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Lyapunov Theorems for Systems Described by
Retarded Functional Differential Equations

lasson Karafyllis

Abstract— Lyapunov-like characterizations for non-uniform
in time and uniform robust global asymptotic stability of
uncertain systems described by retarded functional differential
equations are provided.

1. INTRODUCTION

In this paper we provide Lyapunov characterizations for
non-uniform in time and uniform Robust Global

Asymptotic Stability (RGAS) for systems described by
time-varying Retarded Functional Differential Equations
(RFDEs). The notion of non-uniform in time RGAS is
introduced in [7] for continuous time finite-dimensional
systems and in [9] for a wide class of systems including
discrete-time systems and systems described by RFDEs.
This notion has been proved to be fruitful for the solution of
several problems in Mathematical Control Theory (see
[7,8]). The notion of uniform RGAS that we adopt in this
paper is an extension of the corresponding notion for finite-
dimensional continuous-time uncertain systems (see [3,14]).

The motivation for the extension of non-uniform in time
and uniform RGAS to uncertain systems described by
RFDEs is strong, since such models are used frequently for
the description of engineering systems (see [5]). It should be
emphasized that in many cases where hybrid open-
loop/feedback stabilizing control laws are proposed for
finite-dimensional continuous-time systems, the closed-loop
system is actually a system described by time-varying
RFDEs (infinite-dimensional). For example, in [19] analytic
driftless control systems of the following form are
considered and strategies are provided for the construction
of control laws of the form wu(¢)=k(t, x(¢),x(IT)) for

te[lT,(I+1)T) where [/ is a non-negative integer and

T >0 denotes the updating time-period of the control.
Notice that the resulting closed-loop system is actually a
time-varying system described by RFDEs even if % is
independent of time. The same comments apply for the
synchronous controller switching strategies proposed in
[21]. The possibility of switching control laws using
distributed delays was exploited in [17].
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Lyapunov functions and functionals play an important role
to synthesis and design in control theory and several
important results have been established concerning
Lyapunov-like descriptions of uniform global asymptotic
stability (UGAS) (see [5,13] and the references therein). Our
goal is to establish Lyapunov characterizations for the
concepts of non-uniform in time and uniform robust global
asymptotic stability (RGAS) analogous to the corresponding
characterizations given in [3,14] for continuous-time finite-
dimensional uncertain systems, which overcome the
limitations imposed by previous works. Particularly, our
Lyapunov characterizations apply

e to systems with disturbances that take values in a (not
necessarily compact) given set

e to systems with dynamics which are not necessarily
bounded with respect to time

Viability issues for systems described by functional
differential inclusions (and thus uncertain systems described
by RFDEs) were considered in [2]. We note that Lyapunov
functionals for linear time-delay systems were constructed in
[4,12,18]. Stability conditions for time-varying time-delay
systems were given in [11]. Recently in many works the
problem of feedback stabilization of systems described by
RFDEs was studied (see for instance [6,15,16,20]). It should
be emphasized that the literature concerning issues of
stability and stabilization of linear time-delay systems is vast
and the previous references are only given as pointers. Note
also that in the present paper we are not concerned with
stability conditions given by Razumikhin functions, since
such conditions resemble ‘“small-gain” conditions with
Lyapunov-like characteristics (see [23]).

In the present work we provide Lyapunov-like conditions
which demand the infinitesimal decrease property to hold
only on subsets of the state space which contain the
solutions of the system (i.e., the infinitesimal decrease
property holds only after some time) along with an
additional property that guarantees forward completeness on
the critical time interval when the infinitesimal decrease

property does not hold, namely the property V <V, where

V denotes the Lyapunov functional and YV  the time
derivative of the Lyapunov functional evaluated along the
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solutions of the system (Theorems 3.1 and 3.2). This
property was shown to be necessary and sufficient for
forward completeness of continuous-time finite dimensional
systems in [1]. Moreover, the “weaker” property that we
demand in the present paper is utilized for the construction
of Lyapunov functionals for time-delay systems (see
Example 3.4).

Notations Throughout this paper we adopt the following
notations:

* For a vector x € R” we denote by |x| its usual Euclidean
norm and by x' its transpose. For xeC 0([—r,()];‘)%”)

we define ||x|| = max |x(t9)|.
r Oe[-r,0]

* By C %(4;Q)), we denote the class of functions (taking
values in ) that are continuous on 4 .

* T denotes the class of non-negative C° functions

+o0
4 RT > RY, for which it holds: J-,u(t)dt<+oo and
0

lim u(¢1)=0.
t—+0

* We denote by K" the class of positive C° functions
defined on R* . We say that a function p:R* - R is
positive definite if p(0)=0 and p(s) >0 for all s >0.
For definitions of the classes K, K, and KL see [10].

II. DEFINITIONS AND TECHNICAL RESULTS

Let x:[a—r,b) >R" with b>a>0 and r>0. We
define

T.(t)x={x(t+0);0 [-r,0]}, for t €[a,b)

Let M,

@.1)

the class of all right-continuous mappings

d :R" — D, with the following property:

“there exists a countable set 4, cR* which is
Ay =4t k=1,

td >18 >0 forall k=12,.. and lims{ =+o0,

either finite or o} with

such that the mapping e R*\ 4, > d()e D is
continuous”

We denote by x(¢) with ¢>¢, the unique solution of the
initial-value problem:

x(0) = f(t,T.(D)x,d (1), t 2 1,
x()eR",d(-)eMp
with initial condition T, (¢o)x = x, € C°([-r,0]; R") , where

Dc R,

(2.2)

r>0 is a constant and the mapping

FiRTxCO([-r,01;R")xD - R" with £(1,0,d)=0 for
all (t,d)eR* x D satisfies the following hypotheses:

(H1) The mapping (x,d) — f(¢,x,d) is continuous for
each fixed ¢ >0 and such that for every bounded 7 c R™

and for every bounded S < C 0 ([-r,0];R"), there exists a
constant L > 0 such that:

(x(0) = (0)) (f(t. x.d)— £ (t, y.d)) <
L max (@) =y = e

Vtel ,Y(x,y)eSxS,VdeD

This assumption is equivalent to the existence of a

continuous function L: R xRT — R* such that for each
fixed >0 the mappings L(¢,-) and L(-,¢) are non-

decreasing, with the following property:

(x(0) = 3(0)) (£ (t,x,d)~ £ (&, y,d)) <
Lt |, +A,) kA
Y(t,x,y,d) e R™ xC° ([-,0]; R")x C° ([-,0]; R")x D

2.3)

(H2) For every bounded QcR* xC°([-r,0];R") the
image set f(Qx D)< R" is bounded.

(H3) There exists a countable set 4 < R™, which is either
finite or A={t, ;k=1,..,0} with ¢, >¢, >0 for all
k=12,.. and that  mapping
(t,x,d) eR\AxC ([ 0; R )xD— f(t,x,d) is continuous.
Moreover, for each fixed (1,x,d) e R xC° ([, 0];R")xD, we
have lim f(¢,x,d)=f(ty,x,d).

tty

lim¢;, =+, such

(H4) For every £>0, teR", there exists & :=05(&,1)>0
such that sup{|f(r,x,d)| ;TeR’ ,deD,|z’—t|+||x1|r <5}<5.

We denote by @(t,¢,xq;d)=T,.(t)x the solution of (2.2) with
T.(ty)x =xy € CO([-,0];R")

corresponding to input d € M. It can be shown for the

initial condition

initial-value problem (2.2) under hypotheses (H1-4) that:

1) for every (¢y,%y,d)eR" XCO([—r,O];ER")xMD there
exists ., €(¢y,+] such that the initial-value problem
admits a unique solution x(z), which is continuous on

[to —7,¢max ) and cannot be further continued. Moreover, if
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tax < +00 then we  must necessarily  have

lim sup|x(¢)| = +o0 .
=1 ax

2) the solution x(#) is an absolutely continuous function on
[0t max) » Which satisfies x(¢)= f(¢,T,.(¢)x,d(¢)) for all

(el ta)\(4Ap) and Tim XD 7 0y o)

forall z€[ty,? ) -

3) Finally, the unique solution of (2.2) satisfies for all
(tg- %0 Y- d) € R* xCO([=r,0; R")x C° ([-r,01; R")x M,
and for all #>¢, so that ¢(t,7y,xy;d) and @(¢,ty,yy;d)
are both defined:

6,0, %03 d) = pts g, 5 DY, <o — o] exiZit—t)) (2.4)

tety 1] to:t]

where L ::L[t, sup ||¢(t, thxo;d)", + sup ||¢(t, ty, yo;d)"rj and
t
L is the function involved in (2.3).

Remark 2.1:
(a) When =0 we identify the space C 0([—r,O];‘J%”) with

the finite-dimensional space R" and we obtain the
familiar  finite-dimensional continuous-time case.
Consequently, all the following results hold also for
finite-dimensional continuous-time systems.

A major difference between the case of uncertain finite-
dimensional continuous-time systems considered in [14]
and the case of uncertain systems described by RFDEs
is the nature of the class of allowed inputs M . This

(b)

happens because there is a fundamental difference
between the two cases: in the finite-dimensional case
the map describing the evolution of the state is
absolutely continuous with respect to time while in the
infinite-dimensional case the map describing the
evolution of the state is (simply) continuous with
respect to time (see Lemma 2.1 in [5] and notice that the
statet for the infinite-dimensional case s
T.(H)xeC 0([—r,O];‘R")). This fact has an important
consequence: Lyapunov functionals evaluated on the
solutions of system (2.2) will be (simply) continuous
and not absolutely continuous maps with respect to time
and in order to guarantee their monotonicity, we must
require that an appropriate decrease condition holds for
all times (and not almost everywhere, see the discussion
in [3], Chapter 6). Thus we cannot allow M, contain

arbitrary measurable mappings.
(c) In all the following results we assume that the inputs
belong to the class M. It is clear that the same

conclusions hold for inputs d:R* — D, for which

there exists d'e M such that d(¢)=d'(t) almost

everywhere.

Since f(2,0,d)=0 for all (t,d) e R* xD, it follows that
#(t,15,0;d) =0 CO([-r,01;R") forall (1,,d)eR" xM
and f2>t,. Furthermore, for every £>0, T,h>0 there
exists 0 :=0(&,T,h) >0 such that:

I, <o =

sup{||¢(r,t0,x;d)||r sdeMp,teltyty+h],t,€[0,T] }< &

Thus 0eC 0([—1’,0];9{”) is a robust equilibrium point for
(2.2) in the sense described in [9]. The following definition
of non-uniform in time RGAS coincides with the definition
of non-uniform in time RGAS given in [9], for a wide class
of systems.

Definition 2.2: We say that 0 C°([-r,0];R") is non-
uniformly in time Robustly Globally Asymptotically Stable
(RGAS) for system (2.2) if the following properties hold:

P1 0eC 0([—r,0];9%”) is Robustly Lagrange Stable, i.c.,
forevery s>0, T >0, it holds that

x()", <s,t, €[0,7],d eMD}<+oo

supﬂ|¢(t,t0,x0;d)||r st Efty,+0),

(Robust Lagrange Stability)
P2 0eC 0([—r,O];‘J%") is Robustly Lyapunov Stable, i.c.,
for every &>0 and T2=0
5:=05(&,T)>0 such that:

there exists a

ol <620 €[0,T1= |0, 10, x5, )|, <&,
Vit e[ty,+0),Vd e M,
(Robust Lyapunov Stability)

P3 0eC 0([—r,O];‘J%") satisfies the Robust Attractivity

Property, i.c. for every €>0, T>0 and R=>0, there
exists a 7:=7(e,T,R)> 0, such that:

"xO"r SIe’tO E[O’T]:>||¢(t’t0’x0;d)”r <g,
Vte(ty +7,40),Vd e M

The two following lemmas are given in [9] (as Lemma 3.3
and Lemma 3.4, respectively) for a wide class of systems
that include systems of RFDEs under hypotheses (H1-4).
They provide essential characterizations of the notion of
non-uniform in time RGAS.
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Lemma 2.3: Suppose that (2.2) is Robustly Forward
Complete, i.e., for every s >0, T >0, it holds that

suﬁ||¢(t0 +h,t0,x0;cD|L ; hel0,T], ||x0||r <s,t,€[0,T].d eMD}< +00
that  0eC°([-r,0];R")  satisfies the Robust
Attractivity Property (property P3 of Definition 2.2) for
system (2.2). Then 0¢€ CO([—r,O];‘R") is non-uniformly in
time RGAS for system (2.2).

and

Lemma 2.4: O¢ CO([—r,O];*R") is non-uniformly in time
RGAS for system (2.2) if and only if there exist functions
oceKL, BeK" such that the following estimate holds for
all (to,xg,d) e R xCO([-r,0];R")x M,
t€ty,+©) :

lo(t.to.x0:)] < ol B, ct-10) @5)

and

Finally, we also provide the definition of uniform RGAS,
in terms of KL functions, which is completely analogous to
the finite-dimensional case (see [3,14]). It is clear that such a
definition is equivalent to a & —& definition (analogous to
Definition 2.2).

Definition 2.5: We say that 0eC°([-r,0];R") s

Uniformly — Robustly  Globally  Asymptotically  Stable
(URGAS) for system (2.2) if and only if there exist a function
o€ KL such that the following estimate holds for all

(tg,Xg,d) €RT xCO([-r,01;R")x M ) and t €[ty +) :
ltto.x0:d)] < ol o], st-10)  26)

The following corollary must be compared to Lemma 1.1,
page 131 in [5]. It shows that for periodic systems of RFDEs
non-uniform in time RGAS is equivalent to URGAS. We
say that (2.2) is T — periodic if there exists 7 >0 such that

f(+T,x,d)= f(t,x,d) for all
(t,x,d) e R xC°([-r,0];R")xD .

Corollary 2.6: Suppose that OeCO([—r,O];*R”) is non-
uniformly in time RGAS for system (2.2) and that (2.2) is
T — periodic . Then 0eC°([-r,0];R") is URGAS for
system (2.2).

Let xeCO([—r,O];iR”). By E,(x;v), where 0<h<r

and veR" we denote the following operator:

x(0)+(@+h)v for
x(@+h) for

-h<0<0

2.7
-r<0<-h 7

Eh(x;v):z{

Let ¥ : R xC*[=r,01;%" )> % . We define

. V(t+h E,(x;v)+hy)=V(t,x)
limsup

h—0" h
y-0,yeC’([-r,0:R")

yo (t,x;v)=

2.8)

The following lemma presents an important property of
this generalized derivative.

Lemma 2.7 Let V:R* xC*(-r0L:" ) >R and let

xe CO([to —7yt i R") @ solution of (2.2) under
hypotheses (HI1-4) corresponding to certain d € M ,. Then
Jorall te(ty,t ) it holds that

) Ve+hT, (t+h)x)-V(t,T,.(¢)x)
lim sup

h—0" h
<V, T, (0)x; (¢, T, ()x,d (1))

2.9)

The following comparison principle is an extension of the
comparison principle in [10] and will be used frequently in
this paper in conjunction with Lemma 2.7 for the derivation
of estimates of values of Lyapunov functionals.

Lemma 2.8 (Comparison Principle) Consider the scalar
differential equation:

W= f(tw) (2.10)

w(ty) =wy

where f(t,w) is continuous in t>0 and locally Lipschitz
in welJ, where Jc R is an open interval. Let T >t
such that the solution w(t) of the initial value problem
(2.10) exists and satisfies W(t)eJ for all t€[t,,T). Let
v(t) a lower semi-continuous function that satisfies the
differential inequality for all t €[t,,T) :

D*v(t) = lim supM <f@ () (2.11)
h—0" h
Suppose furthermore:
v(ty) < wy (2.12a)
w(t)eJ,Vtelty,T) (2.12b)

If one of the following holds:

(i) the mapping f(t,-) is non-decreasing on J R, for
each fixed t €[t,,T).
(ii) there exists ¢ C*(R") such that f(t,w)< (), for
all (t,w)elt,,T)xJ.
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then v(t)<w(t), forall te(ty,T).

III. MAIN RESULTS

We are now in a position to state our main results for non-
uniform in time RGAS and URGAS.

Theorem 3.1 Consider system (2.2) under hypotheses (H1I-
4). Then the following statements are equivalent:

(a) OGCO([—r,O];‘.R”) is non-uniformly in time RGAS for
(2.2).

(b) There exists a continuous mapping
(t,x) e R xCO([-r,0];R") > V(t,x) e RY, with the
following properties.

(i) There exist functions a,,a, €K, feK" such that:

ay (x| )<V (t.x) < ay (B, ).

Y(t,x) e R xCO([-r,0];R") (3.1
(i) 1t holds that:
Vo, x; f(t,x,d)) <V (t,x),
V(t,x,d) e R" xC*([-r,0]; R")x D (3.2)

(infinitesimal decrease property)

(iii) There exists a non-decreasing function M :R* —R*
such that for every R >0, it holds:

V(t.y)-V(t. 0| <M®R) |y - ,vie[0,R],

Vr,ye e CO-r0L R <R} (3.3)

(¢) There exist >0, a lower semi-continuous mapping
ViR xC'([-r-7,0;R") > R*, constants R>0,
¢ >0, functions a, ,a, €K, f; e K" (i=1,...,4) with

+o0
Iﬁ4 Odt=+0o, uet (see  Notations) and
0

pPE CO(‘J?Jr iRT) being positive definite and locally
Lipschitz, such that the following inequalities hold:

a [ <0 <ay (B0, ).

Y(t,x) e RT xCO([-r—7,0; R") (3.4)
VOt x; f(6.T,(0)x,d)) < B, () (£, x)+ R B5(1) ,
Y(t,x,d) e R xCO([-r —7,0; R")xD  (3.52)

VOt,x; f(t,T.(0)x,d)) <

= B0plV (1,3))+ By (r);{ |54 <s)ds]
0

V(t,d) e[r,+0)x D, Vx e S(t)
(infinitesimal decrease property)

(3.5b)

where the set-valued map S(t) < c? ([-r—7,0;R") is
defined for t >t by:
0
PNED 5(); x(0) = x(—1)+ j f(t+s,T.(s)x,d(z +5))ds,
VOel[-1,0l,deM
(3.6a)
and 5_’(1) cc’ ([-r—7,0;R") is any set-valued map
satisfying for all t >0
xeCO([~r-7,0%");

| c S(1) (3.6b
az<ﬂ1<t>uxn,+,>z{ I/ﬁ(s)ds,o,cJ =50 G
0

where 1(t,t,1,) denotes the unique solution of the

initial value problem:

n=—pn)+ut) 5 nty)=ny20  (3.6¢)

Theorem 3.2 Consider system (2.2) under hypotheses (HI-
4). Then the following statements are equivalent:

(@) 0eC’([-r,01;R") is URGAS for (2.2).

(b) There exists a continuous mapping
(t,x) e R xCO([-r,0;R") > V(t,x) eRT,  satisfying
properties (i), (ii) and (iii) of statement (b) of Theorem

3.1 with p@{)=1. Moreover, if system (2.2) is

then V is T — periodic (ie.
V(t+T,x)=V(t,x) for all (t,x)eR" xC*([-r,0;R"))
and if (2.2) is autonomous then V is independent of t .

T — periodic,

(¢) There exist constants [,7>0 , a lower semi-continuous
mapping VR xC*([-r—1,0;R") >R*, functions
a,,a,€K, and pe CO(ERJr iRT)  being positive

definite and locally Lipschitz such that the following
inequalities hold.:

a, (I)C(O)DS V(t,x)<a, ("x"rﬂ')’

Y(t,x) e R xCO([-r—7,0];R"™) (3.7)
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Vot x f(t,T,(0)x,d) < BV (%),

V(t,x,d) e R* xCO([-r—7,0; R")xD (3.8a)
VOt x f(6.T,(0)x,d) < —p(V (t,%)),
V(t,d) e[r,40)x D ,Vx e S(t) (3.8b)

(infinitesimal decrease property)

where the set S(t) C C'([-r—7,0];R") is defined for
t>1 by (3.6a) with S(t)=C°([-r—7,0;R").

Remark 3.3: a) Although the conditions for non-uniform in
time RGAS seem more complicated than the corresponding
conditions for URGAS, it should be emphasized that the
conditions for non-uniform in time RGAS are “weaker” than
the corresponding conditions for URGAS. Particularly, the
main difference lies in that the infinitesimal decrease
condition does not have to be satisfied for states sufficiently
close to the equilibrium point in the non-uniform in time
case.

b) Notice that we demand the infinitesimal decrease
property to hold only on a subset of the state space (S(¢))

which contains the solutions of the system. However, an
additional property that guarantees forward completeness on
the critical time interval [¢y,f, +7] has to be satisfied,

namely (3.5a) in the non-uniform in time case and (3.8a) in
the uniform case. Notice that for finite-dimensional
continuous-time systems, it was shown in [1] that this
additional property is necessary and sufficient for forward
completeness.

REFERENCES

[1] Angeli, D. and E.D. Sontag, “Forward Completeness, Unbounded
Observability and their Lyapunov Characterizations”, Systems and
Control Letters, 38(4-5), 1999, 209-217.

[2] Aubin, J.P., “Viability Theory”, Birkhauser, Boston, 1991.

[3] A. Bacciotti and L. Rosier, "Liapunov Functions and Stability in Control
Theory”, Lecture Notes in Control and Information Sciences, 267,
Springer-Verlag, London, 2001.

[4] Bliman, P.A., “Lyapunov Equation for the Stability of Linear Delay
Systems of Retarded and Neutral Type”, IEEE Transactions on
Automatic Control, 47(2), 2002, 327-335.

[5] J.K. Hale and S.M.V. Lunel, “Introduction to Functional Differential
Equations”, Springer-Verlag, New York, 1993.

[6] Jankovic, M., “Control Lyapunov-Razumikhin Functions and Robust
Stabilization of Time Delay Systems”, [EEE Transactions on
Automatic Control, 46(7),2001, 1048-1060.

[7] Karafyllis, I. and J. Tsinias, "A Converse Lyapunov Theorem for Non-
Uniform in Time Global Asymptotic Stability and its Application to
Feedback Stabilization", SIAM Journal on Control and Optimization,
42(3), 2003, 936-965.

[8] Karafyllis, 1. and J. Tsinias, “Non-Uniform in Time ISS and the Small-
Gain Theorem”, IEEE Transactions on Automatic Control, 49(2), 2004,
196-216.

[9] Karafyllis, 1., “The Non-Uniform in Time Small-Gain Theorem for a

Wide Class of Control Systems with Outputs”, European Journal of

Control, 10(4), 2004, 307-323.
[10] H.K. Khalil, "Nonlinear Systems", 2" Edition, Prentice-Hall, 1996.

[11] Kharitonov, V.L. and D. Melchor-Aguilar, “On Delay Dependent
Stability Conditions for Time-Varying Systems”, Systems and Control
Letters, 46, 2002, 173-180.

[12] Kharitonov, V.L., “Lyapunov-Krasovskii Functionals for Scalar Time
Delay Equations”, Systems and Control Letters, 51,2004, 133-149.

[13] N.N. Krasovskii, “Stability of Motion”, Stanford: Stanford University
Press, 1963.

[14] Lin, Y., E.D. Sontag and Y. Wang, "A Smooth Converse Lyapunov
Theorem for Robust Stability", SIAM Journal on Control and
Optimization, 34, 1996,124-160.

[15] Mazenc, F. S. Mondie and S.I. Niculescu, “Global Asymptotic
Stabilization for Chains of Integrators with a Delay in the Input”, JEEE
Transactions on Automatic Control, 48(1), 2003, 57-63.

[16] Mazenc, F. and P.A. Bliman, “Backstepping Design for Time-Delay
Nonlinear Systems”, Proceedings of the 42" IEEE Conference on
Decision and Control, Maui, Hawaii, U.S.A., December 2003.

[17] Mazenc, F. and C. Prieur, “Switching Using Distributed Delays”,
Proceedings of the 4" IFAC Workshop on Time Delay Systems,
Rocquencourt, France, 2003.

[18] Melchor-Aguilar, D., V. Kharitonov and R. Lozano, ‘“Lyapunov-
Krasovskii Functionals for Integral Delay Equations”, Proceedings of
the 4" IFAC Workshop on Time Delay Systems, Rocquencourt, France,
2003.

[19] Morin, P. and C. Samson, “Robust Point-Stabilization of Nonlinear
Affine Control Systems”, in “Stability and Stabilization of Nonlinear
Systems”, D. Aeyels, F. Lamnabhi-Lagarrigue and A. van der Schaft
(Eds), Springer-Verlag, London, 1999, 215-237.

[20] S.I. Niculescu, “Delay Effects on Stability, A Robust Control
Approach”, Heidelberg, Germany, Springer-Verlag, 2001.

[21] A.V. Savkin and R.J. Evans, “Hybrid Dynamical Systems”, Birkhauser,
Boston, 2002.

[22] Teel, A.R., “Connections between Razumikhin-Type Theorems and the

ISS Nonlinear Small Gain Theorem”, [EEE Transactions on
Automatic Control, 43(7), 1998, 960-964.

4735



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




