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Finite-Time Global Stabilization by Means of
Time-Varying Distributed Delay Feedback

lasson Karafyllis

Abstract— The paper contains certain results concerning
the finite-time global stabilization for triangular control
systems described by retarded functional differential
equations by means of time-varying distributed delay
feedback. These results enable us to present solutions to
feedback stabilization problems for systems with delayed
input. The results are obtained by using the backstepping
technique.

1. INTRODUCTION

It is generally known that for finite-dimensional
continuous-time control systems with locally Lipschitz
dynamics (e.g. x=f(x,u), where [ is locally
Lipschitz with respect to (x,u) e R” xR™), finite-time
global stabilization cannot be achieved by means of a
locally Lipschitz feedback law. However, it has been
shown that finite-time global stabilization is possible by
means of continuous (see [2,3,4,6,8] as well as the reported
results in [1]) or discontinuous feedback laws (see [14]).

Recently, the option of using feedback with delays has
been considered for the stabilization of continuous-time
systems in various problems. Of course, the closed-loop
system will be described by a system of (possibly time-
varying) Retarded Functional Differential Equations
(RFDEs), which is an infinite dimensional system. For
example, in [20] the authors provide strategies for the
construction of control laws of the form
u(t) =k(t,x(t),x(IT)) for te[IT,(I+1)T), where [ is a
non-negative integer and 7 >0 denotes the updating time-
period of the control. Notice that this type of feedback is a
time-varying feedback with delays of the form

u(t)= k(t,x(t),x[[%}T)] , where [t/T] denotes the

integer part of ¢#/7T , which is time-varying even if & is
independent of time, i.e., k(t,x,&)=k(x,&). The same
comments apply for the synchronous controller switching
strategies proposed in [22]. The possibility of switching
control laws using distributed delays was recently exploited
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in [17]. Observers that make use of past values of the state
estimate and guarantee convergence in finite-time were
considered in [5,19]. The ability of output discrete delay
feedback to stabilize minimum phase linear systems was
studied in [9,21]. Recently, there has been an increasing
interest for the feedback stabilization problems of systems
with delayed input (see [15,18]) as well as the application
of the backstepping technique for the stabilization of
nonlinear time-delay systems (see [10,16]).

In the present paper it is shown that finite-time global
stabilization can be achieved by time-varying locally
Lispchitz distributed delay feedback. It is known that
systems described by time-varying RFDEs admit solutions
that converge to the equilibrium point in finite time (e.g.
Property 5.1 in Chapter 3 in [7]). Using the backstepping
technique (see [13,24]), the problem of finite-time global
stabilization for nonlinear triangular systems is studied and
solved. Moreover, the approach proposed in this paper is
not limited to triangular finite-dimensional continuous-time
control systems but can be directly applied to nonlinear
triangular systems with delays. The case of delayed inputs
is also considered. Among other cases, our results can be
applied to:

- the case of triangular control systems with no delays

X O =f;(t,x,(@)sesx; () +x,, () i=1..,n—1
X, (0) = f, (t, x(0)) +u(?)
x(#) = (x(@)se0rx, (1) €R" ,u() eR, 120

(1.1)

- the case of a chain of delayed integrators with no
limitation on the size of the delays

(O =x,0-7) ,
)'Cn (t) = u(t Ty
x(t) = (%, (@)ses x, (1)) eR" Lu(t) eR

(1.2)

where 7; 20 i=1,..,n are the delays

- the case of triangular control systems with delayed drift
terms:



X (O=fit,x (t=7;)ss X, (=7, ) F x4 () P=1n—1
X, (=[xt =7, 1), X, (=7, ) +14(0)
x(t) = (x;(0)yeer x, (1) €R" ,u(t) eR, 120

(1.3)

where min min 7, ;>0

i=ln—l j=lyi 7

Notations: Throughout this paper we adopt the following
notations:

* For a vector xeR" we denote by |x| its usual
Euclidean norm. For xeC°([-r,0];%%") we define

I+, =
r Oe[-r

max |x(¢9)| .
[-r,0]

* By C/(4) (C/(4;Q)), where j>0 is a non-negative
integer, we denote the class of functions (taking values in
) that have continuous derivatives of order j on 4.

* We denote by K the class of positive C* functions
defined on R*
continuous function o :R" — R with p(0)=0 is of

We say that an increasing and

class K, if lim p(s)=+wo.
§—>+00

* Z" denotes the set of positive integers and R* the set
of non-negative real numbers.

* A continuous mapping f:IxC° ([—r,O];ER” )><U >R,
where R* c IR, U R", is said to be completely
locally Lipschitz with respect to
(x,u) e c? ([—r,O];iR” )x U if for every bounded set
ScIxC’ ([—r,O];ER” )XU there exists L >0 such that
/@ xu) =ty <L =), +Lu— for  all
(t,x,u)esS, (t,y,v)eSs.

* Let x:[a—r,b) >R" with b>a>0 and r>0. By
T.(t)x we denote the “history” of x from 7—r to ¢,
ie, T.(t)x ={x(t+6);60 [-r,0]}, for t €[a,b).

Notice that a mapping f:1x c? ([—r,O] ;R” )><U - R,
where R c I c R, U R™, which is completely locally
Lipschitz with respect to (x,u)e CO([—r,O];“J%” )><U , is
also defined on IxC° ([—r -o0,0;R" )XU , for every
o020, and is completely locally Lipschitz with respect to
(x,u) e CO([—r—O',O];iR" )XU , forevery 6>0.
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II. DEFINITIONS AND TECHNICAL RESULTS

Consider the following control system described by
Retarded Functional Differential Equations (RFDEs):

x(@) = f (T, ()x,u(t —z(1)))

2.1
x)eR” ,u(t)eU ,t20

where 0eUcR", f:R* xCO[=r00:R" U - R" is
completely locally  Lipschitz  with  respect to
(r,u) € C*(=r.01; %" U with £(£,0,0)=0 for all 20
and 7:R* - R" is a bounded continuous function. We
denote by x(t)=x(t,ty,xy,u)€R" the solution of (2.1)
initiated ty 20  with
T, (tg)x = xo € C*([-r,0;R")
ue CO(“B;U). By virtue of Theorem 3.2 in [7], for every
(to»xg-u) € R xCO([—r0; R")xC*(R;U) there exists
tmax (Lo > Xg,u) >t (called the maximal existence time)

from initial condition

and corresponding to

such that the solution x(¢)=x(t,2y,xy,u)eR" of (2.1)

initiated  from  f, >0  with initial  condition
T, (tg)x=xo € C*([-.01:R")
ue CO(SR;U) , is defined on [t, —r,t
on [ty—7r,tu.)
(05 Zmax)

t

and corresponding to

max ) » 18 continuous
and continuously differentiable on

and cannot be further continued, i.e., if

max

<+co then limsup|x(t)|:+oo. When r=0 we
1=

identify the space C O([—r,O];‘J{") with the finite-

dimensional space R". Consequently, all the following

definitions and results hold also for finite-dimensional

continuous-time systems.

In order to study the properties of control system (2.1),
we must clarify the differentiability properties of
functionals along the solutions of (2.1).

Definition 2.1 Let a functional ¢ :1xC° ([—r,O] ;R )—) R
where R* IR, ¢(t,x) being completely locally
Lipschitz  with respect to x¢€ c’ ([—r,()] ;R ) with
@(t,0)=0 forall tel. We say that:

* @ is ultimately differentiable along the solutions of
(2.1) with time constant T >0, if there exists a constant
T>0 and a functional Dp:1xC°(-r0);R" xU >R
with De(t,x,u) being completely locally Lipschitz with
respect to (x,u)eC’ ([—r,O];ER” )><U and D@(t,0,0)=0
for all tel, that for

such every



(to»xg,u) € R xCO([-r 0, R")xCO(R;U)  for which
to +T <t (ty,Xy,u), the mapping t — @(t,T.(¢)x) is of
class C'on [ty +T,t,,.) and it holds that:

%qo(r, T, (00%) = Dolt. T, ()x,ult—2(1))) . 1 €[ty +T trps)

The functional Dp:1xC°([=r0);R" xU >R is called
the derivative of ¢ along the solutions of (2.1).

* @ is differentiable along the solutions of (2.1), if ¢ is

ultimately differentiable along the solutions of (2.1) with
time constant T =0.

Example 2.2 Consider the following planar system:

HO=x,0) L £ =u)
(0 (0,20, (0) € R, u(n) e R
Let »>0 and consider the functional ¢(¢,x):=x,(-r)
defined on R* xCO([—r,O];‘Rz). It can be easily shown
that ¢ is ultimately differentiable along the solutions of
T=r>0 but ¢ is

2.2)

(2.2) with time constant not

differentiable along the solutions of (2.2). Moreover, we
have Do(t,x,u):=x,(-r), since x,(t—r)=x,(t—r) for
all t>¢ty+r.

Definition 2.3 Let 0< u<r. A functional p defined on
IxC{=(r=@).01;R") where R ISR, p(t,x)
being completely locally Lipschitz with respect to
Xe CO([—(r—,u),O];‘.R” ) with p(t,0)=0 forall tel, is
called l-differentiable along the solutions of (2.1) with
delay u, if there exist functionals D'p, i=12,...,1, called
the i-th derivatives of D, defined  on
IxC° ([—(r —1),0];R” ) each D' p(t,x) being completely
locally Lipschitz with respect to x e C° ([—(r —1),0]; ER”)
with D' p(t,0)=0 for all tel, such that for every
(tg»xg,u) € R xCO([-r,01; R")x C*(R;U), the mapping
t = p@t,T,_,(t—p)x) is of class C'on [t0,tmax +4) and

max

the following holds for all t€[ty,t . +1) and i=12,...,1:

i

d i
E p@,T,_,@t—w)x)=D"p(,T,_,(t—p)x)
Remark 2.4: () If p:IxC°[—(r—w).0]: %" )—> %,

where R c /R, 0<u<r, is l-differentiable along
the solutions of (2.1) with delay x, then its derivatives

D' p:IxCO[=(r - OLR" ) >R, i=12,.,01-1, are
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functionals which are (/—i) -differentiable along the

solutions of (2.1) with delay x .
pIxCO[=(r— w01 R" ) >R, where

0<u<r, is [-differentiable along the

(ii) If
R*cIcR,
solutions of (2.1) with delay u, then for every 7 €[0, y]
the functional k(¢,x):= p(t+7,x) is [-differentiable along
the solutions of (2.1) with delay x—7 with derivatives
Dk(t,x) = Dip(t +7,x).
k(t,x)=p(t+7,T,(t—pn)x),
differentiable along the solutions of (2.1) with derivative
Dk(t,x)=Dp(t+7,T, (- p1)x).

Moreover, the functional

where r'>r+7—p is

Definition 2.5 Let a functional
go:IxCO([—r,O];ﬁ{")—)iR, where R* cIcR. We say
that ¢ is T —periodic if there exists T >0 such that

0t +T.x) = p(t.x) forall (t,x) € IxC°(—r.0];R" ).

The following lemma provides classes of functionals,
which are infinitely differentiable with delay x along the

solutions of (2.1).
Lemma 2.6 The following statements hold:

(i) The functional
—u

k(t,x) = Iyll{%}o(ws,TR(H wWx)dw  (23)
—2u

defined on ‘RXCO([—R—/J,O];ER”), where u>0, R>0,
heC'(Rim*) with h(s)=0 for all s¢(-2-1) and
@ RxC’ ([—R,O] ;R )% R, o(t,x) being completely
locally Lipschitz with respect to x € C° ([—R,O];ER” ), with
pt,0)=0 for all teR, is [l-differentiable along the
solutions of (2.1) with delay p, with derivatives for
i=12,.,1:
—u

Dik(t,x) = (—i1+)1’ j Z_Zl (i}g(t +5, T (s + )x)dw (2.4)

—2u
Moreover, if ¢: ‘RXCO([—R,O];ER" )—) R is T —periodic

(or linear) then k D'k
T — periodic (or linear).

and its derivatives are

(ii) Let a e C'(R;R) and p:RxCO[-R—u0;R" ) > R
a (I+i)—differentiable functional along the solutions of
(2.1) with delay u . The functional



k(t,x)= D' p(t,x)+ a(t) j: ,ulh(i}a(t+ 8, Tr(s +,u)x)dw
Sy H

(2.5)
defined on ‘.RXCO([—R—;J,O];ER"), where >0, R>0,
heC' (R ) with h(s)=0 for all s¢(-2-1), D'p is
the i-th derivative of p and @ : ERXCO([—R,O];ER”)—) R,
o(t,x) being completely locally Lipschitz with respect to
xe CO([—R,O];‘R"), with @,0)=0 for all teR, is I-
differentiable along the solutions of (2.1) with delay u .
Moreover, if aeCl(iR;i}{+), ¢, p and its derivatives
D'p (j=1,.,1+i) are T —periodic, then it follows that
k and its derivatives D'k (j=1,..,1) are T —periodic.
Finally, if @, p and its derivatives D' p (j=1,.,1+i)

are linear, then it follows that k and its derivatives D’k
(j=1..,1) are linear.

Having clarified the notions of differentiability of
functionals along the solutions of a control system, we next
proceed to the notion of finite-time stabilizability of a
control system.

Definition 2.7 Let b :=sup z(t). We say that system (2.1) is

>0

finite-time stabilizable if there exists constant T 20 and a
functional k:R*xC° ([—R,O];ER” )—> U, k(t,x) being
completely  locally  Lipschitz  with  respect  to
x e CO[=RO1:R") with k(6.0)=0 for all >0 such that:
(P1)  for every (ty,xy)eR" xC°([-F,01;R"), where
7 :=max(r,R+b), the solution x(t)=x(t,ty,x,)eR"
of the closed-loop system (2.1) with u(t) = k(t, Ty (t)x)
initiated ~ from  t, >0  with initial condition
T:(ty)x=x, € CO([-F,01;R") exists for all t>1,
and satisfies x(t)=0,forall t >ty +T .

(P2) for every s 20 it holds that:

; hel-7.s],

sup{‘x(to +h,ty, %) on; <s,t, €[0,s] }< +00

where  x(t) =x(t,ty,x,) € R"
system (2.1) with u(t)=k(t,Ty(t)x) initiated from
ty 20
T:(t)x = x, € CO([-7,01;R") .

of the closed-loop

with initial condition

Particularly, if system (2.1) is finite-time stabilizable then
we say that the closed-loop system (2.1) with

u(t) =k(t,Tx (t)x) satisfies the dead-beat property of order
T.

Remark 2.8 Using Lemma 3.3 in [12] it can be shown that
if the closed-loop system (2.1) with u(?) =k(t, T (¢)x)
satisfies the dead-beat property of order 7 then the
equilibrium point 0 C 0([—}’,0];93”) is non-uniformly in
time Globally Asymptotically Stable for system (2.1) with
u(t)=k(t,Ty(t)x).

The following lemma shows that finite-time global
stabilization is possible if time-varying distributed delay
feedback is used.

Lemma 2.9 Consider the one-dimensional control system:

X)) =u@-7)+v(@t), x@®)eR, u@)eR,v@)eR (2.6)

where 720 is a constant. Then for every u>rt, the
solution of the closed-loop system (2.6) with

u(ty=—p,(t+2,7,(t+7-w)x) Q2.7

where p, :Rx CO([—,u,O];iR) —> R is the linear 3u-
periodic functional defined by:

-u
Pu(t,%) = yla[ij I ,ulh(i}c(s+ wds  (2.8)
w) )"

for certain a e c’ (SR ;‘J{Jr) being periodic function with

3
period 3 with a(t)=0 for t<[0,2] and Ja(t)dtzl and
2

-1 —u
jh(s)ds _ j ,u"lh[ijds =1,
) -2 H

u

to =20 with arbitrary initial

hec(Rimt)  wink

initiated from arbitrary

condition T, (tg)x =xy € C*([-24,0]; %) and

corresponding to arbitrary input v € CO(S}V;iR) satisfies
forall t >t

sp o)
max(,—6)<s<t

(2.9)

‘x(t)‘ < expGL){tﬂto)xo H ™t 10z expBL)

t<6
and L:=max a(t).
t>6 1€[0,3]

1 if

where o(t) = {O i
i
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III. MAIN RESULTS

In the present paper we consider triangular time-varying
systems described by RFDEs:

x;)=f;t.T.Ox,..T.(Ox)+x,,(—7;) i=L..n-1

X, () =1, @, T,@O)x)+u(t-7,) (3.1
x(8) = (2, ()50 x, (1)) €R" Lu(t) eR, 120
where rzt; 20, i=l..,n, the mappings

iR CO[-r,0;R) >R i=1,..,n are completely
locally Lipschitz with respect to x € C 0([—r,0];9%”) with
f;(#,0)=0 for all >0 and satisfy one of the following
assumptions:

(A1) There exist mappings @; SRxCO([-r+ T; OLER) >R,
i=L...,n, which are differentiable along the solutions of
(3.1) and satisfy the following identities for all t>0 and
xeC? ([—r,O] ;R )
p1(t—7, T, (=71)x)) = fi(t, %) (3.2a)
Pin =70, T )Xl )% T (7)) =
D@, (t, X)X, X (CTN+ [ (X e 0X 5, X1y)  i=1..n—1
(3.2b)

(A2) There exist mappings @, :meO([—r+z’i,0];93i)—>9%,
i=Ll..,n, which are ultimately differentiable along the

solutions of (3.1) with time constant T >0 and satisfy
identities (3.2).  Moreover, there exists a constant

Re(0,r] and a continuous function L:R*xR" >R
such that for all (t,x) e R* xC°([-r,0];R") we have:

n—1

D50V f; (6,1 er X)) = X, (0) D@,y (8, %) <

i=1 (33)

L[t, sup |x(0)|j(|x(0)|2+1)
—r<0<-R

Our first main result states that system (3.1) is finite-time
stabilizable under assumption (A1).

Theorem 3.1 Consider system (3.1) and suppose that

m

assumption (A1) holds. Let b, , ::Zrk . Then for every
k=i

u>by, and leZ”, there exist functions ye K",

pekK,, functionals p; :SRXCO([—rn +,U70];§Ri)—>SR,
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i=L,..,n where r, =r+2nu, which are I-differentiable
along the solutions of (3.1) with delay ©>0 and a
constant T >0, such that:

(i) the closed-loop system (3.1) with u(t) =k(t,T, _,(1)x)

satisfies the dead-beat property of order T, where

k:RxCO(—r, + 1O R" ) >R
Lipschitz with respect to x¢€ c’ ([—rn + 1,0]; 9%") with
k(-,0)=0 and is defined by:

k(t,x) =—¢,(t,x)

_ipi (t+bi,n ’Tr,,—,u (bi,n —,U)Xl 7""]—;',,—/1 (bi,n —,U)XI-) G4
i=1

is completely locally

(i) for all (ty,xy,v) € R xCO([—r, ,01;R")xC*(R; R) the
solution of the closed-loop system (3.1) with
u(t) =k(t, T, (0)x)+v(t) satisfies the estimate:

x(t)| < }/(t)p("xO"rn + sup |v(s)|],Vt2t0 (3.5)

ty—7T,<s<t
Moreover, if the mappings @; :‘RXCO([—F+Q OR) >R,
i=1l..,n, are independent of t, then the functionals p;

i=1,..,n and k as defined by (3.4) can be chosen to be
Finally, if the mappings

(/)I-:E]f{xCO([—r+r,»,O];9%")—>9%, i=1l..,n, are linear

3u—periodic.

then the functionals p; i=1,.,n and k as defined by

(3.4) can be chosen to be linear.

Our second main result states that system (3.1) is finite-
time stabilizable under assumption (A2).

Theorem 3.2 Consider system (3.1) and suppose that

n
assumption (A2) holds. Then for every p>R+ Z 7;

i=1
where R >0 is the constant involved in assumption (42),
there exists a functional k : R x c’ ([—7,0] ;R )—) R where

F=2r+2nu, which is completely locally Lipschitz with
respect to xeCO([—F,O];‘B") and a constant T'>T

(where T >0 is the time constant involved in assumption
(42)), such that the closed-loop system (3.1) with
u(t) =k(t, T (t)x) satisfies the dead-beat property of order
T'. Moreover, if the mappings
9, RxCO([-r+7,,0;R) >R, i=1..,n are
independent of t then the functional k can be chosen to be
3u—periodic. Finally, if the mappings
@; 1 Rx c? ([-r+7;.,0]; 9%[) —>R, i=1l..,n are linear

then the functional k can be chosen to be linear.



Example 3.3: The chain of delayed integrators (1.2), where
7; 20, has been considered in the literature for the
particular case of 7;,=..=7, ;=0 in [15] with the
additional requirement that the stabilizing feedback must be
bounded. Here we consider the general case and we
demand finite-time stabilization of the corresponding
closed-loop system. Since assumption (Al) holds with
¢; =0 for i=L..,n, by virtue of Theorem 3.1 we

n
conclude that for every u> Z 7; there exists a linear
i=1
3 u —periodic time-varying distributed delay feedback such
that the closed-loop system satisfies the dead-beat property.
Notice that there is no limitation on the size of the delays.
Specifically, for the case n=2 we obtain the following
feedback, which guarantees the dead-beat property of order
T=14:
-1
u(t) = —d(t +7+ rz) Ih(s)xl (t+7+1y+5)ds
-2
-1
+alt+1+1,) Ih(s)xl(Hrl +1, +5)ds
-2
-1
- a(t + 12) J.h(s)x2 (t+1,+s)ds
-2
-1 -1
- a(t + ‘[2) J.h(s)a(t +0+7, + s) Ih(w)xl (t+1+75 +5+W)dwds

-2 -2

where a e C! (ER ; ‘R*) is a periodic function with period 3,
3
j a(tydi =1,
2
heC! (ER;EW) with  A(s)=0 for all s¢(-2,-1)),

with  a(t)=0 for ¢€[0,2] and

-1
J' h(s)ds=1. <
2
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