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Abstract— Given two analytic nonlinear input-output systems
represented as Fliess operators, F. and Fy, their feedback
connection y = F.[u + F4[y]] can be described in terms of
a feedback product of their corresponding generating series c
and d, namely y = Fcaaq[u]. In this paper, sufficient conditions
are given under which F.aq is always well-defined on a closed
ball in a suitable input signal space and over a nonzero
interval of time. In the process of establishing this result, a
connection is derived between the radius of convergence and
the asymptotic behavior of the sequence of Catalan numbers
or, more specifically, the binomial transform of the sequence of
Catalan numbers. This suggests a deeper connection between
feedback structures involving analytic systems and algebraic
combinatorics on words.

I. INTRODUCTION

Let X = {zo,21,...,2Zm} be an alphabet and X* the
free monoid comprised of all words over X (including the
empty word )) under the catenation product. A formal power
series in X is any mapping of the form X* — R’ and the
set of all such mappings will be denoted by R*({X)). For
each ¢ € RY((X)), one can formally associate an m-input,
£-output operator I in the following manner. Let p > 1 and
a < b be given. For a measurable function u : [a,b] — R™,
define ||ul|, = max{||u|l, : 1 < i < m}, where ||u;]|, is
the usual L,-norm for a measurable real-valued function, u;,
defined on [a, b]. Let L;}*[a, b] denote the set of all measurable
functions defined on [a,b] having a finite || - ||,-norm and
B]'(R)[a,b] := {u € L}[a,b] : ||lull, < R}. With t5, T € R
fixed and T' > 0, define recursively for each n € X* the
mapping E, : L"[to,to + T] — Clto,to + T| by Ey = 1,
and .

Evlultsto) = [ wi(r)Egful(r:to) dr
to
where z; € X, 7 € X* and uo(t) = 1. The input-output
operator corresponding to c is then

Z (Ca 77) Eﬁ [u](tv tO)v

nex*

Felu](t) =

which is referred to as a Fliess operator. All Volterra opera-
tors with analytic kernels, for example, are Fliess operators.
In the classical literature, where these operators first appeared
[31, [5], [6], [14], it is normally assumed that there exist
real numbers K, M > 0 such that |(¢,n)] < KMM|y|,
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Fig. 1. Feedback connection of Fi and Fy

Vn € X*, where |z| = max{|z1],|z2]|,...,|z¢|} when
z € RY and |n| denotes the number of symbols in 7.
This growth condition on the coefficients of ¢ ensures that
there exist positive real numbers R and Ty such that for
all piecewise continuous u with ||ullcc < R and T < Ty,
the series defining F,. converges uniformly and absolutely
on [to,to + T]. Therefore, a power series ¢ is said to
be locally convergent when its coefficients satisfy such a
growth condition. The set of all locally convergent series in
RY((X)) will be denoted by R% ,((X)). More recently, it
was shown in [8] that local convergence also implies that I,
constitutes a well-defined operator from B}"(R)l[to, to + T
into BL(S)[to, to + T for sufficiently small R, S,T > 0,
where the numbers p,q € [1,00] are conjugate exponents,
ie, 1/p+1/¢g = 1 with (1,00) being a conjugate pair by
convention.

In many applications input-output systems are intercon-
nected in a variety of ways. Given two Fliess operators I,
and Fy, where c,d € R ((X)), Fig. 1 shows the feedback
connection. Ferfera was the first to describe the generating
series for such a connection via the composition product cod
of two formal power series [2]. However, the local conver-
gence of this generating series was not explicitly addressed.
The feedback connection is a fundamentally more complex
case to analyze than other elementary interconnections. For
example, when F is a linear operator, the formal solution
to the feedback equation

y = Fe[u+ Faly]] ey
is
y=F.Jul+ F.oFgo0 F.Ju]+---.
It is not immediately clear that this series converges in
any manner and, in particular, converges to another Fliess
operator, say F.aq for some cQd € R’ ((X)). When F is

nonlinear, the problem is further complicated by the fact that
operators of the form I 4+ Fj, where I denotes the identity
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map, never have a Fliess operator representation. In this
paper, the problem is circumvented by introducing a simple
variation of the composition product so that an appropriate
feedback product, cQd, is well-defined, and y = F.aq[u]
satisfies the feedback equation (1) in the sense that every
analytic input w produces an analytic output y with (u,y)
satisfying (1). In this case, cQd is referred to as being
input-output locally convergent, and explicit expressions are
derived for one set of growth constants, Kcy and Mcy, for
the series representation of the output function, c,. In the
process of establishing this result, an interesting connection
is derived between the radius of convergence and the asymp-
totic behavior of the sequence of Catalan numbers, C,,, or
more specifically, the binomial transform of the sequence
of Catalan numbers, s,. The positive integer sequences C,,
and s, each have a variety of combinatoric interpretations
in graph theory and the theory of formal languages. Of
particular interest to system theorists is the fact that C,
is equivalent to the number of ways to binary bracket the
letters in a word of length » + 1 [16]. Such bracketing is
typically encountered while characterizing the controllability
of any state space realization an input-output system might
possess [14]. This suggests a deeper connection between
feedback structures of analytic systems and classical topics in
algebraic combinatorics on words. This observation is further
strengthened by the fact that the binomial transformation is
known to preserve the Hankel transform of a sequence, in
which case, C,, and s,, have identical Hankel transformations
[11].

II. PRELIMINARIES

In this section, a brief overview of the shuffle product and
composition product is provided. Given an alphabet X =
{zo,z1,...,Tm}, the shuffle product of two words 7,£ €
X* is defined recursively by

nwé=(zn)w (@) = x50 w ] +arn ]

with Q@ =0 and £ 0 =0 =& Ttis easily verified
that . & is always a polynomial consisting of words each
having length |7| 4 |£|. The definition is extended to any two
series ¢,d € R((X)) by

cwd= Z [(Can)(d7§)]77w§-

n,§eX™

In general, the shuffle product is commutative. It is also
associative and distributes over addition. Thus, the vector
space R{(X)) with the shuffle product forms a commutative
R-algebra, the so-called shuffle algebra, with multiplicative
identity element {).

For any n € X* and d € R™((X)) the composition
product is defined recursively in term of the shuffle product
by

od — n 2 nle; =0, Vi#£0
! ey d; o (nf 0 d)) s = afwa, n>0, i #0,

where |7)|,;, denotes the number of symbols in 7 equivalent to
z; and d; : € — (d, £);, the i-th component of the coefficient

(d, &) € R™. Consequently, if
I T R e R R N L

where ¢; # 0 for j = 1,...,k, then it follows that

nod=ap*d;, wapd

wag diy wag®] ).

g WDt

Alternatively, for any n € X™, one can uniquely associate a
set of right factors {no,n1,...,nx} by the iteration

M1 _.n .
Nj+1 =Ty’ Ti; M, Mo =20, ij+1 70, (2

so that n = n with k = |n| — |n|s,. In which case, n o
d = ng od, where 1j,1 0d = x5’ [di;,, w (n; od)] and
no od = x(°. For any ¢ € R((X)) and d € R™{(X)), the
composition product is defined as

cod= Z (e,m) nod.

nex*

The summation can also be written using the set of all right
factors as described by equation (2). Let X’ be the set of
all words in X* of length i. For each word n € X?, the
j-th right factor, n;, has exactly j letters not equal to zo.
Therefore, given any v € X™:

K
(cod) =D > > (e,n)(njodv).

i=0 j=0 ;X

The rightmost summation is understood to be the sum over
the set of all possible j-th right factors of words of length <.

It is easily verified that the composition product is linear
in its first argument, but not its second. It was shown in [2]
that the composition product is associative and distributive
from the right over the shuffle product. But in general it is
neither commutative nor has an identity element. The lack
of an identity element is precisely the reason the identity
map [ in (1) is not realizable as a Fliess operator. One can
characterize the continuity of the composition product with
respect to a metric induced topology. The set R™ ((X)) forms
a complete metric space under the ultrametric

dist : R™((X)) x R™((X)) — R+ U{0}
(07 d) s Uord(c—d)’

where o € (0,1) is arbitrary [1]. The following theorem
states that the composition product on R™({X)) x R™({X))
is continuous in both arguments.

Theorem 2.1: [7] Let {c;};>1 be a sequence in R™((X))
with lim; o ¢; = ¢. Then lim;_, » (¢;0d) = cod for any d €
R™((X)). Likewise, let {d;};>1 be a sequence in R™((X))
with lim; o d; = d. Then lim; o (c o d;) = cod for all
c e R™((X)).

Other useful facts concerning the composition product are
that it produces a contractive mapping on R™((X)), and it
preserves local convergence.

Theorem 2.2: [7] For any ¢ € R™((X)), the mapping d
cod is a contraction on R™({X)), that is,

dist(cod,coe) < o dist(d,e), Vd,e € R™{(X)).
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Theorem 2.3: [7] Suppose ¢ € R{ ((X)) and d €
R7-({(X)) with growth constants K., M, and K4, My, re-
spectively. Then cod € R ~((X)) with

(o d,v)] < Ke(($(mEa) + DM)YI(1u] + 1)), ¥ € X7,
where ¢(x) :=x/2++/22/4 + x and M = max{ M., M,}.

This local convergence property makes the following result
possible concerning the cascade connection of two Fliess
operators.

Theorem 2.4: [T]If ¢,d € R ((X)) then the composition
of F. and F; produces another well-defined Fliess operator,
namely F. o Fy = Feoq4.

Example 2.1: The composition product provides an al-
ternative interpretation of the symbolic calculus of Fliess
[4], [6], [10]. Specifically, consider an input-output system
represented by F, with ¢ € R} ~((X)). Any input u, which
is analytic at ¢t = tp, can be represented near ty by a series
cu € R7-((X0)), where Xog = {0}, ie, u = F, [v]
for some locally convergent series ¢, = > ;<o (cu, ) 2§
and arbitrary v € B} (R)[to,to + T]. In effect, c, is the
formal Laplace-Borel transform of the input u (see [12]). The
analyticity of y = F.[u] follows from [15, Lemma 2.3.8], and
therefore the formal Laplace-Borel transform of y, namely
¢y, can be related to ¢ and ¢, via

Fe,[v] =y = Fo[F,[v]] = Feoc, [v].

From [15, Corollary 2.2.4], it follows directly that ¢, = coc,.
O

This last example motivates the following definition.

Definition 2.1: A series ¢ € RY((X)) is input-output
locally convergent if for every c, € R~ ((Xo)) it follows
that co ¢, € RE o ((Xo)).

It is immediate that every locally convergent series is input-
output locally convergent, but the converse claim is only
known to hold at present in certain special cases.

Lemma 2.1: [7] Let ¢ € R*((X)) be an input-output lo-
cally convergent series with non-negative coefficients. Then
c is locally convergent.

Lemma 2.2: [7] Let ¢ € RY(X)) be an input-
output locally convergent linear series of the form c¢ =
> jsole, @) whay;, where i; € {1,2,...,m} for all
7 > 0. Then c is locally convergent.

III. THE FEEDBACK CONNECTION

Given any c¢,d € R7-((X)) and any input admissible
u € B)'(R)[to, to + T}, the general goal of this section is to
determine when there exists a y € By"(S)l[to, to + 7] which
satisfies the feedback equation (1) and, in particular, when
there exists a generating series e so that y = F,[u]. In the
latter case, the feedback equation becomes equivalent to

F.lu] = F.[u + Fyoelu]], 3)

and the feedback product of ¢ and d is defined by cQd = e.
An initial obstacle in this analysis is that F is required to
be the composition of two operators, F, and I+ Fy.., where

the second operator is never a Fliess operator. This does not
prevent the composition from being a Fliess operator, but
to compensate for the presence of the direct feed term, I, a
modified composition product is needed. Specifically, for any
n € X* and d € R™((X)), define the modified composition
product as

n M|z =0, Vi#0
néd=qxgri(n od)+ n=xgzn,
2ot di w (' 8d)] n>0, i#0.

For ¢ € RY(X)) and d € R™((X)), the definition is

extended as
cdd = Z (e,m) ndd.
nex*

It can be verified in a manner completely analogous to the
original composition product that the modified composition
product is always well-defined (summable), continuous in
both arguments, and locally convergent when both ¢ and d
are. In particular, the following theorems are central to the
analysis in this section.

Theorem 3.1: [7] For any ¢ € R{,((X)) and d €
R7-({X)), it follows that

Fcad[u] = FC[U + Fd[u]]

for all admissible u € B} (R)[to,to + T1.

Theorem 3.2: [7] For any ¢ € R™((X)), the mapping
d — ¢&d is a contraction on R™((X)) with contraction
coefficient o.

The first main result of this section is given next.

Theorem 3.3: Let ¢, d be fixed series in R™((X)). Then:

1) The mapping
S RT™((X) — R™((X))
eirrei1 =cd(doe;)
has a unique fixed point in R™{((X)), cQd =
lim;_. + €;, which is independent of eg.
2) If ¢, d and cQd are locally convergent, then F.qq
satisfies the feedback equation (3).
Proof:
1. The mapping S is a contraction since, by Theorems 2.2
and 3.2,
dist(S(e;), S(e;)) < o dist(d o e;,d o e;) < o dist(e;, €5).

Therefore, the mapping S has a unique fixed point, cQd, that
is independent of ey, i.e.,

c@Qd = ¢35 (d o (cQd)). 4)

2. From the stated assumptions concerning ¢, d and cQd, it
follows that

Feadlu] = Fe 5 (do(caay)u] = Felu + Fa[Feaalu]]]
for any admissible w. ]

The obvious question is whether cQd is always locally
convergent, or at least input-output locally convergent, when
both ¢ and d are locally convergent. The first step in the
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analysis is to show that when e = c o e, where c is locally
convergent with growth constants K. and M., then

(e, 2)| < Ko b

where each ﬁn(Kc) is a polynomial in K. of degree n.
The next lemma establishes the claim using a family of
polynomials of the form

E)=Y3 3 KIS, (K.l n>o.

i=0 j=0n,eX

K.)MZIn!, ¥n >0,

Given a fixed n, every word 7; in the innermost summation
satisfies 7 < |n;| < n and has a corresponding set of
right factors {no, 71, ...,n;}. When j > 0, each polynomial
5’77 ; (K.,n) is computed iteratively using its right factors and

the previously computed polynomials {o(K.), Y1 (Ke), ...,
wn—l(Kc)}:
~ 1
SUO(KCan) = Wa 0 S |770| S n
S’ K¢,n = n— 5' K¢, n),
771( ) (n)nl 1 w ‘771 ( ) ( )
L<|m|<n
5 n—|n;|
Snj(Kcan) = Z 1/)1
nj-l—l i—0

Snjﬂ(Kc,n— (nj+1)—1i), 2<j<|n| <n

Here (n); = n!/(n — i)! is the falling factorial.
Lemma 3.1: Let ¢ € R} ((X)) with growth constants
K¢, M., and e € R™((X)) such that e = c o e. Then

(e, 28)] < Kethn(K.) M nl, ¥n > 0. (5)

Proof: The proof involves nested inductions. The outer
induction is on n. The claim is trivial when n = 0 and
n = 1. Suppose (5) holds up to some fixed n — 1 > 1.
Given any n;, where j < |n;| < n, it will first be shown by
induction on j (the inner induction) that

((nj 0 e,xp)| < KIM; M n! S, (K.on), 0<j<n.

(6)

The j = 0 case is trivial. Suppose j = 1. Then 0 < n—|n;| <
n—1 and

|(m o€, z7)]
= \(I6“+ (e wx?) ’

g
n (n1+1) ‘

(eil L IO s L

(71l n—|m| no .n—(ni+1)
(ezl,xo Tg w Ty, T

< (Kc 1/~Jn_\n1|(Kc) MP=Iml(n — |771|)!) :

(n —(n1 + 1))
n—|m|
= K.MImIMn! S, (K., n).

Now assume that inequality (6) holds up to some fixed j,
where 1 < j<n—1.Then 0 <n—|niy1| <n-—(j+1)
and

|(77j+1 oe,xp)|
(eij+1 o (773' oe), Ig_(nﬁl-i_l))’

n]+1+1)
_ nf(n-+1+1)7i
- E : el:+17 (77]' o€, Ty ’ ’
=0

’ﬂ—(nj+1 +1)—l

Since (Wj oe,x =0whenn—(n;y1+1)—i <

[n;j| or, equivalently, ¢ > n — |n;41], it follows that using the
coefficient bound (5) for e (because 0 < i < n — 1) and the
bound (6) for n; oe,

|(77j+1 oe,q)|
—nj+1l

Z

(n = (njg1 +1) = )1 Sy (Keyn = (nj1 + 1) = i)) :
< n—(nj+1) >
n—(nj1+1)—i

=  KITLpr—nial prm o
C c C °

IN

(Kd/h )M} z') (KgM;'nJ“MCn*("J#lJrl)*i.

1

n)nj+l+1
—[mj+1l

sz

= KZ+1MC |m+1\MC” n! gﬂj+1(KC’n)'

oy (Keon — (nja +1) — i)

Hence, the claim is true for all 0 < j < n.
To complete the outer induction with respect to n, observe
that

(e, z5)] = [(coe ag)]
= DD D (enymoeap)
i=0 j=0n;eX?
< Y (Kemlyl)
i=0 j=0 n;eX?
(Kg'M;‘"j'Mg n! S, (Ko, n))
= K.¢n(K.) M"nl.
Therefore, inequality (5) holds for all n > 0. [ ]

The next lemma provides an upper bound on the growth of
the sequence ., (K.), n > 0, when K. is fixed.
Lemma 3.2: For any K. > 1, it follows that

P
where ¢, = ¢(1) (the golden ratio), s = 1/¢g, and sy,
n > 1, is an integer sequence equivalent to the binomial

Ke) < ¢g(mEKe(2+ ¢g) +1)"sn, ¥n =0, (7)
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transform of the sequence of Catalan numbers, C,,, n > 1
(specifically, sequence A007317 in [13]).
Proof: The proof has two main parts. First, it is shown by a
nested induction that for any € > 0, there exists a sequence
of positive real numbers, &, (¢), such that

Un(K) < (mK.(2+€)+1)"n(e), n>0, K.>1. (8)

Then inequality (7) is produced for n > 1 by setting € = ¢,
and showing that &, (¢y) = ¢y¢s, Wwhenn > 1. (n =01is a
trivial special case.)

Let ¢ > 0 and define two sequences of positive real
numbers, &, (€) and T',,(€), via the recurrence equations

§nv1(e) = §n( )+Fn+1( ), n>0,6=1T1=1/e (9

I‘n-i-l (5) + Z 51

By definition, I'y = 1. The claim is straightforward when
n =0 and n = 1. Suppose the inequality holds up to some
fixed n — 1 > 1. Given any word 7;, where j < |n;| < n,
an inner induction with respect to j will now show that

(MK (2+€)+1)"" 1l (24 €)I T\, (€)
n;]!

n i+1(€ ) ,TLZl (10)

gﬁj (Kca n) S

3

(11
where 0 < j < |n;|. The j = 0 case is trivial. Suppose
j = 1. Since n — |m| < n, it follows that

1 Jjn—ImI(KC)

SnlBen) = G el
(mK.2+¢)+1)"mle, ()
B | !
(mKc(2+¢)+1)"7Iml (2 +€) Ty ()
B | ! 7
when n > |n;|. This last inequality employs the general

properties for any j > 0 that &, |(e) = I',_},,|(¢) when
n = |n;| and
—Injl
Z SOy () = 2+ Ty (12)

when n > |n;|. Now suppose inequality (11) holds up to
some fixed 7 > 1. Then
Sm+1 (Kca n)

1 n—=In;+1l

= LS K By (e -

(njp1+1) —1)
(n)nj+1+l i—0 !

n—[n;+1|

3 (K24 ¢) + 1)6e) -

1=0

{(ch(2 +e)+ 1) Imnlmig ey,
(MK (2 + €) + 1) Imir1l(2 4 ¢)J

751!

1

11!

IN

|77j+1\*i(6)

n—[n;4+1|

Y. &er
i=0

n—|m+1|—i(€)

(MK (2+€) + 1)l (24 )7F1 T, (€)

|77j+1|!

)

where |n;| < |[n;+1] < n and again identity (12) was used to
derive the final equality above. Hence, inequality (11) holds
for all 0 < j < |n;|. To complete the outer induction with
respect to n, observe that

&n-ﬁ-l (KC)

n+l 1<

Y3 KIS, (Keyn+1)[n;]!

i=0 j=0 n,eX’

n+l 1<

>y (1)

=0 7=0

[(ch(Z +6) 4+ )" (K24 €)) Toyiile)
]
i

= (mK.(24¢) +1)"H! Z Lrt1-i(e)
1=0

= (MK (2+¢€) +1)" 41 (e).

IN

i!

Thus, inequality (8) must hold for all n > 0.

Now consider setting € = ¢, in the system of equations
(9)-(10). Eliminating by substitution the sequence I'y,(¢q)
gives the recurrence relation

E111(60) = b+ = D60 )En-isa(y), n 21
9 =1

with &1(¢g)

Ent1(0g) ) _ (fz bq) ) (fn—i+1(¢g)>
( y 1+Z . . n>1,

with & (¢g)/éy = 1. It is known that s, satisfies the
recurrence equation

= ¢y, or, equivalently,

n
Sp41 =1+ E 8iSp—it1, n>1, s =1
i=1

13)

(see [13] and the references therein). Hence, the conclusion
that &, (¢g) = @¢Sn, n > 1, is immediate. [ ]

The recurrence equation (13) can be derived from the
well-known recurrence relation for the Catalan numbers:
Cny1 = 21y CiCn; with Cy = 1, which in turn is
equivalent to Segner’s recurrence formula given in the year
1758 as a solution to Euler’s polygon division problem [16].
It is also worth noting that the sequence ¢, := I'y,(¢g)/ g,
n > 1, the increments of s,, is sequence A002212 in [13].
The positive integer sequences C,, s, and t, each have a
variety of combinatoric interpretations in graph theory and
the theory of formal languages. The asymptotic behavior of

5 5m
Sn ™~ S\ T a2

(see [9, sequence 124]), motivates the following central result
concerning local convergence.

Sn,

6144



Theorem 3.4: If ¢ € R} ((X)) with growth constants
K., M. and e = coe, then e € R}’ ((Xo)). Specifically,
for any K. > 1,

[(e,zq)| < Ko (MK (2 + ¢g) + 1)5M:)" nl, ¥n > 0.

Proof: The result is trivial when n = 0. When n > 1, it is
first necessary to show by induction that s, < 5s,. The
claim is clearly true when n = 1 or n = 2. Suppose it is
known to hold up to some fixed integer n+1 > 2. Sequence
Sy 1s known to satisfy another recurrence equation [9], [13]:

(n+2)spt2 = (6n+ 4)s,+1 — Onsy,.
Therefore,
Sp42 < [(6n + 4)Sn+l — nsn+1]/(n + 2) < 5Sn+1,

which proves the claim for all n > 1. Next, substituting the
upper bound ¢4s, < 5", n > 0, into (7) gives

Pn(K.) < (MK(2+ ¢4) +1)5)", Yn > 0.

The theorem is finally proved by simply applying
Lemma 3.1. [ ]

The final step of the analysis is to use Theorem 3.4 to
prove the input-output local convergence of the feedback
product.

Theorem 3.5: If c¢,d € R7.((X)), then ¢Qd is input-
output locally convergent. Specifically, when K. > 1, then

((cQd)ob,z() < Kc([mEK(2+ ¢g)+1]-

[p(m(Kp + Kq)) + 1] 10M)" n!
for any b € R}7.((Xo)) and where M =
maX{Mb, Mm Md}.

Proof: Select any series b € R}’ ((Xy)). It follows from
(4) that
(c@d)ob = (cd(do(c@Qd)))ob=co(b+d)o((cQd)ob).

Since b, ¢ and d are all locally convergent, so is the series
co(b+d). Now apply Theorem 3.4, replacing ¢ with co(b+d)
and e with (cQd) o b. This implies that (cQd) o b is always
locally convergent, and therefore c@Qd must be input-output

locally convergent. To produce the given growth condition
for the output series, note that

Kco(ber) =K. Mco(b+d) = 2(¢(m(Kb + Kd)) + 1)M7

using Theorem 2.3 and the fact that n + 1 < 2" for all
n > 0. Substituting these growth constants for K. and M.,
respectively, in Theorem 3.4 produces the desired result.

|
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