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Abstract— This paper is concerned with stability analysis for
a class of dynamical neural networks with distributed delays.
The M-matrix theory and new analysis technique are used to
obtain new sufficient conditions for the existence, uniqueness
and global stability of the equilibrium point of dynamical neural
networks with distributed delays. The importance of the new
stability criteria in the design and application of dynamical
neural networks with distributed delays is due to the fact that
they can handle the case when the non-delayed terms can not
dominate the delayed terms. The effectiveness of the obtained

theoretical results are illustrated by numerical examples.

I. INTRODUCTION

In recent years, dynamical neural networks have attracted
considerable attentions because of their potential important
applications in areas such as control engineering, signal
processing, pattern recognition and associative memories. In
these applications, the existence and global stability of the
equilibrium plays an important role. This leads to that the
model equations of neural networks have been extensively
studied (see, e.g. [1]-[3], and the references therein). On the
other hand, the integration and communication delays are
ubiquitous both in biological and artificial neural networks,
which not only deteriorate dynamical performance, but also
affect the stability of hardware neural networks by oscilla-
tions or unstable phenomena. So studying the problem of
stability for delayed neural networks is practically required,
and a variety of competing results on the stability of delayed

neural networks have been accumulated, see, for example,
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[4]-[12]. However, most research on delayed neural networks
has been restricted to simple cases of discrete delays. Since
a neural network usually has a spatial nature due to the
presence of an amount of parallel pathways of a variety
of axon sizes and lengths, it is desired to model them by
introducing distributed delays. Gopalsamy and He [13] stud-
ied the system of integro-differential equations as a model
for Hopfield-type neural networks involving distributed time-
delays arising from the signal propagation. Some results on
the stability of neural networks with distributed delays are
given in [14]-[18]. The problem of exponential stability for
neural networks with distributed delays is studied in [19]-
[21]. All of these methods and results are devoted to the
case when non-delayed terms dominate the others.

In this paper, we investigate a class of neural networks
with distributed delays modelled by the following integro-

differential equations:

wi(t) = —d; (ug(t)) + Zaij/_ Kij(t — 5)g;(u;(s))ds

+1; i=1,2,...,n, (1)

where a;; and I; are constant real numbers. We also make

the following assumptions in this paper.

(A1): d; is differentiable on R and b; = inf{di(u)} > 0,
1=1,2,...,n.
(Ag): There are positive constants k; such that for any

u, v €R,
0 < (gi(u)=gi(v))(u—v) < ki(u—v)?, i=1,2,....n.

(A3): The kernel K;; are real valued nonnegative continuous

functions defined on [0, c0) and satisfy

/ Kij(S)ds:L t,j=12,...,n
0
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For illustration convenience, we introduce some notations.

For a scalar b, set
b" = max{b,0}, b~ = max{—b,0}.
For a matrix A = (a;j)nxn., set
ai = af, i =lay|, i#j, i,7=12,...,n,
and set

A= (@ij)nxn, Al = (|aij)nxn-

For a vector x € R, ||z| denotes a vector norm defined by

= max {lal}.

Let C' = C ((—00,0], R] be the Banach space of continuous
functions that map (—oo, 0] to R. For any ¢ € C, we define

lell = sup |@(6)].
0<0

If a € R, ¥ € C((—o0,a],R) and t < a, then ¢, € C is
defined by
i(s) =P(t+s), s <O0.

Set

B = diag{bl,bg, ce ,bn}, K= diag{kl,kg, .. ,kn}

Definition 1. A real matrix A = (ai;)nxn 18 said to be an

M -matrix if

ai; <0, 4,7=1,2,...,n, i #j,

and all successive principal minors of A are positive.

In [14], Chen et al. have proved that under assumptions

(A1)-(As), if
B — |A|K is an M -matrix, 2)

then system (1) has a unique equilibrium which is globally
sable.

The purpose of this paper is to present some new sufficient
conditions for the existence, uniqueness and global stability
of the equilibrium point of system (1). In Section II, we will
prove that the condition (2) for the existence and uniqueness
of system (1) can be weakened to be that “B — AK is an M-
matrix”. Then, in Section III, we will prove that if there exists
a nonnegative diagonal matrix L such that B — AK —Lis an

M-matrix and a;; satisfies a certain constraint condition for

eachi € {1,2,...,n}, then the equilibrium of system (1) can
also be globally stable. Moreover, the corresponding results
in [14] are extended and improved. It should be mentioned
that the idea of this paper is quite different from that used
in [14]-[21] since we make use of the fact that the nonlinear
delayed terms can ensure stability [23]. Therefore, our results
can be applied to the case when the non-delayed terms
can not dominate the others. Some examples are presented

in Section IV to illustrate the effectiveness of our results.

Finally, some conclusions are drawn in Section V.

II. EXISTENCE AND UNIQUENESS OF THE EQUILIBRIUM
As usual, a vector u* = (u},us, ... ,UZ)T € R" is said

to be an equilibrium point of system (1) if it satisfies
—d(u*) + Ag(u*) + I =0,

where [ = (I, I, ... ,In)T. To solve the above equation,
we need some preliminaries.
Lemma 1 [22]. If H

satisfies the following conditions:

R™ — R™ is continuous, and

1) H is injective on R",
i) | lm[[H(w)] = oe.
then H(u) is a homeomorphism of R".

Now we give one important result in which the condition
(2) is relaxed.

Theorem 1. If assumptions (A1)-(As) are satisfied and
B — AK is an M-matrix, then system (1) has a unique
equilibrium point u*.

Proof. Since B — AK isan M -matrix, there exist r; > 0,
i=1,2,...,n, such that

—bir; + i’r’j’djiki < 0.
j=1

Set

a = min
1<i<n

then o > 0. Let
RO :diag{rl,rg,...,rn}

and

G(u) = —d(u) + Ag(u) + I.
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It is known that if G(u) is a homeomorphism on R™, then
there exists a unique point u* such that G(u*) = 0. Hence,
it suffices to prove that G(u) is a homeomorphism on R".

To this end, we set

H(u) = RoG(Ry ') = (Hy(u), Ha(u), ..., Ha(u)" .

We first assert that H(u) is injective on R™. If it were not

true, there exist u, v € R™, u # v, such that H(u) = H (v).
Notice that
HZ(U) = —ryd; (15 Uz + Zhaugy j) + ri ;.

By assumptions (A;) and (Ag), we get
0 = (Hi(u) = Hi(v ))Sgn(

S _b |uz Uz| +Zr1

L= i)

auk luj — vyl

which yields

0 < _zb vl 305 e ks g — vy
1= 1] 1

= —Zb lu; — Uz|+zz7'z a’l]k uj — vy
j=11i=1

= _Zb |u; — vl|+ZZrJ Yaiki lui — v
=1 j=1

n

n
= —Z bZ—Zrﬂ“Z ajiki o |w; — vg

i=1 j=1

n
< —az lu; — v -
i=1

This is a contradiction. So, the map H is injective on R".

Moreover, from the above inequality, we have

n

> (Hi(u) — Hi(0) sgnu; < —a»  Jug].

i=1 i=1
Letting ||u|| — oo, we get |H(u)|] — oco. By Lemma 1,
H (u) is a homeomorphism on R™. Since Ry is nonsingular,
it follows that G(u) is a homeomorphism on R™. The proof

is complete. [ ]

III. GLOBAL STABILITY OF THE EQUILIBRIUM

In this section, we will present some new sufficient con-
ditions for the global stability of the equilibrium point of the
neural network (1). We first give a lemma, but its proof is

omitted due to limited space.

Lemma 2. For neural network (1), suppose that assump-

tions (A1)-(Aj) are satisfied. Set
= sup{di(u)}, 1=1,2,....n
If there exists a nonnegative diagonal matrix

L= diag{ll,ZQ,. ,ln}

such that B — AK — L is an M -matrix, and for each 7 €
{1,2,...,n}, either a;; k; <1; or

400 hiq
a; ki {/ sK;i(s)ds + / (hiy, — 8) K“-(s)ds}
0 0

<1—(2b; — li)h,, 3)

where
b; — 1;

then system (1) has a unique equilibrium point, which is
uniformly stable.

With Lemma 2, we are now able to establish the global
stability of the equilibrium point of the neural network (1).

Theorem 2. For neural network (1), suppose that assump-
tions (A1)-(As) are satisfied. Set ¢; = sup{d;(u)}, i =
1,2,...,n. If there exists a nonnegative diagonal matrix
L = diag {l1,ls,...,1,} such that B — AK — L is an M-
matrix, and for each i € {1,2,...,n}, either a;;k; < [; or
condition (3) holds then system (1) has a unique equilibrium
point, which is globally asymptotically stable.

Proof. Let z(t) = u(t) — u*. System (1) can be written

as

i1=1,2,...,n, (4)
By Lemma 2, it suffices to prove that any solution of system
(4) tends to zero as t — +o00. We only consider the case that

condition (3) holds, since the proof for the case of a;; k; < ;
is similar. Set
n
Vi =Y dikiriry
j=1
then v; < b; — [;. Set

oy = ¢ +ag ki + i,
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then
Vi

< hy,.
b, "

Since the function

/0 " — ) Kon(s)ds

is nondecreasing with respect to = on [0, +00), it follows

that

bi’jTlil ")/Z hil
/ —— — 5| Ki(s)ds < / (hi, — $)Kii(s)ds.
0 bicvi, 0
On the other hand, the function

B x(c; + x)
b; (Ci + a;ki + :v)

is strictly decreasing with respect to z on [0, +00). So,

(bi = 1;)(bi +ci — ;)

~yile )

biail

1-— <1

Therefore, condition (3) implies that

Vi

+oo Sra0 v
a;; ki / sK;i(s)ds —i—/ (—Z - s) Kii(s)ds
0 0 bia,

< il + )
b;aii,

)

which is equivalent to

+oo
— T N T
a; ki /% (s biail) Kii(s)ds p <1 = 5)

K3

biagy

i (t)]

fo = max  sup
1<i<n —oco<t<+00

and

Bi = limsup [z;(t)].

t——+oo

From Lemma 2, we have
0<83 <+o00, i=0,1,2,...,n.
We assume that
Bio /Tio = 121%)(” {61/Tz}

for some i € {1,2,...,n}. It suffices to prove that 3;, = 0.

By the contrary, we will have 3;, > 0. For simplicity, we
write 79 by 7. Set

- YiBi + wio
hil (U) =

ei(0) = 1Pt o
bi (i, Bi + o)’

b; ’

}_L- (O’) - 61 +O'+Ei(0')
YT B+ o

where
Qi = i+ i = (Bo+1) Y lass| k.
=1
It is easy to see that h;, (o), €i(0), hi,(c) are continuous

functions of o on [0, +00). Moreover,

Bil (O) = bezl < hih 51(0) = Zl 617
T bz + Yi
hi, (0) = byoun < hiz

By (5) and the continuity of h;, (o), ;(c) on [0, +00), there
exists o1 > 0 such that for any o € [0,07), the following
inequality holds:

+oo _
(B + o)a;ki/ (s = hiy) Kii(s)ds < B; — 0 — &i(0).

h’il ((T)

Set

. bi — i
0o = min {01, T /Lzﬂi} .
For any given o € (0,0¢), in the sequel, we will write
hi, (o), €i(a), hi,(o) by hi, &, hi,, respectively. By
assumption (A3), there exits 7y > h;, such that

—+o0
sup K;;(s)ds <o, and
ISJSn T

lz; ()| < Bj+o, t>T1, 7=1,2,...,n.

Since

limsup |z;(t)| = G;,

t——+o0

there exists a sequence {t,,}, t,, — 400, such that
|z (tm)| — Bi-

Consider the following two cases:

Case A. #;(t) is eventually sign-definite.

Case B. #;(t) is oscillatory.
In both cases a contradiction can be deduced (the details are
omitted due to limited space). This completes the proof. W

It is easy to see that

h;
/ ' (h“ - S) K“(s)ds S hil-
0

Hence, we have the following result.
Corollary 1. For neural network (1), suppose that assump-

tions (A1)-(As) are satisfied. If there exists a nonnegative
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diagonal matrix L = diag{ly,lo,..
AK — Lis an M -matrix, and

.,1n} such that B —

“+oo
a;; k; min {1,1)1-/ sKi-(s)ds} <1, 6)
0

then system (1) has a unique equilibrium point, which is
globally asymptotically stable.

Note that if I; = a;;ki;, © = 1,2,...,n are chosen,
Corollary 1 implies the following criterion.

Corollary 2. For neural network (1), suppose that assump-

tions (A1)-(Ag) are satisfied. If B —

A|K is an M-matrix,
then system (1) has a unique equilibrium point, which is
globally asymptotically stable.

Remark 1. Corollary 2 is also obtained in [14] by using
Lyapunov functional method. Therefore, our results extend
and improve the corresponding ones in [14].

To compare our results with the existing ones, apply
Corollary 1 to the one-dimensional neural network with

distributed delay of the form
t
z(t) = —d(gc(t))—i—a/ K(t—s)g(x(s))ds+I, z € R (7)

where d is differentiable on R, b = inf{d(z)} > 0, K is a

nonnegative continuous function on [0, co) satisfying

+oo
K(s)ds =1,
0

and there exists a constant £ > 0 such that

0 < (g(u) — g(v))(u —v) < k(u —v)*

for any u, v € R. It is straightforward to deduce the
following corollary.

Corollary 3. For neural network (7), suppose that |a|k < b,
or

+oo
a <0, and |a|k/ sK(s)ds < 1. ®)
0

Then system (7) has a unique equilibrium point, which is
globally asymptotically stable.

Remark 2. From the results in [14]-[16], the condition for
global stability of system (7) is |a|k < b. This condition
requires that the non-delayed term of the neural network
dominates the delayed term, i.e., the delayed term must be
small enough not to destroy the stability caused by the non-

delayed term. However, the new stability condition (8) shows

that when the non-delayed term can not dominate the delayed
term, a nonlinear retarded term with infinite delay can also
ensure stability. This feature is attractive in the design and

application of neural networks with distributed delays.

IV. ILLUSTRATIVE EXAMPLES

Example 1. Consider the one-dimensional neural network

of the form

z(t) = =0.5x(¢t) + a[ T tanh(z(s))ds. (9)

t

In this example,

2 et —e™"
b=05, K(t)=-——= = tanh(z) = ——.
LK) = 7o (@) = tanh() = S——
One can verify that
+oo

+oo
K(s)ds =1, / sK(s)ds=1, k=1.
0 0

Applying Corollary 3, we obtain that when 0 < a < 0.5 or
—1 < a < 0, neural network (9) is globally asymptotically
stable. It is noted that |a] > b when —1 < a < —0.5,

however, neural network (9) is still stable.
Example 2. Consider the two-dimensional neural network

of the form

21(t) = —z1(t) +O.8/t K1(t — s)f(z1(s))ds

+o;[wka@—gf@ﬂgms o

t
Ig(t) = —Ig(t) + 01/ Kl(t - s)f(:cl (S))ds
¢ — 00
—2/ Ks(t — s)f(z2(s))ds,
where
Kq(t) 2 Ks(t) = 3exp(—3t)
= —— = X —_—
e’ —e™ "
One can verify that
—+o0 —+o0
m@m:/ K(t)dt = 1,
0 0
+oo 1
/ tKo(t)dt ==, ki =ky=1
0 3
Therefore,
0.2 —-0.5
B—IAJK = [ -01 -1 }

- 0.2 -0.5
b= %2 03],
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Since B — |A|K is not an M-matrix, the results in [14]
can not be applied to this example. However, by choosing
L = diag{0,0.74}, it is easy to see that

b-AK-L= { —()6?1 o.%(s5 }
is an M-matrix and condition (6) is satisfied. Thus, by
Corollary 1, neural network (10) is globally asymptotically
stable.

V. CONCLUSIONS

In this paper, we have studied a model of neural networks
with distributed delays. It may have applications in process-
ing of motion related phenomena such as moving images and
associative memories. We have established simple, checkable
conditions for global stability. It has been shown that these
new stability criteria are applicable to the case when the
non-delayed terms can not dominate the delayed terms, thus
being of great importance in the design and application of

dynamical neural networks with distributed delays.
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