
Abstract— The paper contains certain results concerning 
the finite-time global stabilization for triangular control 
systems described by retarded functional differential 
equations by means of time-varying distributed delay 
feedback. These results enable us to present solutions to 
feedback stabilization problems for systems with delayed 
input. The results are obtained by using the backstepping 
technique.  

I. INTRODUCTION

 t is generally known that for finite-dimensional 
continuous-time control systems with locally Lipschitz 
dynamics (e.g. ),( uxfx , where f  is locally 

Lipschitz with respect to mnux ),( ), finite-time 
global stabilization cannot be achieved by means of a 
locally Lipschitz feedback law. However, it has been 
shown that finite-time global stabilization is possible by 
means of continuous (see [2,3,4,6,8] as well as the reported 
results in [1]) or discontinuous feedback laws (see [14]).  

   Recently, the option of using feedback with delays has 
been considered for the stabilization of continuous-time 
systems in various problems. Of course, the closed-loop 
system will be described by a system of (possibly time-
varying) Retarded Functional Differential Equations 
(RFDEs), which is an infinite dimensional system. For 
example, in [20] the authors provide strategies for the 
construction of control laws of the form 

))(),(,()( lTxtxtktu  for ))1(,[ TllTt , where l  is a 
non-negative integer and 0T  denotes the updating time-
period of the control. Notice that this type of feedback is a 
time-varying feedback with delays of the form 

T
T
t

xtxtktu ),(,)( , where Tt /  denotes the 

integer part of Tt / , which is time-varying even if k  is 
independent of time, i.e., ),(),,( xkxtk . The same 
comments apply for the synchronous controller switching 
strategies proposed in [22]. The possibility of switching 
control laws using distributed delays was recently exploited 
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in [17]. Observers that make use of past values of the state 
estimate and guarantee convergence in finite-time were 
considered in [5,19]. The ability of output discrete delay 
feedback to stabilize minimum phase linear systems was 
studied in [9,21]. Recently, there has been an increasing 
interest for the feedback stabilization problems of systems 
with delayed input (see [15,18]) as well as the application 
of the backstepping technique for the stabilization of 
nonlinear time-delay systems (see [10,16]).  

    In the present paper it is shown that finite-time global 
stabilization can be achieved by time-varying locally 
Lispchitz distributed delay feedback. It is known that 
systems described by time-varying RFDEs admit solutions 
that converge to the equilibrium point in finite time (e.g. 
Property 5.1 in Chapter 3 in [7]). Using the backstepping 
technique (see [13,24]), the problem of finite-time global 
stabilization for nonlinear triangular systems is studied and 
solved. Moreover, the approach proposed in this paper is 
not limited to triangular finite-dimensional continuous-time 
control systems but can be directly applied to nonlinear 
triangular systems with delays. The case of delayed inputs 
is also considered. Among other cases, our results can be 
applied to: 

-  the case of triangular control systems with no delays 
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-  the case of a chain of delayed integrators with no 
limitation on the size of the delays 
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    where 0i ni ,...,1  are the delays 

-  the case of triangular control systems with delayed drift 
terms: 
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   where 0minmin ,,...,11,...,1 ji
ijni

Notations: Throughout this paper we adopt the following 
notations:  

 For a vector nx  we denote by x  its usual 

Euclidean norm. For )];0,([0 nrCx  we define
)(max:

]0,[
xx

rr
.

 By )(AC j  ( );(AC j ), where 0j  is a non-negative 
integer, we denote the class of functions (taking values in 

) that have continuous derivatives of order j  on A .

 We denote by K  the class of positive C  functions 
defined on . We say that an increasing and 
continuous function :  with 0)0(  is of 
class K  if )(lim s

s
.

Z  denotes the set of positive integers and  the set 
of non-negative real numbers. 
 A continuous mapping kn UrCIf ;]0,[: 0 ,

where I , mU , is said to be completely 
locally Lipschitz with respect to 

UrCux n;]0,[),( 0  if for every bounded set 

UrCIS n;]0,[0  there exists 0L  such that 
vuLyxLvytfuxtf

r
),,(),,(  for all 

Suxt ),,( , Svyt ),,( .

 Let nbrax ),[:  with 0ab  and 0r . By 
xtTr )(  we denote the “history” of x  from rt  to t ,

i.e., ]}0,[;)({:)( rtxxtTr , for ),[ bat .

Notice that a mapping kn UrCIf ;]0,[: 0 ,

where I , mU , which is completely locally 
Lipschitz with respect to UrCux n;]0,[),( 0 , is 

also defined on UrCI n;]0,[0 , for every 
0 , and is completely locally Lipschitz with respect to 

UrCux n;]0,[),( 0 , for every 0 .

II. DEFINITIONS AND TECHNICAL RESULTS
Consider the following control system described by 
Retarded Functional Differential Equations (RFDEs): 

0,)(,)(

)))((,)(,()(

tUtutx

ttuxtTtftx
n

r              (2.1) 

where mU0 , nn UrCf ;]0,[: 0  is 
completely locally Lipschitz with respect to 

UrCux n;]0,[),( 0  with 0)0,0,(tf  for all 0t

and :  is a bounded continuous function. We 
denote by nuxttxtx ),,,()( 00  the solution of (2.1) 
initiated from 00t  with initial condition 

)];0,([)( 0
00

n
r rCxxtT  and corresponding to 

);(0 UCu . By virtue of Theorem 3.2 in [7], for every 

);()];0,([),,( 00
00 UCrCuxt n  there exists 

000max ),,( tuxtt  (called the maximal existence time) 

such that the solution nuxttxtx ),,,()( 00  of (2.1) 
initiated from 00t  with initial condition 

)];0,([)( 0
00

n
r rCxxtT  and corresponding to 

);(0 UCu , is defined on ),[ max0 trt , is continuous 
on ),[ max0 trt  and continuously differentiable on 

),[ max0 tt  and cannot be further continued, i.e., if 

maxt  then )(suplim
max

tx
tt

. When 0r  we 

identify the space )];0,([0 nrC  with the finite-

dimensional space n .  Consequently, all the following 
definitions and results hold also for finite-dimensional 
continuous-time systems.  

      In order to study the properties of control system (2.1), 
we must clarify the differentiability properties of 
functionals along the solutions of (2.1).  

Definition 2.1 Let a functional nrCI ;]0,[: 0

where I , ),( xt  being completely locally 

Lipschitz with respect to nrCx ;]0,[0 , with 
0)0,(t  for all It . We say that:

 is ultimately differentiable along the solutions of 
(2.1) with time constant 0T , if there exists a constant 

0T  and a functional UrCID n;]0,[: 0

with ),,( uxtD  being completely locally Lipschitz with 

respect to UrCux n;]0,[),( 0  and 0)0,0,(tD
for all It , such that for every 
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);()];0,([),,( 00
00 UCrCuxt n  for which 

),,( 00max0 uxttTt , the mapping ))(,( xtTtt r  is of 

class 1C on ),[ max0 tTt  and it holds that:

)))((,)(,())(,( ttuxtTtDxtTt
dt
d

rr , ),[ max0 tTtt

The functional UrCID n;]0,[: 0  is called 
the derivative of  along the solutions of (2.1). 

 is differentiable along the solutions of (2.1), if  is 
ultimately differentiable along the solutions of (2.1) with 
time constant 0T .

Example 2.2 Consider the following planar system: 

)(,))(),((

)()(,)()(
2

21

221

tutxtx

tutxtxtx
              (2.2) 

Let 0r  and consider the functional )(:),( 1 rxxt

defined on 20 ;]0,[ rC . It can be easily shown 
that  is ultimately differentiable along the solutions of 
(2.2) with time constant 0rT  but  is not 
differentiable along the solutions of (2.2). Moreover, we 
have )(:),,( 2 rxuxtD , since )()( 21 rtxrtx  for 
all rtt 0 .

Definition 2.3 Let r0 . A functional p  defined on 
nrCI ;]0),([0  where I , ),( xtp

being completely locally Lipschitz with respect to 
nrCx ;]0),([0 , with 0)0,(tp  for all It , is 

called l-differentiable along the solutions of (2.1) with 
delay , if there exist functionals pDi , li ,...,2,1 , called 
the i-th derivatives of p , defined on 

nrCI ;]0),([0 , each ),( xtpDi  being completely 

locally Lipschitz with respect to nrCx ;]0),([0

with 0)0,(tpDi  for all It , such that for every 

);()];0,([),,( 00
00 UCrCuxt n , the mapping 

))(,( xtTtpt r  is of class lC on ),[ max0 tt  and 

the following holds for all ),[ max0 ttt  and li ,...,2,1 :

))(,())(,( xtTtpDxtTtp
dt

d
r

i
ri

i

Remark 2.4: (i) If nrCIp ;]0),([: 0 ,

where I , r0 , is l-differentiable along 
the solutions of (2.1) with delay , then its derivatives 

ni rCIpD ;]0),([: 0 , 1,...,2,1 li , are 

functionals which are )( il -differentiable along the 
solutions of (2.1) with delay .

(ii) If nrCIp ;]0),([: 0 , where 

I , r0 , is l-differentiable along the 
solutions of (2.1) with delay , then for every ],0[
the functional ),(:),( xtpxtk  is l-differentiable along 
the solutions of (2.1) with delay  with derivatives 

),(),( xtpDxtkD ii . Moreover, the functional 
))(,(:),( xTtpxtk r , where rr  is 

differentiable along the solutions of (2.1) with derivative 
))(,(),( xTtDpxtDk r .

Definition 2.5 Let a functional 
nrCI ;]0,[: 0 , where I . We say 

that is T periodic if there exists 0T  such that 

),(),( xtxTt  for all nrCIxt ;]0,[),( 0 .

The following lemma provides classes of functionals, 
which are infinitely differentiable with delay  along the 
solutions of (2.1).  

Lemma 2.6 The following statements hold: 

(i) The functional

dwxsTst
s

hxtk R )(,:),(
2

1     (2.3) 

defined on nRC ;]0,[0 , where 0 , 0R ,

;lCh  with 0)(sh  for all )1,2(s  and 
nRC ;]0,[: 0 , ),( xt  being completely 

locally Lipschitz with respect to nRCx ;]0,[0 , with 
0)0,(t  for all t , is l-differentiable along the 

solutions of (2.1) with delay , with derivatives for 
li ,...,2,1 :

dwxsTst
s

dt

hd
xtkD Ri

i

i

i
i )(,)1(:),(

2
1

(2.4) 

Moreover, if nRC ;]0,[: 0  is T periodic 

(or linear) then k  and its derivatives kDi  are 
T periodic (or linear). 

(ii) Let ;lCa  and nRCp ;]0,[: 0

a )( il differentiable functional along the solutions of 
(2.1) with delay . The functional
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dwxsTst
s

htaxtpDxtk R
i )(,),(:),(

2

1

                                    (2.5) 
defined on nRC ;]0,[0 , where 0 , 0R ,

;lCh  with 0)(sh  for all )1,2(s , pDi  is 

the i-th derivative of p  and nRC ;]0,[: 0 ,
),( xt  being completely locally Lipschitz with respect to 

nRCx ;]0,[0 , with 0)0,(t  for all t , is l-
differentiable along the solutions of (2.1) with delay .

Moreover, if ;lCa , , p  and its derivatives 

pD j  ( ilj ,...,1 ) are T periodic, then it follows that 

k  and its derivatives kD j  ( lj ,...,1 ) are T periodic. 

Finally, if , p  and its derivatives pD j  ( ilj ,...,1 )

are linear, then it follows that k  and its derivatives kD j

( lj ,...,1 ) are linear.

    Having clarified the notions of differentiability of 
functionals along the solutions of a control system, we next 
proceed to the notion of finite-time stabilizability of a 
control system. 

Definition 2.7 Let )(sup:
0

tb
t

. We say that system (2.1) is 

finite-time stabilizable if there exists constant 0T  and a 

functional URCk n;]0,[: 0 , ),( xtk  being 
completely locally Lipschitz with respect to 

nRCx ;]0,[0  with 0)0,(tk  for all 0t  such that:

(P1) for every )];0,~([),( 0
00

nrCxt , where 

),max(:~ bRrr , the solution nxttxtx ),,()( 00

of the closed-loop system (2.1) with ))(,()( xtTtktu R

initiated from 00t  with initial condition 

)];0,~([)( 0
00~ n

r rCxxtT  exists for all 0tt

and satisfies 0)(tx , for all Ttt 0 .

(P2) for every 0s  it holds that:

],0[,,],~[;),,(sup 0~0000 stsxsrhxthtx
r

where nxttxtx ),,()( 00  of the closed-loop 
system (2.1) with ))(,()( xtTtktu R  initiated from 

00t  with initial condition 

)];0,~([)( 0
00~ n

r rCxxtT .

Particularly, if system (2.1) is finite-time stabilizable then 
we say that the closed-loop system (2.1) with 

))(,()( xtTtktu R  satisfies the dead-beat property of order 
T .

Remark 2.8 Using Lemma 3.3 in [12] it can be shown that 
if the closed-loop system (2.1) with ))(,()( xtTtktu R

satisfies the dead-beat property of order T  then the 
equilibrium point )];0,([0 0 nrC  is non-uniformly in 
time Globally Asymptotically Stable for system (2.1) with 

))(,()( xtTtktu R .

    The following lemma shows that finite-time global 
stabilization is possible if time-varying distributed delay 
feedback is used.  

Lemma 2.9 Consider the one-dimensional control system:

)(,)(,)(,)()()( tvtutxtvtutx
    

(2.6) 

where 0  is a constant. Then for every , the 
solution of the closed-loop system (2.6) with 

xtTtptu )(,)(              (2.7) 

where )];0,([: 0Cp  is the linear 3 -

periodic functional defined by: 

2

11 )(:),( dssx
s

h
t

axtp        (2.8) 

for certain ;0Ca  being periodic function with 

period 3  with 0)(ta  for ]2,0[t  and 1)(
3

2

dtta  and 

;0Ch  with 1)(
2

1
1

2

ds
s

hdssh ,

initiated from arbitrary 00t  with arbitrary initial 

condition )];0,2([)( 0
002 CxxtT  and 

corresponding to arbitrary input );(0Cv  satisfies 

for all 0tt :

)(sup)3exp(10)3exp()(
)6,max(

20
0

0

svLx
tt

Ltx
tstt

              (2.9) 

where 
60
61

:)(
tif
tif

t  and )(max:
]3,0[

taL
t

.
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III. MAIN RESULTS 

   
     In the present paper we consider triangular time-varying 
systems described by RFDEs: 
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11
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nitxxtTxtTtftx
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nrnn

iiirrii

(3.1) 

where 0ir , ni ,...,1 , the mappings 

)];0,([: 0 i
i rCf ni ,...,1  are completely 

locally Lipschitz with respect to nrCx ;]0,[0   with 
0)0,(tf i  for all 0t  and satisfy one of the following 

assumptions: 

(A1) There exist mappings )];0,([: 0 i
ii rC ,

ni ,...,1 , which are differentiable along the solutions of 
(3.1) and satisfy the following identities for all 0t  and 

nrCx ;]0,[0 :

),(:))(,( 111111 1
xtfxTt r           (3.2a)

1,...,1),,...,,())(,,...,,(

:))(,)(,...,)(,(

11111

1111111 111

nixxxtfxxxtD

xTxTxTt

iiiiiii

iiriiririi iii

                     (3.2b) 

(A2) There exist mappings )];0,([: 0 i
ii rC ,

ni ,...,1 , which are ultimately differentiable along the 
solutions of (3.1) with time constant 0T  and satisfy 
identities (3.2).  Moreover, there exists a constant 

],0( rR  and a continuous function :L

such that for all )];0,([),( 0 nrCxt  we have:

1)0()(sup,

),()0(),...,,()0(

2

1

1

1
1

xxtL

xtDxxxtfx

Rr

nn

n

i
iii

     (3.3) 

   Our first main result states that system (3.1) is finite-time 
stabilizable under assumption (A1).  

Theorem 3.1 Consider system (3.1) and suppose that 

assumption (A1) holds. Let 
m

ik
kmib :, . Then for every 

nb ,1  and Zl , there exist functions K ,

K , functionals i
ni rCp ;]0,[: 0 ,

ni ,...,1  where nrrn 2: , which are l-differentiable 
along the solutions of (3.1) with delay 0  and a 
constant 0T , such that: 

(i) the closed-loop system (3.1) with ))(,()( xtTtktu
nr

satisfies the dead-beat property of order T ,  where 
n

nrCk ;]0,[: 0  is completely locally 

Lipschitz with respect to n
nrCx ;]0,[0  with 

0)0,(k  and is defined by:

n

i
inirnirnii

n

xbTxbTbtp

xtxtk

nn

1
,1,, ,...,,

),(:),(

  (3.4)  

(ii) for all );()];0,([),,( 00
00 CrCvxt n

n  the 
solution of the closed-loop system (3.1) with 

)())(,()( tvxtTtktu
nr  satisfies the estimate:

)(sup)()(
0

0 svxttx
tst

r
n

n
, 0tt    (3.5) 

Moreover, if the mappings )];0,([: 0 i
ii rC ,

ni ,...,1 , are independent of t , then the functionals ip
ni ,...,1  and k  as defined by (3.4) can be chosen to be 

3 periodic. Finally, if the mappings 

)];0,([: 0 i
ii rC , ni ,...,1 , are linear 

then the functionals ip ni ,...,1  and k  as defined by 
(3.4) can be chosen to be linear. 

    Our second main result states that system (3.1) is finite-
time stabilizable under assumption (A2).  

Theorem 3.2 Consider system (3.1) and suppose that 

assumption (A2) holds. Then for every 
n

i
iR

1

where 0R  is the constant involved in assumption (A2), 

there exists a functional nrCk ;]0,~[: 0  where 
nrr 22:~ , which is completely locally Lipschitz with 

respect to nrCx ;]0,~[0  and a constant TT
(where 0T  is the time constant involved in assumption 
(A2)), such that the closed-loop system (3.1) with 

))(,()( ~ xtTtktu r  satisfies the dead-beat property of order 

T . Moreover, if the mappings 
)];0,([: 0 i

ii rC , ni ,...,1  are 
independent of t  then the functional k  can be chosen to be 
3 periodic. Finally, if the mappings 

)];0,([: 0 i
ii rC , ni ,...,1  are linear 

then the functional k  can be chosen to be linear. 
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Example 3.3: The chain of delayed integrators (1.2), where 
0i , has been considered in the literature for the 

particular case of 0... 11 n  in [15] with the 
additional requirement that the stabilizing feedback must be 
bounded. Here we consider the general case and we 
demand finite-time stabilization of the corresponding 
closed-loop system. Since assumption (A1) holds with 

0i  for ni ,...,1 , by virtue of Theorem 3.1 we 

conclude that for every 
n

i
i

1

 there exists a linear 

3 periodic time-varying distributed delay feedback such 
that the closed-loop system satisfies the dead-beat property. 
Notice that there is no limitation on the size of the delays. 
Specifically, for the case 2n  we obtain the following 
feedback, which guarantees the dead-beat property of order 

14T :

1

2

1

2
211212

1

2
222

1

2
21121

1

2
21121

)(

)(

)(

)()(

dsdwwstxwhstashta

dsstxshta

dsstxshta

dsstxshtatu

where ;1Ca  is a periodic function with period 3 ,

with 0)(ta  for ]2,0[t  and 1)(
3

2

dtta ,

;1Ch  with 0)(sh  for all )1,2(s ,

1)(
1

2

dssh .         
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