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Abstract—In this paper we consider the long run average
continuous control problem of piecewise-deterministic Markov
processes (PDP’s for short). The control variable acts on the
jump rate )\ and transition measure () of the PDP. The main
goal of the paper is to characterize the optimality equation
of the problem in terms of integro-differential equations for
the continuous-time problem as well as in terms of embedded
discrete-time Markov chains associated to the PDP.

[. INTRODUCTION

A general family of non-diffusion stochastic models suit-
able for formulating many optimization problems in several
areas of operations research, namely piecewise-deterministic
Markov processes (PDP’s), were introduced in [1], [2]. These
processes are determined by three local characteristics; the
flow ¢, the jump rate A and the transition measure Q).
Several results are now available on the theory of PDP’s,
including invariant measures [3], Poisson equation [4], con-
tinuous control [5], [6], [7], optimal stopping [8], [9], and
impulse control [10], [11], [12]. Related to PDP’s are the
so-called Markov Decision Drift Processes, which deals with
problems involving interventions (similar to impulse control)
and continuous control on the rate of jumps and post-jump
location measure. Such problems have been analyzed in [13],
[14] via time-discretization, and in [15], [16] via Bellman
inequalities.

In this paper we study the average control problem of
PDP’s with the control variable acting on the jump rate
A and the transition measure (). In section II we present
the main definitions and assumptions. Section III deals with
the definition of the problem, the definition of the PDP,
and two embedded discrete-time Markov chains associated
with the PDP. The main results are presented in section IV.
The optimality equation for the long run average problem
is characterized in terms of integro-differential equations for
the continuous-time PDP as well as in terms of embedded
discrete-time Markov chains associated with the PDP. One
of the embedded Markov chains is the post-jump location.
However, as shown in [3], the second embedded Markov
chain has some nicer stability properties than the post-jump
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location Markov chain, and might be more useful in studying
necessary conditions for the existence of a solution for the
optimality equation, as discussed in section V.

II. PRELIMINARIES

For any Borel space X we denote by P(X) the set of all
probability measures over X. Let E° be an open non-empty
subset of R%, OEC its boundary. Let ¢(t,z) be the flow of
a Lipschitz continuous vector field £, and define the sets
OE° = {2z € OE° : z = ¢(—t,x) for some t > 0 and
for some z € E°}, OEY := {z € OE° : z = ¢(t,x) for
some ¢t > 0 and for some z € E°}. The points 2 € JE°
are such that z € OE° and starting at z the flows ¢(¢, 2) will
move forward until it reaches some z € E° at a finite time
t. If the set OE is empty, the flow ¢(t,z) can never reach
the boundary when it starts from any point z € E° and
moves backward. Similarly, the points z € 8E3_ are such
that z € OF° and starting at x the flow ¢(¢,z) will move
forward until it reaches z at a finite time ¢. If the set OEY is
empty, the flow ¢(¢,x) can never reach the boundary when
it starts from any point z € E° and moves forward.

Define OE) = OE® —OEY and set E = EYUJE}, o(E)
the Borel o-field of E, OF* = 8E9F, and for each x € F,
write t*(x) = inf{t > 0; ¢(t,z) € OE*}, where inf{0} :=
oo. Define t*(z) = 0 for z € OF*, and for t < t*(x),

T,(x) = {[t’ )

if t*(z) = oo,
if t*(z) < o0.

[t ()]

We set B(E) and B(OE*) the set of all bounded Borel
measurable functions from F and OE* into R respectively.
We define

BY(E) = {f € B(E); f(¢(.,2)) : [0,t"(z)) — R
is continuous for each x € F, and
limtTt*($)f(¢(ta I)) exists }7
B*(E) ={f € B(E); f(¢(.,2)) : [0,t"(z)) — R
is absolutely continuous for each x € E}

and we define for f € B°(E), f(z) = limyp ) f(0(t, 7))

for all z = limy-()@(t,2) € OE*. We consider the

following parameters for our problem:

a) U(.) is a Borel set-valued function such that for each
x € EUOE*, U(z) C U, where U is a non-empty
Borel space, and
a.l) U(x) is compact for each point z € E U JE*,
a2) U(g(.,x)) : [0,t*(z)) — U is right continuous
for each z € E.
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b AG,.)

: E xUw~— R, is a bounded Borel measurable

function such that for each x € E, A(z,.) : U(z) —
R, is continuous,
¢) For all (z,u) € [EUOE*| x U, Q(;;x,u) € P(E)

is such that for each ¢ € B(E), and z € E,

z € 0E*; c.l) Qg(z,.) : U(x) — R is lower

semi continuous, and c.2) Qg(z,.) : U(z) — R is

lower semi continuous, where we use the notation,
z,.) = [p9(y)Qdy;z, ).

d) f(.,.) : ExUw~ R is a bounded Borel measurable
function such that for each x € E, f(x,.) : U(z) — R
is lower semi continuous,

e) 7(.,.) : OE* x U R is a bounded Borel measurable
function and for each z € 0*F r(z,.) : U(z) — R is
lower semi continuous.

We also define

u

{u(.) : EUO*E — U measurable function such that
u(p(t,z)) € U(¢(t,z)) for each x € E, t € Ip(x)}.

We set, for u € U, 1) \*(z) = Az, u(zx)), 2) Q“(;z) =
Qlsx,u(x)), 3) f*(z) = fl=, u(,]j) and 4) r(z) =

r(z,u(z)) for z € OE*, and A“(t,x) fo A (@(s,x))ds.
Remark 2.1: : From the assumptions b), c. 1) C. 2), d), and
e) we have that for g, h € B(E), r(z,.) + Qg(z,.) and

fa) = M) [ (h(e) ~ 90) Qi)
E

are lower semi-continuous in U(x). Therefore from the

compactness assumption in a.1) and the results in Proposition

D5) in [17], page 183, there exists a measurable selector

u* € U such that for each z € F, z € OE*

() = A (2) [E (h(x) — 9(4))Q" (dy: )

= min {f(@.0) = Aw.0) [ (hia) ~gl0) Qi)
(D
P+ QT g(e) = min (r(0) 4 Qo) @)

Define for each x € E and Borel set Z C [0, t*(x)]

Vz(z) = {v(.) : T — U measurable;
v(s) € U(¢(s,z)) for each s € T}
) =

and we write Vi(x) = V,(5)(z), V(z) = Vy(x). For any
u € U, we shall define v(u ) e V(zx) as

v(u)(t) = u(¢(t7 JJ)), t

From the definition of I/ above it is clear that indeed
v(u) € V(x). For any v € V(z) set: 1) A\(¢(s,z))=
AMo(s,z),v(s)), 2) QV(5¢(s,x))= Q(;9(s,2),v(s)), 3)
fr(d(s,x)) = f(o(s,x),v(s)) and 4) r"(o(t"(z), x)) =
quﬁ(t*(x),z),v(t*(x))) and, as before, AY(t,z) =
JEN (s, ) ds.

€ To(x). 3)

III. AVERAGE CONTINUOUS CONTROL
PROBLEM

A. PROBLEM FORMULATION

Let €2 denote the space of right-continuous functions w(.)
on R taking values in £ such that the left limit exists for all
t > 0. Denote by x; the coordinate function x(w) = w(t) for
allw € Q. Let FY = o{z,;0 < s <tland F* = /o, F,.
For w € , set To(w) =0, and for k =1,2,...,

inf{t > Tk,1(w>;$t(w) # Ty~ (w)}v

Tk(w) = if Tk_l(w) < 00,
o0 otherwise
Too(w) = kh—>H;o Tk(w)
o (W) if Tr(w) < oo
Zew) = {A if Ti(w) = 00

where A represents a cemetery state. We shall write for k =
0,1,..., wr(w)= (Zo(w), T1(w),Z1 (w), ..., Tr(w), Zr(w)).

We shall define the set of admissible continuous control
strategies ¥ in the following way. A point ¥ = ((1,(2,...) €
¥ if it is predictable (see [2], page 264) that is, for every
w € Q,

Y(w,t) = Ljo<i<r ()€1 (Zo(w), 1)

+ > Um (w)<t<Ti ()} S (ww(w)a t— Tm(w))

k=2
+ L1, (<A

where j, is a Borel measurable function from [EU{A}] x
k-1

I1 ([R+Ufoc}] x [EUTA}]) x Ry to UU{A} satisfying,

%orlall s € Tp(Zy—1(w)) and w € Q such that Tj,_1 (w) < o0,
Cr(wr—1(w),s) € U(éd(s, Zr—1(w))), whereas for the case
in which T} (w) = oo, the control variable takes the value
of the cemetery state A. It follows that (x(wy_1(w),.) €
V(Z}Ll(w)). We define the motion of the process {X}}
associated to the strategy 1), starting from a point x € FE, in
the following way. Take a random variable le such that

Px(le S 1) = {e:cp{ACl (t,xz)} fort < t*(x) .

0 for t > t*(x)
It le generated according to the above probability is equal
to infinity, then X} = ¢(t, z) for all ¢ > 0. Otherwise select
independently an E-valued random variable having distribu-
tion Q% (.; o(TY, z)). The trajectory of {X} starting at z,
for t < T}, is given by X = (;S(t z)fort <TY XP =2z}

for t = Tw Starting from XT“’ = Zf’ , we now select

the next inter-jump time T2 T1 and post-jump location

Xﬁ, = Z¢ is a similar way, using (g(:c,le, Zi/’, .) (which

by definition belongs to V (Z}') for T} and Z} fixed) instead
of (1(z,.). This gives a time-variant piecewise-deterministic
trajectory for the process {th } with jump times Tf/’ T
and post-jump location Z{p ,Zg’ ,... . Note that in general

1713



we can not guarantee that the process {XZ’& } is a Markov
process, since (; may depend on the whole history of the
process up to k*"-jump. For the case in which we have,
for all £k = 0,1,... Ck(wk_l(w),.) = uk(qb(.,Zk_l(w)))
for up, € U, k = 0,1,..., we write ¥ = (uy,us,...)
and it can be shown by arguments similar to those in [2],
page 62-66, that {X;p } is a strong Markov process (although
not necessarily homogeneous). The particular case in which
up = u for all k = 0,1,..., for some u € U, corresponds
to the situation of a time homogeneous PDP, to be further
detailed in the next subsection.

The procedure above defines a family of measures
{P¥;x € E} on (9, F°). The final assumption on % to
be an admissible control is that for every x € E,

o0

Elzb(z 1{T,f’§t}) < 4
k=1

for all ¢ € Ry. In particular (4) implies that T,f’ — 0
as k — oo almost surely. For any p € P(E), define PY
on (Q,F°) as PY(A) = [, PY(A)u(dz). Let F;* be the
completion of Ff with respect to all P¢-null set of F°,
and .7-";” = UueP(E) .7-'2”’”. By the same arguments as in
[2], Theorem 25.3, page 63, it follows that .7-';# is right-
continuous. Define p¥*(t) = > 72, 1{t2T§”}1{X;”i(w),€8*E}
which is a measure that counts the number of jumps from
the boundary. Associated to an admissible control strategy
¥ = ((1,C2,...) € ¥ we have the following cost for 7 > 0:

P =B 0 [ ),
0 0
(32)
where for T | (w) < s < TV (w),

FUXE (W) = fEE @0 (g(s — T (W), Zima (W)

and for s = T (w) and X, () € O*E, r¥(X{ (w)) =
réi(@i-1(w), )(X#( (w)). We consider the following long
run average cost problem:

. TV )
= inf 1 .
= fin T

B. PIECEWISE-DETERMINISTIC MARKOV PROCESSES

As mentioned above, the particular case in which ¢ =
(u,u,...) for some u € U corresponds to the definition of a
piecewise-deterministic Markov process, as presented in [2].
We assume that (4) is satisfied for every ¢» = (u,u,...) for
u € U. For this case we shall just write u instead of ¢ for all
the definitions of the previous section. As proved in [2] { X}
is a homogeneous strong Markov process, characterized by
the following parameters: a) the flow ¢(.,.), b) the jump
rate A“(.), ¢) the transition measure Q*(.;.). Associated with
the PDP we can define a multivalued operator (see chapter
1 in [18]) Av. This multivalued operator A" is a subset
of B(E) x B(E) with domain D(A") C B(E) defined as
follows: g € D(A") if the following conditions are satisfied:

a) (3Xg € B(E)) such that (Vx € E), (Vt € [0,t*(x))),

9(9(t,2)) / Xg(6(s,2)

b) lim g¢(¢(t,x)) exists whenever t*(z) < oo.

t1t* (z)
The range of A" is given by

R(AY) = {h € B(E) : there exists g € D(A") such that
h=Xg+(Q"g— g)/\"}-
For g € D(AY), A"g will denote a function in R(A") such
that (g, A%g) € A". Moreover, for g € D(A"), we define

lim g(¢p(t,x)) forall z= lim ¢(¢t,x) € O*F
1t (z) 1 (z)

Notice that the limit exists from b) of the definition of
D(A™).
C. EMBEDDED MARKOV CHAINS

We define the following stochastic kernels: for all x &€

g(z) =

FEUO*E, veV(x), and A € B(E)
+* (@) )
LV(x, A) = / =N L (6(s, 7)) ds )
0
N @)
LV(z, A) = / e AN (o(s,z))ds (6)
0

() )

K¥(z, A) = / NN (g, 2)) Q" (6(5, 2), A)ds
O

+ e~ @AW @2) Qv (p(t* (z), ), A) (7)

- “(z)
K¥(x,A) = /O t e M TN (g(s,2))QY (d(s, ), A)ds

+e MDDt (), ), A) ®)
G'(x,A) =L"(z,A) + K°(z, A). )
GY(z,A) = L¥(x,A) + K"(z, A). (10)

It will be useful in the sequel to define the functions L (x)
and L£Y(z) as follows:

£~”(m) =
LY (x)

LY(z,E),
L'z, E).

(1)
12)
We need to define the following kernels acting on the
boundary: for all x € EUO*FE and A € B(O*E),
H'(z,A) = o " @M@ (gt (@),
H"(z, A) e N W@ L (p(t* (), ).
Moreover, it is easy to see from the definitions of the kernels
LY, HY and G"” (see (5), (13), (9)) that for z € 9* E and for
any function g € B(E) and ¥ € B(0*E) we have
LYg(z) =0, H"9(z) =¥(z) and G"g(z) = Q%g(2). (15)

Similar results hold for the kernels E”, Hv and GV (see (6),
(14), (10)).

Note that for every z € E,0 < LY(z,F) < 1, and
for every x € EUJ*E, G¥(z,E) = 1. Thus G"(.,.) is

x)), (13)
(14)
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a stochastic kernel. For the case in which v = wv(u) for
some u € U, we have that G* is the stochastic kernel of
an embedded Markov chain associated with the PDP { X'},
defined in Section III-B, which we shall denote by {Y,}.
Similar comments hold for the stochastic kernel G*(.,.) and,
in~this case, the embedded I\/Larkov chain will be denoted by
{Y,}. The stochastic kernel G*(., .) is associated to the post-
jump location of the PDP, so that Y;, = Z. It was shown in
[3] that there is some nice ergodic correspondence between
the PDP {X}'} and the Markov chain {Y,,}.

IV. MAIN RESULTS

In this section we shall present the main results of the
paper. Theorem 4.3 characterizes the optimality equation
for the long run average cost problem in terms of integro-
differential equations for the continuous-time problem as
well as in terms of embedded discrete-time Markov chains
associated with the PDP. Before presenting this theorem, we
shall need the following auxiliary result:

Proposition 4.1: Suppose that there exists a real number
0 and w € B%(E) such that

w(zx) = el\r}f ){—55”(96)+L“f“(x)—|—H”r”(x)+G”w(m)}

(16)

for all z € EUJE™*. Then the following equation is satisfied

forall x € E, and ¢ € [0,t*(x)):
t
wlo) = _jnt { [ e e o,
vEV]o, 1) () 0
X (6(5,2)Q w(@(s, 2)) + w(d(s, 2)) — Ads

n e(t+A”(t,I))w(¢(t,x))} 0

Proof: For all z € E, t € [0,t*(z)), and for any v €
V(x), define v; € V(¢(t,x)) and p; € Vig () as:
’Ut(S) = U(t + S)a s € [Oat*(z) - t)?
pi(s) = v(s), s €Ly (x).

We have that

t
£v(x) — / e—(s—&-A“ (s,ac))ds_i_
0

(18)
19)

B £ (6(t))
o= (HHAP (£,2)) / e~ (SHA (002 gg  (20)
0

L' (@) = / e N ) 11 (s, 7)) s

e
b et o s, ot ) ds
0

x e~ (HHAT (1,2)) (1)

HYr? (x) — 6—(t+APf (t7¢(t,:p)))Hvtrvt(¢(t7 x)), (22)

Grw(z) = / e~ (N2 (4P (65, 2)) QP (5, 7))

+ w(p(s,x)))ds + e (AT (t’x))G“tw(((b(t, x))). (23)

From equations (20), (21), (22) and (23) we get that for
any v € V(x),

— BLY (x) + LY f¥(x) + H " (z) + G*w(x) =
t
_ ﬁ/ e~ (A (s,2)) g6 4 / e—(8+/\”(87w))fpt (p(s,2))ds
0

,
g

[ e (0 s, 2)Q i 605,)

+w(p(s, )))ds + e AT EDBL (1, x))

LY ) + Y ({1 2) + Gl ()]
(24

and thus using equation (16), it follows that
— BLY(x) + LY f*(z) + Hr’(z) + G'w(x) >
t t
-5 e (sHAP (s,2)) 1o +/ e—(S-&-A”t(s,r))fpt (¢(s,z))ds
0 0
t
+ [ e O (o5, 2) Q7 w(o(s. )
0
+w(e(s,x)))ds + e~ A Gy (g(¢, ). (25)

Taking the infimum over v € V(z) in (25), which is
equivalent to take the infimum over p; € Vg (z) and
vy € Vo(o(t, x)), we have from (16) that

w(z) > inf

t
{_5/ o~ (+A7(5:2)) g
o PEVi0, 1) () 0

+/te_(S+AP(s,x))fp<¢(s7;E))ds
Ot

+/ e (N D) (AP (h(s, 2)) QPw(d(s, )
0

+ w(p(s,x)))ds + e AT (g(8, x))}

By using equation (16), we have that for all x € E, t €
[t,t*(z))) and € > 0, there exists v. € V(é(¢,x)) such
that w(¢(t, x)) + € > =L (d(t, 7)) + L™ f*(6(t, 7)) +
HYerv(p(t, x))+ G w(p(t, z)). From (24) and considering
v € V(x) such that v(¢ + s) = ve(s), we get that

w(z) < =L (z) + LU f*(x) + Hr"(z) + G'w(z) <

p t
B ﬂ 67(5+Apt(s’x))d$ + / 67(5+Am(s,r))fpt (d)(s’ x))ds
0 0

t

d [ e o s, 2) Q" w(o(s. )
0

+w(g(s,x)))ds + e~ HA G y(h(t, 2)) + . (26)

Taking the infimum over p; € Vjo4)(x), we get from (26)
that

¢
w(x) < inf / e (HA (@) (_ gy
( ) PGV[o,z)(E){ 0 (

F7(6(s,2)))ds + / AT (g5, 7)) QP (5, 7))

0

+ w(¢(s,z)))ds 4+ e A G2 (g(¢, x))} + e
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Since € > 0 is arbitrary, the result follows. |

Similarly we have the following result:
_ Proposition 4.2: Suppose that there exists a real number
£ and w € B*(E) such that

B(r) = inf (G2 (@) + L7 @)+ B (@) + Gru())
27

for all x € FUJE™. Then the following equation is satisfied
for every t € Z(x):

w(z) = inf
( ) vEV]o,¢) ()

{/ A D (s, )

+A7(0(s,2))Q"w(¢(s, x)) — B)ds

+ e M D (p(t, x))}. (28)

Next we present the main result of this paper.
Theorem 4.3: The following assertions are equivalent:
i) There exists a real number p and h € B*(E) such
that

A (R + 17

xo(z) [E (h(z) — h(y)Q*(dy;x)} = p (29)
for all x € E, and

h(z) = inf
(Z) aGIE(z

){r(z,a) + Qh(z,a)}, (30)

for all z € OE*.
ii) There exists a real number § and w € B*(E) such
that

inf { - BLY(x) + L' f*(a)+

'LU(CL') - veV (x)

HYr’(z,v) + G'w(z)} (31)

for all x € E U OE*. For each x € E U JFE* the
infimum in (31) is reached for some v, € V (x).

iii) There exists a real number 3 and w € B*(E) such
that

inf {—BL"(x)+ L f*()

w(fﬂ) - veV (x)

+ Hr"(x) + G'w(zx)} (32)
for all x € F U OJFE*. For each x € F U JFE* the
infimum in (32) is reached for some v, € V(z).

Moreover, if 1) ii), or iii) holds, there exists © € U such that
the infimum in (29) and (30) is reached at u(x) € U(x) and
u(z) € U(z) for each x € E and z € OE* respectively,
v = v(u), p(v) = B = B = p, and the optimal strategy is
v =(u,u,...).

Proof: Suppose that ii) holds. For z € E fixed, consider
any v € V(x), and write u = v(0). From (17) we have that

e A Iy (p(t, 1)) — w(z) >

t
/e—(s+AW(s7r>)(_fPt(¢(s,w))—
0

— AP (¢(87 sc))Qp‘w((b(& LL‘)) - w(¢(8’ m)) + ﬁ)ds' (33)

Dividing by ¢ and taking the limit as ¢ goes to 0 we obtain
from (33) that
Xw(z) — (1+ X (2)w(z) = — f*(z) — w(z)
— A(2)Q w(x) + 6.

Since u can be chosen arbitrarily in U(z), we have that

B inf (Xula) + f1(x) - X () () - Qu().
(34)
Considering v = ©,, we have equality in (33), and thus
we have equality in (34), showing (29). Finally we have
that for z € OFE™, equation (31) reduces to h(z) =
inf,cp(){r(z,a) + Qh(z,a)}, showing (30).

Suppose that i) holds and let & be a measurable selector
as in (1) and (2). Let p = v(u) € V(z) as in (3), that is,
p(t) = u(¢(t, x)). Recall that the multivalued operator A%,
as in sub-section III-B, is such that for any g € D(A%),

Ag(x) = Xg(@) + N (@)(Q"g(@) — g(x)
o) = lim_g(o(t,))

()

It is clear that h € D(ﬂa) and that for z € E and z € OE",
Alh(z) — p+ f4(z)= 0, and h(z)= r"(z) + Q"h(z). For
any v € V(x), set v(¢(t,x)) = v(t), so that v € U(4(t,x))
for each ¢ € [0,¢*(x)). It follows that h € D(AY), and for
z € E and z € OF*,
AR(@) — p+ [*(2) = Ah(x) - p+ fU(z) = 0,
™ (2) + Qh(2) — h(z) = r¥(2) + Q"h(2) — h(2).
From Theorem 3.1 in [4], we have that L' A"h(z) =
G h(xz) — h(z) — HY(QV — I)h(x). Therefore, since
AYh(x) > p — f¥(z) it follows that (notice that LV is a
positive operator)
L' AYh(z) = G'h(z) — h(z) — H*(QY — I)h(z)

> L"(p — f*)(x)

= pL*(1)(x) — L*(f")(x).
Notice also that since Q”h(z) > h(z) —r¥(z), we have that
(again, notice that H" is a positive operator)

H(Q" = Ih(x) = H'Q"h(z) — H"h(x)
> H h(x) — Hr"(z) — H h(x)
=—H"r"(z).
Thus,
G h(x) — h(x) > —H(Q" — I)h(x)
+pLY(1)(x) = L (f7)(x)
= —Hr"(z) + pL"(1)(x) — L*(f")(x)
that is,
h(@) < GUh(z) + H'r" () + L'(f*)(x) — pL"(1)(x)

with equality for v = p. Thus

h(z) = Ugl‘}a){*ﬂﬁv(ﬂf) T LU0 (2) + Hor" () + GPw(x) }
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for all z+ € FE. For z € OFE* the result is immediate
since LV(z,1) = 0, L%(z, f¥) = 0, H’r"(z) = r¥(z) and
G"h(z) = QVh(z). The equivalence between i) and iii) can
be derived in a similar way, and shall be omitted.

Suppose now that i) holds. For any admissible strategy
¥ = ((1,Co,...) €V, let us define

TY At
SU(t.x) = Ew< [ e - s

TY At
[ e v r(xl, ) )
0 m
>

Let us show by induction on m that SY (t,x) h(z)
for every m = 0,1,..., every ¥ = ((1,(2,...) € U,
every x € EUOJE* and every t € Z(xz). For m = 0
the result is immediate, since in this case Sg’ (t,x) =
h(z). Suppose the result holds for m. Let us write ¢’ =
(Co(, TV, ZY), (e, TV, Z¥),...). Then writing v(.) =
¢1(z, .), we have from the induction hypothesis and (30) that,

TV At
SY 1 (tz) = B / (FY(XY) - p)ds

+ h(o(t,z))1 {T¢’>t}+( (¢(t*(x)7x))]‘{Tid’:t*(gg)}
+BY Syt — 1!, Z2{)|Ty ,Z;b))l{Tl"f’gt})

TV At
> B[O~ s RO )y
+ (P (O (@), 2)) Ly (0 + H(Z

- / N ) (£ (65, )

0
+ A%(o(s,2))Q°h(¢(s, ) — p)ds

+ e M D (g(t, x))}.

From (28) and (35) we have that S, (¢, ) > h(z) with
equality for ¢y = (@,...). Taking the limit as m goes to
infinity, and recalling that for any admissible strategy we
have Tyﬁ — 00 as m — oo almost sure, we have from the
bounded convergence theorem that

%))Hﬁ”gt})

(35)

v [P — st | P XV (s
Em(/o(f (X p>d+/0 (X¥)dp* (s)
L R((XP)) > hiz)

with equality for ¢ = (@, ...). Therefore,

_ BP (g S (X )ds + fy r? (K- )dp?(s))
- 4
Y (h(X})) ~ h(z)
t

and, recalling that A is bounded, we obtain, by taking the
liminf as ¢ — oo, that

Y(x,t
p < lim EALCIL)
t—o0
with equality when ¢ = (@, ...) [ ]

V. CONCLUSION

In this paper we studied the long run average control
problem for piecewise deterministic Markov processes. The
control acts on the jump rate A and the transition measure @),
which specifies the post-jump location. The main result of
the paper was presented in Theorem 4.3, which characterizes
the optimality equation of the problem in terms of integro-
differential equations for the continuous-time problem as
well as in terms of embedded discrete-time Markov chains
associated with the PDP. One of the embedded discrete-time
Markov chain is related to the post-jump location of the PDP.
The other one was shown, in [3], to have important ergodic
proprieties with respect to the PDP. Further researches are
being carried out at the moment to obtain sufficient con-
ditions for the existence of a solution for the optimality
equations. We believe that the general theory of the long run
average cost problem for discrete-time Markov chains (see,
for instance, [17]) in conjunction with the equivalence results
obtained in Theorem 4.3 will be important for achieving this
goal.

REFERENCES

[1] M. Davis, “Piecewise-deterministic Markov processes: A general
class of non-diffusion stochastic models,” J.Royal Statistical Soc. (B),
vol. 46, pp. 353-388, 1984.

, Markov Models and Optimization. London: Chapman and Hall,

1993.

[3] F. Dufour and O. Costa, “Stability of piecewise-deterministic Markov
processes,” SIAM Journal of Control and Optimization, vol. 37, no. 5,
pp. 1483-1502, 1999.

[4] O. Costa and F. Dufour, “On the poisson equation for piecewise-
deterministic Markov processes,” SIAM Journal of Control and Opti-
mization, vol. 42, no. 3, pp. 985-1001, 2003.

[5] D. Vermes, “Optimal control of piecewise deterministic Markov pro-
cesses,” Stochastics, vol. 14, pp. 165-208, 1985.

[6] M. Dempster and J. Ye, “Necessary and sufficient optimality condi-
tions for control of piecewise deterministic processes,” Stochastic and
Stochastics Reports, vol. 40, pp. 125-145, 1992.

[71 A. Almudevar, “A dynamic programming algorithm for the optimal
control of piecdewise deterministic Markov processes,” SIAM Journal
of Control and Optimization, vol. 40, no. 2, pp. 525-539, 2001.

[8] U. Gugerli, “Optimal stopping of a piecewise deterministic Markov
process,” Stochastics, vol. 19, pp. 221-236, 1986.

[9] O. Costa, C. Raymundo, and F. Dufour, “Optimal stopping with
continuous control of piecewise deterministic Markov processes,”
Stochastics and Stochastics Reports, vol. 70, pp. 41-73, 2000.

[10] D. Gatarek, “Optimality conditions for impulse control of piecewise
deterministic processes,” Math. of Control Signals and Systems, vol. 5,
pp. 217-232, 1992.

[11] M. Dempster and J. Ye, “Impulse control of piecewise deterministic
Markov processes,” Ann. Appl. Prob., vol. 5, pp. 399-423, 1995.

[12] O. Costa and C. Raymundo, “Impulse and continuous control of piece-
wise deterministic Markov processes,” Stochastics and Stochastics
Reports, vol. 70, pp. 75-107, 2000.

[13] A. Hordijk and F. Van der Duyn Schouten, “Discretization and weak
convergence in Markov decision drift processes,” Mathematics of
Operations Research, vol. 9, pp. 112-141, 1984.

, “Markov decision drift processes: Conditions for optimality
obtained by discretization,” Mathematics of Operations Research,
vol. 10, pp. 161-173, 1985.

[15] A. Yushkevich, “Continuous-time Markov decision processes with
intervention,” Stochastics, vol. 9, pp. 235-274, 1983.

, “Bellman inequalities in Markov decision deterministic drift
processes,” Stochastics, vol. 23, pp. 235-274, 1987.

[17] O. Hernandez-Lerma and J. Lasserre, Discrete-Time Markov Control
Processes. New York: Springer, 1996.

[18] S. Ethier and T. Kurtz, Markov Processes: Characterization and
Convergence. New York: John Wiley, 1986.

[2]

[14]

[16]

1717



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




