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A Case Study for the Delay-type Nehari Problem

Qing-Chang Zhong

Abstract— In this paper, a case study is given for the delay-
type Nehari problem so that it can be better understood.

Index Terms— Delay-type Nehari problem, algebraic Riccati
equation, 7> control, Smith predictor

I. INTRODUCTION

The H* control of processes with delay(s) has been an
active research area since the mid 80’s. It is well known
that the Nehari problem [1] played an important role in
the development of H°° control theory. This is still true
in the case for systems with delay(s) [2]. Some papers,
e.g. [3], [4], were devoted to calculate the infimum of the
delay-type Nehari problem in the stable case. It was shown
in [3] that this problem in the stable case is equivalent
to calculating an Ls[0, h]-induced norm. For the unstable
case, Tadmor [5] presented a state-space solution using the
differential/algebraic matrix Riccati equation-based method
and Zhong [6] proposed a frequency-domain solution using
the J-spectral factorization. The solvability condition of the
delay-type Nehari problem is formulated in terms of the non-
singularity of a delay-dependent matrix in [6]. The optimal
value v,p; is the maximal « € [0, co) such that this matrix
becomes singular when ~y decreases from oo. All sub-optimal
compensators are parameterized in a transparent structure
incorporating a modified Smith predictor. The solution is
mathematically elegant. However, it seems not trivial to find
the solution for a given system, even for a simple system.
In order to better understand this problem, a case study for
a first-order system is given here.

II. SUMMARY OF THE THEORETICAL RESULTS

The Delay-type Nehari Problem(NPy) is described as
follows. Given a minimal state-space realization Gg(s) =
A |B|
-C |0 |
stable and h > 0, characterize the optimal value

Yopt = inf{||Gp(s) + e *"K(s

—C(sI — A)~1B, which is not necessarily

W, o+ K(s)e H®} (1)
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and for a given 7y > v,,:, parameterize the suboptimal set of
proper K (s) € H* such that

|Gs(s) +e " K(s)]|,_ <7 2

The result about this problem is summarized as follows. See
[6], [2] for more details.

Assume that G has neither jw-axis zeros nor jw-axis
poles. Define the following two Hamiltonian matrices:

[ A +?BB* - A 0
Hc_[o A ] H"_[—C*C —A*]
and

I — A ~~2BB*
| =C*C —A* ’
Y1u Y2 | L Hh
[ R L)
The algebraic Riccati equations (ARE)
I
[ —L. I]HC{LC]— )
and I
[ 1 —LO]HO[I]ZO o)

always have unique solutions L. < 0 and L, < 0 such that

A+~72BB*L.=[1 0 |H. { LI and A+ L,C*C =

I
[ —Lo JH, |

Then, the optimal value v,,; is given by

are stable, respectively.

Yopt = max{y : det Yoo = 0},
where

Sop = [ —Le I]Z[LIO]. (6)

Furthermore, for a given v > <y, the suboptimal set of
proper K € H° such that (2) holds is given by

KzHT([é ?]W‘17Q) )

where ||Q(s)|| g~ < is a free parameter and

z=-mimd| P o |enn @
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A+~"2BB*L,
wol = —C

ke P o
| S35 (51, + LoZ}))C —¥y B :|
T

[P «

vT2B*(s}, - %, Lo) 0 I

Here, 7, called the completion operator, is defined as

o [ef?] [ 415] oo

_|AIB|_ ~1
for G = c D}—D—FC(SI—A) B.

It is easy to see that v,,; satisfies
TG, || < Yopt < 1Gs(Nl,. (11)

because, on one hand, the delay-type Nehari problem is
solvable [7] iff
v > Yopt = ||FeShG5H ) (12)

where I' denotes the Hankel operator and, on the other hand,
it can be seen from (1) that

Yopt < Gl

(at least K can be chosen as 0). The symbol €ShGﬁ in (12)
is non-causal and, possibly, unstable. Hence, vop: > HFG s H

III. A CASE STUDY

Consider ]
G =—
sls) =——
with a minimal realization
a |1
Cs = [ —1]0 } ’

i.e.,, A=a, B=1and C = 1. According to the assumptions,
a # 0. This gives
2

|l a v . a 0
I e R

and

The ARE (4) and (5) can be re-written as
L*y 2 4+ 2aL.=0 and L2+ 2aL,=0.
When a < 0, i.e., G is stable, the stabilizing solutions are
L.=0 and L, =0;

When a > 0, i.e., G is unstable, these are!

L.,=—2a7* and L, = —2a.

n this case, A+~ 2BB*L, = a —2a = —a and A + L,C*C =
a — 2a = —a are stable.

It is easy to find that the eigenvalues of H are A\; o = £\

with A = /a2 —~~2. Note that A may be an imaginary
number. Assume that v # 1/]a| temporarily. With two

similarity transformations with
Sl = 1 —a+A and SQ = 11 0 y
— 1

0 1
H can be transformed into [ 0 ], i.e.,

0 —A
o A0
5215111{5152:[0 _A]

Hence, the Y-matrix defined in (3) is

¥ = Hh
\h
€ 0 —1g—1

= 515, { 0 M }52 Sy
— Sl |: eAh 0 :| 571
= 1 (,A\h —\h —\h 1

—5x (e —e™M) e
. ARy u;/\)\ (AR _ o=ARy a2 22 (A _ o=Ahy
- _ L (AR o—xhy e=AR D a=X (Ah _ ,—Ah

2 2\

When v = 1/ |al, i.e., A = 0, the above X still holds if the
limit for A — 0 is taken on the right-hand side, which gives

1+ ah a’h ]

Z|>\:O = [ —h

In the sequel, ¥ is assumed to be defined as above for A = 0.

1—ah

A. The stable case (a < 0)
In this case, G is stable and L. = L, = 0. Hence, 5322

defined in (6) is

a—A

2N

When v > 1/]a|, the number A is positive and hence the
eigenvalues of H are real. It is easy to see that 3o, is always
positive (nonsingular)?. According to Section II, there is

(e)\h _ G_Ah).

& —\h
Yoy =Yg =¢€ -

Yopt < 1/ |a| .

When 0 < v < 1/|al, the number A = wi, where w =
~v~2 — a2, is an imaginary and hence the eigenvalues of H
are imaginaries. However, Yoo is still a real number because

222 _ e—whi _a—uwr (euhi _ e—whi)

2wi
= cos(wh) — %sin(wh).

Substitute w = /v~2 — a2 into it, then

2590 =1 —ah when v = 1/|a| = —1/a.
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Fig. 1. The surface of 222 with respect to ah and avy (a < 0)
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Fig. 2. The contour 222 = 0 on the ah-a~y plane (a < 0)

ay
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22Sln(—
1 —a*y

ay

- h
Yoo = cos(a— 1—a?y2)—

1 —a?42).
ary

This can be shown as the surface in Fig. 1, with respect to the
normalized delay ah and the normalized performance index
a~y. This surface crosses the plane 222 = 0 many times, as
can be seen from the contours of 222 = 0 shown in Fig. 2.
The top curve in Fig. 2 characterizes the normalized optimal
performance index a7, with respect to the normalized
delay ah. On this curve, 222 becomes singular the first time
when ~ decreases from +oo (or actually, [|Ggl, ) to 0.
Since ||T¢,|| =0 and |Gsll,_ =1/ lal, the optimal value
Yopt satisfies 0 < yop < 1/ al, ie., —1 < ayope < 0. This
coincides with the curve av,,; shown in Fig. 2.

Now discuss the (sub-optimal) compensator for v > 7y,p¢.

(y—=0)
y=1/|a| Y=+oo
LW
-|al 0 la| Re

Fig. 3. The locus of the hidden poles of Z v.s. vy

According to (8) and (10), there is

0
—a |11})
0

_ 42 78g + (e -3 (s —a)
2412 —a?

. (13)

The locus of the hidden poles of Z(s), i.e. the eigenvalues of
H, is shown in Fig. 3. When v > 1/ |al|, Z(s) has two hidden
real poles symmetric to the jw-axis. When 0 < v < 1/ |al,
Z(s) has a pair of hidden imaginary poles. In either case,
the implementation of Z needs to be careful; see [8].

The W1 given in (9) is well defined for v > 7op: as

a | Yo Xl —¥o
W= -1 1 0
7*22% 0 1
and Iy = [ Z I]Wl[?]is
a | Y5
My, =[2Z 1] -1 0
Y725, 1

27*
=1 22 7 — —22*
T la a( 7E)
-3 - B5i(s+a)
s2 42 _ g2

=1+77255° :
It is easy to see that Ilyy is stable. As a matter of fact, as
required, Iloo is bistable for v > ~,,.. The Nyquist plots
of Ilso for different values of ay are shown in Fig. 6 for
ah = —1. The optimal value 7y, is between —0.44 /a and
—0.45/a. This corresponds to the transition from Fig. 6(b)
to Fig. 6(c), in which the number of encirclements changes
accordingly to the change of the bi-stability of Ilsy: the
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Nyquist plot encircles the origin when v < 7,,; and hence
152 is not bistable but the Nyquist plot does not encircle the
origin when v > v,,: and hence Il is bistable.

B. The unstable case (a > 0)

In this case, G is unstable and L. = —2cw2, L, = —2a.
Hence, Y95 defined in (6) is

Shy = e M 422y (M oMY
—2ay2\? — 20372 + 4)a*y? +a + )
2
—2a7?0% — 20392 + a+ A — 4 a?y?
2) c -
—2a7?2% — 24392 +a — A+ 4 a®y?:
2 ¢
—2av?\? —2a3y% +a, 4,
2 (c
A 4 e=Ah
3 22
_ —4a ;}\—i— 3a (M — =M 4
A 4 e=Ah
2

—e My 4

(1 — 4a*~%)

(1 — 4a®~?). (14)

222 can be re-arranged as
- 4a(a?y? —
by = —
22 3\

4(a®y? 1) +3
2

1)+a

(ekh _ ef)\h) o
(M e

Hence, 222 is always negative (nonsingular)3 when v >
1/ |a|, noting that a and X are positive. According to Section
11, the optimal performance index is less than 1/ |al, i.e.,

Yopt < 1/al.

When 0 < v < 1/ |a|, the eigenvalues =\ of H are on
the jw-axis. Substitute A = wi with w = y/y~2 — a2 into
(14), then

S0 = (1 — 4a24?) cos(wh) + (3 — 4(12')/2)2 sin(wh).
w

Similarly, with the substitution of w = /772 —a? =
~~1y/1 —a2~? , then
S 2,2 ah 2.2
Yoo = (1 —4a’y?)cos(—~+/1 —a2y2) +
ary

AA2.2
D8 1) (2 T a),
ary

1— a2y

3390 = —ah — 3 when v = 1/ |a| = 1/a.
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Fig. 4. The surface of 222 with respect to ah and avy (a > 0)
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Fig. 5. The contour 222 = 0 on the ah-ay plane (a > 0)

This surface is shown in Fig. 4 and the contours of 222 =0
on the ah-a~ plane are shown in Fig. 5. The top curve in Fig.
5 characterizes the normalized optimal performance index
ayopt With respect to the normalized delay ah. On this curve,
222 becomes singular the first time when ~ decreases from
+o0o to 0.

Since I — LcLo = 1 — 4a®y?, there is ||Tg,| = &. As
a result, the optimal .Valu(.a q/?pt sati.sﬁes % < Yopt < s ie.,
0.5 < avopt < 1. This coincides with the curve av,p: shown
in Fig. 5.

Now discuss the (sub-optimal) compensator for v > y,p:.

In this case, the FIR block Z remains the same as in
(13) and the form is not affected because of the sign of
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a. However, W1 is changed to

) -a | £ (512 — 2a55,)  —555
W = -1 1 0
Y7285 + 2037, 0 1

and [lpy = [ Z I]W‘l{o}is

I
Sy — %
—a | —X59
My, =[2Z 1] -1 0
7_2231 + 2aX7; 1
i—*
— 22 —2y\ % *
—1—|—8+a(Z—'y Y5 —2aX7)
A s—a —sh * 2.2 2 *
C9&— —(s—a)SE (2 —1-2a~2s)%
=14y e
L 0& g SZ8c—sh_ (i oy (5* 420425% jox*
= 147728, = (223:5_221_agw FLial T

It is easy to see that II59 is stable and invertible. As a matter
of fact, as required, IIys is bistable for v > 7y,,¢. The Nyquist
plots of Ilsy for different values of avy are shown in Fig. 7
for ah = 1. The optimal value 7, is between 0.73/a and
0.74/a. This corresponds to the transition from Fig. 7(b)
to Fig. 7(c), in which the number of encirclements changes
accordingly to the change of the bi-stability of Ilso.

IV. CONCLUSIONS

In this paper, a case study is given to show the delay-
type Nehari problem using a first-order system. The stable
case and the unstable case are all discussed. The system
is normalized so that the (normalized) optimal value can
be shown as a function of the delay. It has been shown
that solving the problem involving only a first-order system
is not easy at all. When the system order gets higher, the
computation of the optimal value becomes very complicated.
One might have to use (11) for a compromise.
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Fig. 6. The Nyquist plot of II22 (a < 0 and ah = —1)

390



6
— I,
4 — My
2
§0
-2
-4
-6
-4 -2 0 Re 2 4 6 8
(@) ay=0.2
—1b 6 10
(®) ay =0.73

Fig. 7. The Nyquist plot of II22 (a > 0 and ah = 1)

391

0 Re 50

(c)ay=0.74

100

150

0.9 1 1.1

(d)ay=1.5

1.2

1.3



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




