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Abstract— We study how the class of observers intro-
duced in [1], here referred to as circle-criterion observers,
can be incorporated in output-feedback control. Due to
the absence of a controller-observer separation property
for nonlinear systems, the certainty-equivalence imple-
mentation of a state-feedback design may lead to severe
forms of instability. We show, on the contrary, that the
state-dependent convergence properties of circle-criterion
observers can prevent such instabilities. Exploiting these
convergence properties we develop a modified circle-
criterion observer design that guarantees global asymp-
totic stability for certainty-equivalence controllers.

I. INTRODUCTION

For nonlinear systems the task of incorporating an
observer in output-feedback control is hampered by the
absence of a controller-observer separation property.
Several examples in the literature (see e.g. [7]) have
shown that a certainty-equivalence implementation of
a globally stabilizing state-feedback controller with
observer estimates can lead to finite escape time. Lo-
cal stability has been established in [16], [4]. Larger
regions of attraction have been achieved either with
restrictions on the growth of nonlinearities [16], [2],
or by systematically increasing the observer speed as
in high-gain observers [6], [15], [3]. An alternative
approach is to depart from certainty-equivalence, and
to pursue an inter-dependent design of the controller-
observer pair as in the schemes presented in [10], [9],
[12], [8].

In this paper we show that, upon a slight modifica-
tion, the circle-criterion observer of [1] achieves global
asymptotic stability (GAS) in a certainty-equivalence
implementation, under mild assumptions on the state-
feedback controller, and without any growth restric-
tions on controller or observer nonlinearities. As we
shall see, this stability property is due to the “state-
dependent” convergence of the circle-criterion observer

in which the convergence speed depends on the state
trajectories of the plant. The onset of instability in a
certainty-equivalence implementation stimulates faster
convergence of the circle-criterion observer, which re-
sults in a recovery of stability achievable with the
underlying state-feedback design.

To make this state-dependent convergence property
explicit, we show that the nonlinear terms in the
observer error system, despite their coupling with the
states of the plant, satisfy an L1-bound that is inde-
pendent from the behavior of those states. We then
make use of a separation theorem recently proven in
[11], which exploits such L1 observer terms to relax
the conditions on the state-feedback controller. When
adapted to our class of systems and observers, the
condition on the state-feedback controller is that the
closed-loop plant admit a Lyapunov function with a
bounded gradient. This condition is often satisfied,
possibly upon an appropriate nonlinear scaling of the
Lyapunov function.

In Section II we review the basic circle-criterion
observer design of [1]. In Section III we augment
this observer with a new nonlinear term and study
the resulting convergence properties. In Section IV we
design this nonlinear term to satisfy the conditions of
[11], thus recovering GAS in a certainty-equivalence
implementation. In Section V we pursue a “relaxed”
certainty-equivalence design, in which only the unmea-
sured state components are replaced with their observer
estimates in the controller. With this relaxed design
we remove an assumption employed in Section IV on
output-dependent nonlinearities of the plant.

II. BASIC CIRCLE-CRITERION OBSERVER

We first review the basic design in [1], which is
applicable to systems of the form

ẋ = Ax + Gγ(Hx) + β(y, u) (1)
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y = Cx ,

where x ∈ IRn is the state, y ∈ IRp is the measured
output, u ∈ IRm is the control input, the pair (A, C)
is detectable, and the functions γ(·) and β(·, ·) are
locally Lipschitz. We assume that the row vector H
is linearly independent from the rows of C because,
otherwise, the argument Hx of the nonlinearity γ(·)
can be expressed in terms of the output y and, hence,
the term Gγ(Hx) can be incorporated in β(y, u). For
simplicity of derivations we also assume that γ(·) is a
scalar nonlinearity.

For observer design, our main restriction is that γ(·)
be a nondecreasing function; that is, for all v, w ∈ IR,
it satisfies

(v − w)[γ(v) − γ(w)] ≥ 0 . (2)

Under this restriction, our observer is

˙̂x = Ax̂+L(Cx̂−y)+β(y, u)+G γ(Hx̂+K(Cx̂−y))
(3)

and the design task is to determine the matrices K and
L to guarantee observer convergence. From (1) and (3),
the dynamics of the state estimation error e = x − x̂
are given by

ė = (A + LC)e + G [γ(v) − γ(w)] , (4)

where

v := Hx and w := Hx̂ + K(Cx̂ − y) . (5)

To design K and L, we view γ(v)−γ(w) as a function
of v and

z1 := v − w = (H + KC)e ; (6)

that is
ϕ1(t, z1) := γ(v) − γ(w) , (7)

where the time-dependence is due to the other argument
v = Hx(t), which acts as an exogenous input on the
observer error system. Rewriting (4) as

ė = (A + LC)e + Gϕ1(t, z1) (8)

z1 = (H + KC)e ,

and noting from (2) that ϕ1(t, z1) satisfies the sector
property

z1ϕ1(t, z1) ≥ 0 , (9)

we employ the Circle Criterion and derive a strict
positive realness (SPR) condition that guarantees ex-
ponential decay for the observer error e(t):

Proposition 1: ([1]) Consider the plant (1) and let
[0, tf ) denote the maximal interval of definition for the

solution x(t). If there exists a matrix P = P T > 0,
and a constant ε > 0, such that

(A + LC)T P + P (A + LC) + εI ≤ 0 (10)

PG + (H + KC)T = 0 (11)

then the estimation error e = x− x̂ of the observer (3)
satisfies, for all t ∈ [0, tf ),

|e(t)| ≤ κ|e(0)| exp(−νt) , (12)

where κ =

√
λmax(P )
λmin(P ) , ν = ε

2λmax(P ) . �

III. AN AUGMENTED DESIGN OF

CIRCLE-CRITERION OBSERVERS

We now exploit an additional design freedom in (3)
and introduce the augmented observer

˙̂x = Ax̂ + L(Cx̂ − y) + G γ(Hx̂ + K(Cx̂ − y))

−ϑ(y, x̂) + β(y, u) (13)

in which the new term is

ϑ(x̂, y) = P−1CT (Q − S)T × (14)

[φ(Rx̂ + Q(Cx̂ − y)) − φ(Rx̂ + S(Cx̂ − y))],

where φ(·) is an arbitrary nondecreasing function, P is
as in Proposition 1, and Q, R and S are row vectors
of compatible dimensions. As we prove in Lemma 1
below, the addition of a ϑ(y, x̂) of this form increases
the dissipation rate of the observer Lyapunov function
Vobs = 1

2eT Pe and, thus, preserves the exponential
convergence estimate (12) achieved by the original
design. It further strengthens the convergence in the
sense of Lemma 2 below, which will be used in the
next section to ensure stability for certainty-equivalence
control.

Lemma 1: If the conditions of Proposition 1 hold,
then for any nondecreasing function φ(·), and row
vectors Q, R, S, the observer (13)-(14) guarantees the
convergence estimate (12). �

Proof: We first define

ϕ2(t, z2) = φ(Rx̂+Q(Cx̂−y))−φ(Rx̂+S(Cx̂−y))
(15)

where z2 is the difference of the arguments of φ(·):

z2 = (Rx̂ + Q(Cx̂ − y)) − (Rx̂ + S(Cx̂ − y))

= (S − Q)Ce, (16)

and the time-dependence is due to variables other than
z2, which affect ϕ2(t, z2). As in the arguments (5)-
(9) for ϕ1(t, z1), the nondecreasing nonlinearity φ(·)
in (15) guarantees the sector property:

z2ϕ2(t, z2) ≥ 0. (17)
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With ϕ2(t, z2) defined as in (15), the dynamics of the
observer error e = x − x̂ are

ė = (A + LC)e + Gϕ1(t, z1) (18)

+P−1CT (Q − S)T ϕ2(t, z2)

z1 = (H + KC)e (19)

z2 = (S − Q)Ce (20)

and, thus, the observer Lyapunov function Vobs =
1
2eT Pe satisfies

V̇obs =
1

2
eT [(A + LC)T P + P (A + LC)]e (21)

+eT PGϕ1(t, z1) + eT CT (Q − S)T ϕ2(t, z2).

Substituting (10)-(11) in (21) we obtain

V̇obs ≤ −
ε

2
|e|2 − eT (H + KC)T ϕ1(t, z1)

+eT CT (Q − S)T ϕ2(t, z2), (22)

which means, from (19)-(20) and from the sector
properties (9) and (17),

V̇obs ≤ −
ε

2
|e|2 − z1ϕ1(t, z1) − z2ϕ2(t, z2) ≤ −

ε

2
|e|2.

(23)
The estimate (12) then follows from standard Lyapunov
arguments. �

We now present a further property of the observer
(13)-(14), which will be instrumental in proving the
results of the next section:

Lemma 2: If the conditions of Lemma 1 hold for the
observer (13)-(14), then ϕ1(t, z1) and ϕ2(t, z2) defined
in (7) and (15), respectively, satisfy

lim
T→tf

∫ T

0
|ϕi(t, zi)|dt ≤ h|e(0)| i = 1, 2, (24)

for some constant h > 0 which is independent of tf .
�

Inequality (24) shows that the observer renders the
nonlinear terms ϕ1(t, z1) and ϕ2(t, z2) L1 on the
interval [0, tf ). Although ϕ1(t, z1) and ϕ2(t, z2) depend
on the plant trajectories x(t) by their definitions, the
L1-property (24) is independent of the behavior of x(t).
This means that the convergence properties of z1(t)
and z2(t) vary according to x(t), and because z1 and
z2 are functions of the observer error e as in (19)-
(20), this argument shows that the observer tunes its
convergence speed according to the growth of x(t).
This interplay between the observer and the plant is
the key to the certainty-equivalence property achieved
in the next section.

Proof of Lemma 2: Using (19)-(20), and substituting
H + KC = −GT P from (11), the dynamic equations
for z1 and z2 are

ż1 = −GT PGϕ1(t, z1) (25)

−GT CT (Q − S)T ϕ2(t, z2) + d1

ż2 = (S − Q)CGϕ1(t, z1) (26)

−(Q − S)CP−1CT (Q − S)T ϕ2(t, z2) + d2

where

d1 := −GT P (A + LC)e (27)

d2 := (S − Q)C(A + LC)e. (28)

Using

sgn(zi)φi(t, zi) = |φi(t, zi)| i = 1, 2, (29)

which follows from the sector properties (9) and (17),
we conclude from (25)-(26) that, for almost all t ≥ 0,

d

dt
|z1| ≤ −GT PG|ϕ1(t, z1)| (30)

+|(S − Q)CG| |ϕ2(t, z1)| + |d1|
d

dt
|z2| ≤ |(S − Q)CG| |ϕ1(t, z1)| (31)

−(Q − S)CP−1CT (Q − S)T |ϕ2(t, z2)| + |d2|.

We next claim we can find a constant λ > 0 such that

k1 := λGT PG − |(S − Q)CG| > 0 (32)

k2 := (Q − S)CP−1CT (Q − S)T

−λ|(S − Q)CG| > 0. (33)

For now we take this to be true, and note from (30)-(31)
that

d

dt
(λ|z1| + |z2|) ≤ −k1|ϕ1(t, z1)| − k2|ϕ2(t, z2)|

+(λ|d1| + |d2|). (34)

Integrating both sides of (34), we obtain

k1

∫ T

0
|ϕ1(t, z1)|dt + k2

∫ T

0
|ϕ2(t, z2)|dt

≤ λ|z1(0)| + |z2(0)| +

∫ T

0
(λ|d1| + |d2|)dt

≤ h̄|e(0)|, (35)

in which the second inequality holds for some constant
h̄ > 0, because z1, z2, d1 and d2 all depend linearly
on e, and because e(t) satisfies the exponential conver-
gence estimate (12) from Lemma 1. We thus conclude
that (24) holds with h = h̄/ min{k1, k2}.
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To complete the proof we now show that a constant
λ > 0 as in (32)-(33) indeed exists. To this end we
rewrite (32)-(33) as

λ|w1|
2 − |wT

1 w2| > 0 (36)

|w2|
2 − λ|wT

1 w2| > 0, (37)

where

w1 := P 1/2G and w2 := P−1/2CT (S−Q)T . (38)

Because w1 and w2 are non-zero (we only consider the
case (S − Q)C �= 0 because, otherwise, ϕ2(t, z2) ≡ 0,
and (24) already holds), and are not co-linear with each
other (this follows from PG = −(H + KC)T and
the assumption that H is linearly independent from the
rows of C), we conclude from the Schwartz Inequality
that

|wT
1 w2| < |w1| |w2|, (39)

which means that we can choose λ such that

|wT
1 w2|

|w1|2
< λ <

|w2|
2

|wT
1 w2|

(40)

and satisfy (36)-(37). �

IV. RECOVERY OF STABILITY IN

CERTAINTY-EQUIVALENCE IMPLEMENTATION

In this section we present a design for ϑ(x̂, y) in
the augmented observer (13) that guarantees GAS for
certainty-equivalence controllers. For the underlying
state-feedback controller we employ an assumption
adapted from [11]:

Assumption 1: There exists a locally Lipschitz state-
feedback control law u = α(x), a continuously differ-
entiable, radially unbounded, and positive definite Lya-
punov function V (x), and a continuously differentiable
and class-K∞ function L(·), such that the origin x = 0
of the closed-loop system

ẋ = Ax + Gγ(Hx) + β(Cx, α(x)) =: f(x) (41)

is globally asymptotically stable, and

∂V

∂x
f(x) ≤ 0 (42)

|L′(V (x))|

∣∣∣∣∂V

∂x

∣∣∣∣ ≤ 1 ∀x ∈ IRn. (43)

�

Inequality (43) means that, upon scaling with L(·),
the new Lyapunov function L(V (x)) has a globally
bounded gradient. Although this assumption is not re-
strictive, there exist systems for which such a Lyapunov
function does not exist (see the examples presented in

[13], [14]). Before presenting our main result, we fur-
ther restrict the function β(y, u) in (1) as in Assumption
2 below. We will, however, eliminate this assumption
with a relaxed certainty-equivalence design in the next
section.

Assumption 2: The function β(y, u) in (1) is such
that, for all y, ŷ ∈ IRp, and u ∈ IRm,

|β(y, u) − β(ŷ, u)| ≤ ω(|y − ŷ|) (44)

for some class-K function ω(·) which is differentiable
at zero. �

We now present our observer which ensures global
asymptotic stability with the certainty-equivalence con-
troller u = α(x̂):

Theorem 1: Suppose that system (1) satisfies As-
sumption 2, there exists a state-feedback controller u =
α(x) as in Assumption 1, and there exist matrices P ,
K and L satisfying Proposition 1. Then, the certainty-
equivalence controller u = α(x̂), with x̂ obtained from
the observer (13) with

ϑ(x̂, y) = θP−1CT KT [γ(Hx̂+K(Cx̂−y))−γ(Hx̂)]
(45)

θ > 0, renders the origin (x, x̂) = 0 of the closed-loop
system (1),(13) GAS. �

Proof: We first note that (45) conforms to the structure
(14), with φ(·) = θγ(·), R = H , Q = K, and S = 0,
which, from Lemma 2, means that

lim
T→tf

∫ T

0

∣∣∣γ(Hx̂ + K(Cx̂ − y)) − γ(Hx̂)
∣∣∣ dt

≤
h

θ
|e(0)|. (46)

Next, adding and subtracting Gγ(Hx̂) and β(ŷ, u), we
rewrite the observer equation (13),(45) as

˙̂x = Ax̂ + Gγ(Hx̂) + β(Cx̂, α(x̂)) + d3 (47)

d3 := −LCe + [β(y, α(x̂)) − β(ŷ, α(x̂))]+ (48)

(G − θP−1CT KT )[γ(Hx̂ + K(Cx̂ − y)) − γ(Hx̂)].

Using inequality (46), Assumption 2, and the expo-
nential decay property of the observer error e as in
Proposition 1, it is not difficult to show that d3 satisfies

lim
T→tf

∫ T

0
|d3(t)| dt ≤ Ω(|e(0)|) (49)

for some class-K function Ω(·) which is independent
of tf . Then, from Assumption 1, the derivative of the
Lyapunov function L(V (x̂)) along the trajectories of
(47) is

d

dt
L(V (x̂)) ≤ |d3| (50)
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and, integration from 0 to T and substitution of (49)
yield

lim
T→tf

L(V (x̂(T ))) ≤ L(V (x̂(0))) + Ω(|e(0)|). (51)

This, combined with (12), implies that tf = ∞ (that is,
x = x̂ + e does not exhibit finite escape time) and that
the origin (x̂, e) = 0 is stable. Finally, because e → 0
as t → ∞, the dynamics on the ω-limit set of every
trajectory coincides with (41) which, by Assumption 1,
has the GAS equilibrium x = 0. In view of the Invari-
ance Principle [5, Lemma 4.1] we conclude that the
equilibrium (x, x̂) = 0 of the observer-based control
system is globally attractive which, taken together with
stability, proves GAS. �

Example 1: For the system

ẋ1 = x2 (52)

ẋ2 = x2 − x5
2 + u (53)

y = x1, (54)

a solution to the conditions in Proposition 1 is

P =

[
5 −1.382

−1.382 1

]
, L =

[
−4
−5

]
,

K=-1.382, and results in the observer

˙̂x1 = −4(x̂1 − y) + x̂2

˙̂x2 = −5(x̂1 − y) + x̂2 + u

−(x̂2 − 1.382(x̂1 − y))5. (55)

However, when employed in a certainty-equivalence
implementation in [11], this observer was shown to
result in finite escape time. We now apply the redesign
(45), which yields

ϑ(x̂, y) = θ

[
−0.4472
−0.6181

]
︸ ︷︷ ︸
P−1CT K

[(x̂2 − 1.382(x̂1 − y))5 − x̂5
2],

(56)
and note from (53) that β(y, u) = u, which satisfies
Assumption 2. This means from Theorem 1 that, with
the augmented observer

˙̂x1 = −4(x̂1 − y) + x̂2 (57)

+0.4472 θ [(x̂2 − 1.382(x̂1 − y))5 − x̂5
2]

˙̂x2 = −5(x̂1 − y) + x̂2 − 0.6181θ x̂5
2 + u (58)

−(1 − 0.6181 θ) (x̂2 − 1.382(x̂1 − y))5,

where θ > 0 is a design parameter, the certainty-
equivalence implementation u = α(x̂) of any controller
satisfying Assumption 1 achieves GAS of the equilib-
rium (x, x̂) = 0. �

V. A RELAXED CERTAINTY-EQUIVALENCE DESIGN

Assumption 2 restricts the growth of output-
dependent nonlinearities in the system (1). In this
section we remove this assumption with an alterna-
tive certainty-equivalence implementation in which the
measured components of the state vector are directly
incorporated in the control law, and not replaced with
their observer estimates. For this implementation we
assume, without loss of generality, that the matrices C
and H in (1) have the form

C = [ Ip×p 0p×(n−p) ] , H = [ 01×p H2 ] ; (59)

that is, the state vector is

x =

[
y
x2

]
, (60)

where the output y comprises the first p entries, and the
nonlinearity γ(Hx) depends only on x2. Because H is
linearly independent from the rows of C, a linear state
transformation always exists to bring (1) to this form.
We then implement the “relaxed” certainty-equivalence
controller u = α(y, x̂2) which employs the true value
of the output y rather than its estimate ŷ:

Theorem 2: Consider the system (1),(59), and sup-
pose there exists a state-feedback controller u =
α(y, x2) satisfying Assumption 1, and there exist ma-
trices P , K and L satisfying Proposition 1. Then, the
certainty-equivalence controller u = α(y, x̂2) imple-
mented with the redesigned observer (13),(45) renders
the origin of the closed-loop system (1),(13) GAS. �

Proof: Using (59) we rewrite (1) as

ẏ = A1x2 + G1γ(H2x2) + β1(y, u) (61)

ẋ2 = A2x2 + G2γ(H2x2) + β2(y, u), (62)

where all linear terms in y are now incorporated in
β1(y, u) and β2(y, u). Likewise, the x̂2-component of
the redesigned observer is

˙̂x2 = A2x̂2 + G2γ(H2x̂2 + K(ŷ − y)) + β2(y, u)

+L2(ŷ − y) − Γ[γ(H2x̂2 + K(ŷ − y)) − γ(H2x̂2)],

(63)

where

Γ := [0(n−p)×p I(n−p)×(n−p)]θP
−1KT . (64)

Adding and subtracting A1x̂2 and G1γ(H2x̂2) in (61),
G2γ(H2x̂2) in (63), and substituting u = α(y, x̂2), we
get

ẏ = A1x̂2 + G1γ(H2x̂2) + β1(y, α(y, x̂2)) + d4 (65)
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˙̂x2 = A2x̂2 + G2γ(H2x̂2) + β2(y, α(y, x̂2)) + d5 (66)

where

d4 := A1(x2 − x̂2) + G1[γ(H2x2) − γ(H2x̂2)] (67)

d5 := (G2 − Γ)[γ(H2x̂2 + K(ŷ − y)) − γ(H2x̂2)]

+L2(ŷ − y). (68)

Because, by Lemma 2,

ϕ1 = γ(H2x2) − γ(H2x̂2 + K(ŷ − y)) (69)

ϕ2 = γ(H2x̂2 + K(ŷ − y)) − γ(H2x̂2) (70)

are both L1 and, because d4 above contains [γ(H2x2)−
γ(H2x̂2)] = ϕ1 +ϕ2, and d5 contains ϕ2, we conclude
that d4 and d5 are L1 as in (49). The proof of GAS
then follows from the arguments in Theorem 1. �

We finally note that, if K = 0 in the original
observer (3), then ϑ(x̂, y) ≡ 0 in (45) and, hence,
Theorems 1 and 2 imply GAS without a redesign of
this observer. We wish to emphasize, hovewer, that
feasibility conditions for Proposition 1 with K = 0
are restrictive (see [2]).

Corollary 1: If the conditions of Proposition 1 hold
with K = 0, and if u = α(y, x2) satisfies Assumption
1, then the controller u = α(y, x̂2) with the observer (3)
achieves GAS. If, further, (44) holds, then the controller
u = α(ŷ, x̂2) also achieves GAS.

VI. CONCLUSIONS

Output-feedback control of nonlinear systems contin-
ues to be a challenging research area due to the shortage
of constructive procedures for designing observers, and
for incorporating them in controllers. This paper first
broadened the class of observers in [1] by augmenting
them with an additional nonlinear term and, next,
exploited the new design flexibility to achieve stability
of certainty-equivalence controllers. It would be of in-
terest to further study the augmented class of observers
in Section III to achieve enhanced performance and
robustness properties. Another research direction would
be to reveal state-dependent convergence properties in
other nonlinear observer design methods, and to pursue
output-feedback designs within the framework of [11].
Acknowledgement: This work was supported by
the National Science Foundation under grant ECS-
0238268. The author would like to thank Laurent Praly
for suggesting a Lyapunov redesign of the observer
for certainty-equivalence control. This idea evolved
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