lim infs→0,p→p̄ Θ(p, s) = 0.
So Lemma 2.1 implies that p̄ ∈ NM

0 S. Therefore the cone
L̄ · p̄† belongs to C. Hence ȳ is an interior point of L̄ · p̄†.
On the other hand, if y ∈ L̄ · p̄† then we can write y = L̄ ·x,
x ∈ p̄†, so that 〈q̄, y〉 = 〈q̄, L̄ · x〉 = 〈L̄† · q̄, x〉 = 〈p̄, x〉, and
〈p̄, x〉 ≤ 0, since x ∈ p̄†. So 〈q̄, y〉 ≤ 0 for all y ∈ L̄ · p̄†.
Since ȳ ∈ L̄ · p̄† and 〈q̄, ȳ〉 ≥ 0, we conclude that 〈q̄, ȳ〉 = 0.
But then, if we take y = ȳ + εq̄, where ε is positive and
small enough, we have 〈q̄, y〉 = ε > 0, while on the other
hand y ∈ L̄ · p̄†. So we have reached a contradiction, proving
(#).

We now fix a δ having the properties of (#), and choose
κ = δ−1. We then apply the definition of the Warga derivate
container, and obtain
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• an R ∈ R such that R > 0, B̄
n(0, R) ⊆ U and R ≤ δ,

• a sequence {Fj}j∈N of functions of class C1 from
B̄

n(0, R) to R
m such that

– Fj → F uniformly on B̄
n(0, R) as j → ∞,

– DFj(x) ∈ Λ̂ for all x ∈ B̄
n(0, R), j ∈ N,

where Λ̂ = {L ∈ R
m×n : dist(L,Λ) ≤ δ}. After replacing

Fj by Fj − Fj(0) we may assume, in addition, that

– Fj(0) = 0 for every j ∈ N.

We now let D = {y ∈ R
m : 〈y, ȳ〉 ≥ (1 − δ̃)‖y‖, where

δ̃ = δ2

2 , so that δ =
√

2δ̃. Then D is a closed convex
cone, and ȳ ∈ IntD. We choose α = δR, and define
Ŝ = B̄

n(0, R) ∩ S, so Ŝ is compact and 0 ∈ Ŝ. We will
prove (3). It clearly suffices to show that

(∀j∈N)(∀y∈D(α))(∃γ∈Γ(Ŝ, κα))(σy = |Fj ◦ γ|) . (4)

(Indeed, if (4) holds, and y ∈ D(α), then for each j we
can find γj ∈ Γ(Ŝ, κα) such that |Fj ◦ γj | = σy . Since
Γ(Ŝ, κα) is compact, there exists an infinite subset J of N

such that γ = limj→
J
∞ γj exists and belongs to Γ(Ŝ, κα).

But then limj→
J
∞(Fj ◦ γj) = F ◦ γ, so |F ◦ γ| = σy , and

γ ∈ Γ(S, κα) .)
We now prove (4). We fix a j, and write G = Fj . Then

G ∈ C1(B̄n(0, R), Rm), G(0) = 0, and DG(x) ∈ Λ̂ for all
x ∈ B̄

n(0, R). We want to prove that

(∀y ∈ D(α))(∃γ ∈ Γ(Ŝ, κα))(σy = |G ◦ γ|) . (5)

Let D0(α) = IntD(α). Then, thanks to the compactness of
Γ(Ŝ, κα), it suffices to show that

(∀y ∈ D0(α))(∃γ ∈ Γ(Ŝ, κα))(σy = |G ◦ γ|) . (6)

To prove (6), we pick a point y∗ ∈ D0(α) and construct
a γ ∈ Γ(Ŝ, κα) such that σy∗ = |G ◦ γ|. We will do this by
finding, for small positive ε, arcs γε ∈ Γ(Ŝ, κα) such that
the sets |F ◦ γε| converge to σy∗ in the Hausdorff metric.

Pick a positive ε such that B̄
m(y∗, ε) ⊆ D0(α). (This

implies, in particular, that ‖y∗‖ + ε < α.) Then
let Q̂ε = {v ∈ R

m : 〈v, y∗〉 = 0 ∧ ‖v‖ ≤ ε}, so Q̂ε is the
µ-dimensional disc orthogonal to y∗, centered at 0, and
having radius ε. We define Qε = {y∗ + v : v ∈ Q̂ε}, so
Qε ⊆ B̄

m(y∗, ε).
Next, we let ŷ = y∗

‖y∗‖ . (Recall that y∗ �= 0, because
y∗ ∈ D0(α), and 0 /∈ D0(α), because if 0 ∈ D0(α) it
would follow—since δ < 1—that 〈y, ȳ〉 ≥ 0 for all y near
0, so ȳ = 0.) We then define a function hε : R

m �→ R

by letting hε(x) = 〈x, ŷ〉 − λε‖x − 〈x, ŷ〉ŷ‖2, where
λε = ε−2‖y∗‖. Then hε(0) = 0, and in addition hε(x)
also vanishes at all points x belonging to the frontier
∂Qε = {y∗ + v : v ∈ R

m, v ⊥ y∗, ‖v‖ = ε} of Qε. We then
let Hε = hε ◦ G, so Hε is a function of class C1 on U .

We now let

Qε = {x ∈ R
m : λε‖x − 〈x, ŷ〉ŷ‖2 ≤ 〈x, ŷ〉 ≤ ‖y∗‖} . (7)

Then Qε is obviously closed, and Q �= ∅, because 0 ∈ Q.
Furthermore, the Hausdorff distance dHa(Qε, σy∗) is exactly
ε. (Indeed, let x ∈ Qε. Then x = v + rŷ, with r = 〈x, ŷ〉

and v = x − rŷ, so v ⊥ ŷ. The fact that x ∈ Qε implies
that λε‖v‖2 ≤ r ≤ ‖y∗‖, so r ≥ 0, and then ry∗ ∈ σy∗ and
‖x − rŷ‖2 ≤ ε2, so ‖x − rŷ‖ ≤ ε; since this is true for
every x ∈ Qε, while ‖x − rŷ‖ = ε if x ∈ ∂Qε, we see
that max{dist(x, σy∗) : x ∈ Qε} = ε. Since σy∗ ⊆ Qε,
it follows that dHa(Qε, σy∗) = ε.) In particular, Qε is
bounded, so Qε is compact.

We then define a set-valued function Ψε from B̄
n(0, R)

to R
n by letting

Ψε(s) = {w ∈ R
n : ‖w‖ ≤ 1 and 〈∇Hε(s), w〉 ≥ δ} .

Then Ψε is upper semicontinuous with compact convex
values. Let

S′
ε = G−1(Qε) ∩ Ŝ ,

S′
0,ε = {s ∈ S′

ε : ‖s‖ < R and 〈G(s), ŷ〉 < ‖y∗‖} .

Then S′
ε is a compact subset of Ŝ, S′

0,ε is a relatively open
subset of S′

ε, and 0 ∈ S′
0,ε. We will show that

Ψε(s∗) ∩ TB
s∗S

′
ε �= ∅ whenever s∗ ∈ S′

0,ε . (8)

To see this, pick a point s∗ ∈ S′
0,ε, and write x∗ = G(s∗),

π∗ = ∇hε(x∗), π̂∗ = π∗
‖π∗‖ . It follows that x∗ ∈ Qε, so

x∗ = r∗ŷ + v∗, with v∗ ⊥ ŷ, r∗ = 〈x∗, ŷ〉, and ‖v∗‖ ≤ ε.
The fact that s∗ ∈ S′

0,ε then implies that 0 ≤ r∗ < ‖y∗‖ and
‖v∗‖ < ε. Also, π∗ = ŷ − 2λε(x∗ − 〈x∗, ŷ〉ŷ) = ŷ − 2λεv∗,
and then

‖π∗‖ =
√

1 + 4λ2
ε‖v∗‖2 ,

since v∗ ⊥ ŷ. Furthermore, 〈π∗, ȳ〉 = 〈ŷ, ȳ〉 − 2λε〈v∗, ȳ〉.
Since ŷ ∈ D, and ‖ŷ‖ = 1, we have 〈ŷ, ȳ〉 ≥ 1 − δ̃, so

‖ŷ − ȳ‖2 = ‖ŷ‖2 + ‖ȳ‖2 − 2〈ŷ, ȳ〉 = 2(1 − 〈ŷ, ȳ〉) ≤ 2δ̃ ,

and then ‖ŷ − ȳ‖ ≤
√

2δ̃ = δ, so that

2λε〈v∗, ȳ〉=2λε〈v∗, ȳ−ŷ〉≤2λε‖v∗‖ ‖ȳ−ŷ‖≤2λε‖v∗‖δ ,

(using the fact that v∗ ⊥ ŷ), and then

〈π∗, ȳ〉 ≥ 1 − δ̃ − 2λε‖v∗‖δ ≥ −2λε‖v∗‖δ ≥ −2λεεδ

from which it follows that

〈π̂∗, ȳ〉 ≥ − 2λε‖v∗‖δ√
1 + 4λ2

ε‖v∗‖2
≥ −δ .

Let L∗ = DG(s∗). Then dist(L∗, Λ) ≤ δ. Since ‖π̂∗‖ = 1
and 〈π̂∗, ȳ〉 ≥ −δ, (#) implies that Θ(L†

∗(π̂∗), s) ≥ δ. We
can therefore find a w ∈ TB

s S such that ‖w‖ = 1 and
〈L†

∗(π̂∗), w〉 ≥ δ. It follows that 〈L†
∗(π∗), w〉 ≥ δ‖π∗‖.

Since ‖π∗‖ ≥ 1, we can conclude that 〈L†
∗(π∗), w〉 ≥ δ.

But the chain rule implies that L†
∗(π∗) = ∇Hε(x∗), so we

have shown that 〈∇Hε(x), w〉 ≥ δ. This establishes that
w ∈ Ψε(s).

To complete the proof of (8), we have to show that
w ∈ TB

s S′
ε. Since w ∈ TB

s S and ‖w‖ = 1, we can find
a sequence {sk}∈N of points of S\{s∗} that converges to s∗
and is such that

lim
k→∞

wk = w , where wk =
sk − s∗
‖sk − s∗‖

. (9)
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If we let ωk = ‖sk − s∗‖, w̃k = wk − w, we find

sk = s∗ + ωkw + ωkw̃k , lim
k→∞

ωk = 0 , lim
k→∞

w̃k = 0 .

Let ψ be a function from ]0,∞[ to [0,∞] that satisfies
limr↓0 ψ(r) = 0 as well as the conditions

‖G(s)−G(s∗)−L∗(s−s∗)‖ ≤ ψ(‖s−s∗‖)‖s−s∗‖ , (10)

|hε(x)−hε(x∗)−〈π∗, x−x∗)| ≤ ψ(‖x−x∗‖)‖x−x∗‖ (11)

for all s ∈ U and all x ∈ R
m, respectively.

Let xk = G(sk). Then (10) implies the inequality
‖xk − x∗ − ωkL∗(w + w̃k)‖ ≤ ψ(ωk)ωk. Therefore

‖xk − x∗ − ωkL∗(w)‖ ≤ νkωk ,

where νk = ψ(ωk) + ‖L∗(w̃k)‖, so that limk→∞ νk = 0.
Hence ‖xk − x∗‖ ≤ ωk‖L∗(w)‖ + νkωk.

Then |〈xk − x∗ − ωkL∗(w), π∗〉| ≤ ‖π∗‖νkωk. Therefore

〈xk−x∗, π∗〉 = 〈xk−x∗−ωkL∗(w), π∗〉+ωk〈L∗(w), π∗〉
≥ −ωkνk‖π∗‖ + ωk〈w, L†

∗(π∗)〉
≥ ωk(δ − νk‖π∗‖) .

Let ν′
k = ψ(‖xk − x∗‖), so limk→∞ ν′

k = 0. Then

|hε(xk) − hε(x∗) − 〈π∗, xk − x∗)| ≤ ν′
k‖xk − x∗‖ ,

so

hε(xk) − hε(x∗) ≥ 〈π∗, xk − x∗〉 − ν′
k‖xk − x∗‖

Since ‖xk − x∗‖ ≤ ωk‖L∗(w)‖ + νkωk and
〈π∗, xk − x∗〉 ≥ ωk(δ − νk‖π∗‖), we find

hε(xk) − hε(x∗) ≥ ωk(δ − ‖π∗‖νk − ν′
k‖L∗(w)‖ − ν′

kνk) .

So we can pick a k̄ ∈ N such that

hε(xk) − hε(x∗) ≥
1
2
ωk‖δ whenever k ≥ k̄ . (12)

It follows from (7) that x ∈ Qε if and only if hε(x) ≥ 0
and 〈x, ŷ〉 ≤ ‖y∗‖. Since x∗ ∈ Qε, the inequality hε(x∗) ≥ 0
is true, and then hε(xk) > 0 if k ≥ k̄. Furthermore, the fact
that s∗ ∈ S′

0,ε implies that 〈G(s∗), ŷ〉 < ‖y∗‖, i.e., that
〈x∗, ŷ〉 < ‖y∗‖, and this implies that 〈xk, ŷ〉 < ‖y∗‖ if k
is large enough. In addition, using once again the fact that
s∗ ∈ S′

0,ε, we find that ‖s∗‖ < R, so ‖sk‖ < R if k is
large enough. It follows that we can find a k̄′ ∈ N such
that k̄′ ≥ k̄ and 〈xk, ŷ〉 < ‖y∗‖ whenever k ≥ k̄′. Then, if
k ≥ k̄′, the the following hold: (i) sk ∈ S, (ii) hε(xk) > 0,
(iii) 〈xk, ŷ〉 < ‖y∗‖, and (iv) ‖sk‖ < R. It follows from (ii)
and (iii) that xk ∈ Qε, so sk ∈ G−1(Qε), while on the other
hand (i) and (iv) imply that sk ∈ Ŝ. Therefore sk ∈ Sε.
Hence w ∈ TB

s∗Sε, completing the proof of (8).
Using standard existence results from viability theory, we

pick a solution ξε : Iε �→ S′
0,ε of the differential inclusion

ξ̇ε(t) ∈ Ψε(ξ(t)) such that (i) ξε(0) = 0, (ii) ξε is defined on
a subinterval Iε of R such that 0 = min Iε, and (iii) ξε is not
extendable to a solution ξ̃ : Ĩ �→ S′

0,ε such that 0 = min Ĩ ,
Iε ⊆ Ĩ , and Iε �= Ĩ . Then ξε satisfies Hε(ξε(t)) ≥ δt
for all t ∈ Iε. On the other hand, Hε(s) = hε(G(s)) ≤

‖y∗‖ for all s ∈ S′
ε, so Iε ⊆ [0, δ−1‖y∗‖]. It follows

that Iε = [0, τε [ or Iε = [0, τε] for some τε or such
that 0 < τε ≤ δ−1‖y∗‖. If Iε = [0, τε], then ξε would be
extendable, contradicting the choice of (ξε, Iε). So Iε =
[0, τε [ . Since ξε is Lipschitz with constant 1, the limit s̄ε =
limt↑τε

ξε(s) exists and belongs to S′
ε. If s̄ε ∈ S′

0,ε then ξε

would be extendable. So s̄ε /∈ S′
0,ε. But then either ‖s̄ε‖ = R

or 〈G(s̄ε), ŷ〉 = ‖y∗‖. The possibility that ‖s̄ε‖ = R
is excluded because ‖s̄ε‖ ≤ τε ≤ δ−1‖y∗‖ < δ−1α = R.
Hence 〈G(s̄ε), ŷ〉 = ‖y∗‖. If we let x̄ε = G(s̄ε), then this
shows that x̄ε ∈ Qε.

We now define γε : [0, 1] �→ S′
ε by letting γε(t) = ξε(τεt)

for t ∈ [0, 1]. Then γε ∈ Γ(S, κα) (since τε ≤ δ−1α = κα),
and γε(0) = 0. Furthermore, the set |G ◦ γε| is en-
tirely contained in Qε, and G(γε(1)) ∈ Qε. We can then
pick a sequence {εk}k∈N of positive numbers such that
limk→∞ εk = 0 and the arcs γεk

converge uniformly to an
arc γ ∈ Γ(S, κα). This arc clearly satisfies |G ◦ γε| ⊆ σy∗ .
Furthermore, y∗ = limk→∞ xεk

, so y∗ ∈ |G ◦ γε|, and then
|G ◦ γε| = σy∗ . This concludes the proof.
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