
Abstract— This work studies the construction of observers 
for nonlinear time-varying discrete-time systems in a general 
context, where a certain function of the states must be 
estimated. Appropriate notions of robust complete 
observability are proposed, under which a constructive proof 
of existence of an observer is developed. Moreover, a 
“transitive observability property” is proven, with which a 
state observer can be generated as the series connection of two 
observers. The analysis and the results are developed in 
normed linear spaces, to cover both finite-dimensional and 
infinite-dimensional systems.  

I. INTRODUCTION

he observer design problem for nonlinear discrete-time 
systems with or without inputs has attracted the interest 
of many researchers and important results on the 

nonlinear observer design problem can be found in 
[1,5,6,8,13,16,17,20,24]. The observer design problem for 
the linear case for finite-dimensional discrete-time systems 
is now well understood (see the corresponding results 
provided in [22] and references therein), but remains still 
an open problem for infinite-dimensional systems. In [20] a 
Newton iteration approach was used for the solution of a 
set of nonlinear algebraic equations, which provided 
estimates of the states. The applications of solutions to the 
nonlinear observer design problem for discrete-time 
systems are widespread (see for instance [12,15,18] for 
applications to the output feedback stabilization problem). 
Finally, it should be emphasized the close relation of the 
nonlinear observer design problem for the discrete-time 
case with the corresponding problem in the continuous-
time case when sampling is introduced (see for instance 
[2,9]) as well as with the observability problem for 
discrete-time systems (see for instance [19,22,23]). 

    In the present paper, the focus will be on the functional 
observer design problem, where the objective is to estimate 
a given nonlinear function of the state vector, instead of the 
entire state vector. Functional observers have been studied 
extensively for continuous-time linear systems (see [7] and 
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references therein), and have been applied to the problem 
of output feedback controller synthesis, where the function 
to be estimated is the state feedback function.  

    In order to provide an informal introduction to the 
general ideas of the present paper, let’s consider a finite-
dimensional discrete-time system of the form: 

                

Zttutytx

txthty
tutxtftx

mkn ,)(,)(,)(

))(,()(
))(),(,()1(

    (1.1) 

where )(ty represents the measurement. Moreover, 
consider another output  

))(,()( txttY                           (1.2) 

where lnZ:  a given function of the states, 
and the objective is to design a functional observer to 
estimate the output Y , driven by the measurement of y .

    In order to study the functional observer design problem, 
appropriate notions of (functional) observability must be 
introduced and, subsequently, the existence of a functional 
observer must be established. Motivated by problems of 
inferential control, where the dynamic system can be 
subject to unknown external disturbances, notions of robust 
complete (functional) observability will be introduced in 
the present paper, for the case where the right hand side of 
(1.1) also depends on unknown disturbances )(td .
Moreover, the analysis will be performed with the inputs, 
states and outputs belonging to subsets of normed linear 
spaces (not necessarily finite-dimensional). Infinite-
dimensional discrete-time systems are currently attracting 
interest in the literature [3,21].   

     The development of the solution of the functional 
observer problem is constructive, leading to a set of 
conditions that determine the functional observer. In 
addition to inferential control applications, the proposed 
functional observer can be useful for the construction of a 
regular full-state observer. In particular, when a full-state 
observer is available for the output map ),( xtY  (that 
has been designed using any available design method from 
the literature), and the proposed functional observer is 
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constructed for the estimation of ),( xtY  from the 
measured output ),( xthy , we show that their series 
connection generates a full-state observer from the 
measurement ),( xthy . We call this important property 
the “transitive observability property”. This property can 
facilitate the observer design, since certain output maps 
may be more convenient for the design of an observer than 
the actual measured outputs.   

Figure 1: The Transitive Observability Property 

Notations:  
  By X , we denote the norm of the normed linear space 

X . By  we denote the euclidean norm of n .

 We denote by Z  the set of non-negative integers and 
by  the set of non-negative real numbers. 

 Let U  a normed linear space and let Uu  and 0r .
We denote by ],[ ruBU  the closed ball of radius 0r

centered at Uu , i.e., ruvvruB UU U ;:],[ .

 We denote by );( AZCU , where A  is a subset of 
the normed linear space X  and  is a normed linear 
space, the class of continuous maps AZ:
with the properties that: (i) for every pair of bounded sets 

ZI , AO  the image set )( OI  is bounded and 

(ii) 0)0,(t  for all Zt .
 We denote by UM  the set of sequences with values in U .

 For definitions of classes KK , , KL  see [14]. K
denotes the class of positive continuous functions.   

The following convention holds throughout the paper: the 
Cartesian product of two normed linear spaces YX:C
is a normed linear space with norm 

22:),( YX yxyx
C

, unless stated otherwise. 

II. DEFINITIONS AND PRELIMINARY RESULTS ON
DISCRETE-TIME SYSTEMS WITH INPUTS 

     Consider the following discrete-time system: 

))(),(),(,()1( tutxtdtftx                      (2.1a) 

ZtUtu

StyDtdtx

txthty

,)(

)(,)(,)(
))(,()(

U

YX             (2.1b) 

where UY,X,  is a triplet of normed linear spaces, D  is 
the set of disturbances (or time-varying parameters), U is
the set of inputs with U0 , S  is the output set with 

S0  and XX UDZf : , YX SZh :

with 0)0,0,,( dtf  and 0)0,(th  for all DZdt ),( .
Our main assumption concerning system (2.1a) is: 

(H1) There exist functions KKa ,  such that 

UXX utaxtauxdtf ),,,( , for all

UDZudxt X),,,( .

We note the following important fact for the time-varying 
case (2.1a): 

Fact I: System (2.1a) under hypothesis (H1) is Robustly 
Forward Complete (RFC) from the input UMu , i.e.,

there exist functions K , Ka  and a constant 
0R  such that for every 

UD MMZudxt X),,,( 00 , the corresponding 
solution )(tx  of (2.1) with 00 )( xtx  satisfies the 
following estimate:

U
tt

uxRattx )(sup)()(
],[

0
0

XX , 0tt   (2.2) 

Our main assumption concerning the input set U  is: 

(H2): U  is a convex cone. 

The following lemma shows that under hypothesis (H2) we 
can obtain “sharper” estimates than estimate (2.2) for the 
solutions of (2.1a).  

Lemma 2.1 Suppose that hypotheses (H1-2) are fulfilled 
for system (2.1a). Then there exist functions K ,

Ka  such that for every 

UD MMZudxt X),,,( 00 , the corresponding 
solution )(tx  of (2.1) with 00 )( xtx  satisfies estimate 
(2.2) with 0R , i.e., 

y(t) h t,x t
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Observer 
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UXX )(sup)()(
],[

0
0

uxattx
tt

, 0tt      (2.3)

Proof Consider the following discrete-time dynamical 
system:  

ZtDtdCtztx

tztz

tztxtdtftx

,~)(
~

,))(),((

)()1(
))(),(),(

~
,(

~
)1(

           (2.4) 

where ),(:
~

vdd , VDD
~ , ]1,0[: UBUV ,

),,,(:),,
~

,(
~

vzxdtfzxdtf , X:C . Notice that by 
virtue of hypothesis (H1) we know that there exist 
functions KKa ,  such that 

UXX utaxtauxdtf ),,,( , for all 

UDZudxt X),,,( , which directly implies the 
following inequality: 

CC
zxtazxdtf ),(~~),,

~
,(

~
,

for all DZdzxt
~)

~
,,,( X            (2.5) 

where Kssasa )(2:)(~  and Ktt 1)(:)(~ .
We first show that system (2.4) is Robustly Forward 
Complete in the sense described in [11]. Particularly, this 
follows by considering arbitrary 0r , ZT , then 
defining recursively the sequence of sets in C  by 

))1(~]2,0([:)( kADTfkA  for Tk ,...,1  with 
rzxzxA

C
),(;),(:)0( X , which are bounded 

by virtue of inequality (2.5) and finally noticing that 

)(~,,

,),(;)),
~

;,,,((

~0

0000000
kA

MdTkTt

rzxzdzxtktx

D

C

for all Tk ,...,0 , where )
~

;,,,( 000 dzxttx  denotes the x -
component of the unique solution of (2.4) initiated from 

Czx ),( 00  at time 00t  and corresponding to DMd ~
~

(notice that the z -component of the unique solution of 
(2.4) satisfies 0)( ztz  for all 0tt ). 

We next show that X0  is a robust equilibrium point 
for (2.4) in the sense described in [11]. It suffices to show 
that for every 0 , ZN  and ZT  there exists 

],0(),,(: TN  such that: 

DC

C

MdNkzdzxtktx

Ttzx

~00000

000
~

,0;)),
~

;,,,((sup

,),(

where )
~

;,,,( 000 dzxttx  denotes the x -component of the 
unique solution of (2.4) initiated from Czx ),( 00  at time 

00t  and corresponding to DMd ~
~

 (notice that the z -
component of the unique solution of (2.4) satisfies 

0)( ztz  for all 0tt ). We prove this fact by induction on 

ZN . First notice that the fact holds for 0N  (by 
selecting ),0,( T ). We next assume that the fact 

holds for some ZN  and we prove it for the next integer 
1N . In order to have 

C
zdzxtNtx )),

~
;,,,1(( 00000 ,

by virtue of inequality (2.5) it suffices to have 

NTtt
a

TNzdzxtNtx
C 0;)(~max

)(~
:),,()),

~
;,,,((

1

00000 .

It follows that the selection 
0,),,,(,),,(min:),1,( TNTNTNTN  guarantees 

that DC
MdNkzdzxtktx ~00000

~
,0;)),

~
;,,,((sup  and 

C
zdzxtNtx )),

~
;,,,1(( 00000 , for all Ttzx

C 000 ,),( .

It follows from Lemma 3.5 in [11] that there exist functions 
K , Ka  such that for every X),( 00 zx ,

DMd ~
~

, Zt0 , the solution ))(),(( tztx  of (2.4) with 
initial condition ),())(),(( 0000 zxtztx  and corresponding 

to input DMd ~
~

 satisfies: 

00)())(),(( zxattztx
C X , 0tt     (2.6) 

Finally, notice that that for every X0x , Zt0 , Zt
with 0tt , DU MMdu ),( , the unique solution )(tx
of (2.1a), with initial condition 00 )( xtx  and 
corresponding to DU MMdu ),(  coincides on the 
interval ],[ 0 tt  with the component )(tx  of the solution of 
(2.4) with initial condition 

))(sup,())(),((
],[

000
0

Uuxtztx
tt

 and corresponding to 

DMvd ~),( , where  

V
su

u
v

tts
U)(sup

)(:)(

],[ 0

, if 0)(sup
],[ 0

Uu
tt

 and ],[ 0 tt

and Vv 0)(  if otherwise. This observation, in 
conjunction with inequality (2.6) gives the desired estimate 
(2.3). The proof is complete.      

We suppose that the output map of system (2.1) satisfies: 

(H3): The output map YX SZh :  is of class 

);( YXZCU  (see notations).
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The following lemma is an important tool for the derivation 
of estimates of the solutions of discrete-time systems and 
will be used extensively in the next section of the present 
paper. Its proof is omitted for space reasons. 

Lemma 2.2 Suppose that hypotheses (H1-3) are fulfilled 
for system (2.1). Then the following statements are 
equivalent: 

(i)  System (2.1) satisfies the Robust Output Attractivity 
Property, i.e. for every 0 , ZT  and 0R , there 

exists ZRT ,,: , such that for every X0x ,

DU MMdu ),( , with ],0[,)(sup 00 TtRux
Z

UX ,

the solution )(tx  of (2.1) with initial condition 00 )( xtx
and corresponding to input DU MMdu ),(  satisfies:

),[,))(,( 0tttxth Y

(ii) There exist functions KL  and K , such that 

for every X0x , Zt0 , DU MMdu ),( , the unique 
solution )(tx  of (2.1), with initial condition 00 )( xtx  and 
corresponding to DU MMdu ),( , satisfies for all 

),[ 0tt :

0
],[

00 ,)(sup)())(,(
0

ttuxttxth
tt

UXY   (2.7) 

Finally, the following definitions introduce the notions of 
estimators and observers for discrete-time systems.  

Definition 2.3 Let UZ X: , where  is a 

normed linear space with 0)0,0,(  and Kq  with 

0)(inf
0

tq
t

. Let Z  a normed linear space and consider 

the system: 

))()),(,(),(,()(

))()),(,(),(,()1(

tutxthtztt

tutxthtztgtz
             (2.8) 

where ZZ USZg : , USZ Z:

with 0)0,0,0,(tg  and 0)0,0,0,(t  for all Zt .

Suppose that there exist functions KL  and K ,

such that for every ZX),( 00 zx , Zt0 ,

DU MMdu ),( , the unique solution of (2.1) and (2.8) 

with initial condition ),())(),(( 0000 zxtztx
corresponding to inputs DU MMdu ),( , satisfies for all 

),[ 0tt :

0
],[

000 ,)(sup)(

))(),(),(,())(),(,()(

0

ttuzxt

tutytzttutxttq

tt
UZX

  (2.9) 

Then system (2.8) is called a Robust q Estimator for 
with respect to (2.1). System (2.8) is called a Robust 
q Estimator for system (2.1) if  is the identity map 

xuxt :),,( . If 1)(tq , then (2.8) is simply called a 
Robust Estimator for  with respect to (2.1). In any case, 
the map USZ Z:  is called the 
reconstruction map of the Robust ( q )Estimator for
with respect to (2.1) . 

Definition 2.4 Let UZ X: , where  is a 

normed linear space with 0)0,0,(  and Kq  with 
0)(inf

0
tq

t
. Suppose that (2.8) is a q estimator for 

with respect to (2.1). Moreover, suppose that (2.8) satisfies 
the Consistent Initialization Property, i.e., for every 

XZxt ),( 00  there exists Z0z  such that the unique 
solution of (2.1) and (2.8) with initial condition 

),())(),(( 0000 zxtztx  and corresponding to arbitrary 

UD MMud ),( , satisfies for all UD MMud ),(

))(),(),(,())(),(,( tutytzttutxt , 0tt     (2.10) 

Then we say that system (2.8) is a robust global 
q observer for  with respect to (2.1). If 1)(tq  then we 
say that system (2.8) is a robust global observer for  with 
respect to (2.1). If  is the identity map xuxt :),,( , then 
we say that system (2.8) is a robust global q observer for 
(2.1).     

Remark 2.5 We next discuss the consequences of 
Definition 2.4. 
i) Notice that according to Definition 2.4, an observer for 
(2.1) guarantees convergence of the estimates of the states 
only for bounded inputs UMu . The phenomenon that 
the state estimates of an observer converge to the states for 
bounded inputs and not necessarily for all possible inputs is 
a purely nonlinear one. For linear finite-dimensional 
systems with linear identity observers this phenomenon 
cannot happen. Moreover, it should be emphasized that 
there exist more demanding versions of the notion of an 
observer (see for example [22]), where convergence for all 
inputs is required. 
ii) The notion of state observer given by Definition 2.4 is 
weaker than the one of Definition 7.1.3 in [22], even when 
we consider autonomous systems without inputs and full 
order autonomous observers because Definition 2.4 does 
not guarantee the “Lyapunov stability” property for the 
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error xuyzte ),,,( : i.e. if the initial value for the 
error 000 xxe  is “sufficiently small”, we cannot 
guarantee that all future values of the error will be “small”. 
This stronger property would be satisfied if instead of (2.9) 
with xuxt ),,(  and 1)(tq  the following estimate were 
satisfied for the solution ))(),(( zx of system (2.1) with 
(2.8) for all 0tt :

000 ,)()()()())(),(),(,( tttettetxtutytzt  (2.9)’  
Instead, our asymptotic property (2.9) guarantees that if the 
initial condition ),( 00 xz  and the input u  are “sufficiently 
small”, then all future values of the error will be “small”. 
For example, if zero is a non-uniformly in time globally 
asymptotically stable equilibrium point for the system 
without inputs ))(,()1( txtftx , then according to 
Definition 2.4 the system ))(,()1( tztftz , zx  is a 
Global Identity Observer. On the other hand, if the 
definition of the observer were based on (2.9)’ instead of 
(2.9), then the system ))(,()1( tztftz , zx  would not 
be an observer for the system ))(,()1( txtftx , unless 
the system ))(,()1( txtftx  had special structure (e.g. 
linear systems).   

III. MAIN RESULTS 
      In order to be able to state our main results, it is 
necessary to introduce the notion of Robust (Strong) 
Complete Observability. The definition of the notion of 
robust (strong) complete observability for discrete-time 
systems directly extends the corresponding notions given in 
[10] for continuous-time autonomous systems. 

Definition 3.1 Consider system (2.1) and let 
UDud ii ),( , ,...1,0i  and define recursively the 

following family of mappings:

xxtF ),(0 , ),,,(),,,( 00
)1()1(

1 uxdtfudxtF

)),,,,(,,1(

:),,,(

1
)1()1(

11

)()(

i
ii

ii

ii
i

uudxtFditf

udxtF
, 2i

),(),(0 xthxty ,

)),,,(,(:),,,( )()()()( ii
i

ii
i udxtFithudxty , 1i

where ),...,(: 10
)(

i
i ddd , ),...,(: 10

)(
i

i uuu  for 1i .
Let an integer 1p  and define the following mapping for 

all pppp UDZudxt X),,,( )()( :

)),,,(),,,,(,...,),((

:),,,(
)()()1()1(

10

)()()1(

pp
p

pp
p

ppp

udxtyudxtyxty

udxty

We say that a continuous function );( XZCU
where  is a normed linear space, is robustly completely 
observable from the output ),( xthy  with respect to 

(2.1) if there exists an integer Zp  and a continuous 
function (called the reconstruction map) 

);( SSUZCU pp , such that for all 
pppp UDZudxt X),,,( )()(  it holds that

)),,,(,,(

)),,,(,(
)()()1()(

)()(

pppp

pp
p

udxtyupt

udxtFpt
          (3.1) 

Furthermore, we say that );( XZCU  is robustly 
strongly completely observable from the output ),( xthy
with respect to (2.1) if  is robustly completely observable 
from the output ),( xthy  with respect to (2.1) and for 

every Zt , Xx  there exists 
pp

ppp SUwwwww ),...,,,...,( 211  such that for all 
11)1()1( ),( pppp UDud and 1,...,1 pi  it holds that

)),,,(,,...,,,,...,,(

)),,,(,(
)()()1(

2
)(

1

)()(

iii
ipp

i
ip

ii
i

udxtywwuwwit

udxtFit
 (3.2a) 

)),(,,...,,,...,,(),( 211 xthwwwwtxt ppp     (3.2b) 

We say that system (2.1) is robustly (strongly) completely 
observable from the output ),( xthy if the identity 
function xxt ),(  is robustly (strongly) completely 
observable from the output ),( xthy  with respect to (2.1).  

Remark 3.2: Notice that for every input 

UD MMud ),(  and for every XZxt ),( 00 , the 
unique solution )(tx  of (2.1) corresponding to ),( ud  and 
initiated from 0x  at time 0t , satisfies the following relation 
for all ptt 0 :

))(),1(),...,1(),(),1(),...,(,(
))(,(

tytyptyptytuptut

txt

The following proposition provides sufficient conditions 
for the solvability of the robust q Estimator problem for 
(2.1). 

Proposition 3.3 Let );( XZCU  where  is a 

normed linear space. Suppose that );( XZCU  is 
robustly completely observable from the output 

),( xthy with respect to (2.1) and that in addition to (H1-
3) the following hypothesis also holds: 
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(H4) There exist functions );( SCUa Y , );( UCUb U ,
such that for every Sy , Uu , it holds that 

yya )(  and uub )( .

Then for every Kq  with 0)(inf
0

tq
t

 the robust global 

q Estimator problem for  with respect to (2.1) is 
solvable. 

We are now in a position to state our main result. 

Theorem 3.4 (Transitive Observability Property) Let
);( XZCU  and Kq  with 0)(inf

0
tq

t
.

Suppose that: 

(A1)  is robustly strongly completely observable from the 
output ),( xthy with respect to (2.1)

(A2) The robust global q observer problem for (2.1a) 
with output ),( xty  is solvable. Particularly, there 

exists ZZ UZ: , );(~ XZZCU ,

functions Kp , Kq such that 

UZZ utqptqpztqpuzt )()()(),,,(  for 

all UZuzt Z),,,(  in such a way that the 
following system

Zttxtz

txttzttx

tutxttzttz

,)(,)(

)))(,(),(,(~)(

))()),(,(),(,()1(

XZ

is a robust global q observer for (2.1a) with output 
),( xty .

Then under hypotheses (H1-4), the robust global 
q Observer problem for (2.1) with output ),( xthy  is 
solvable.
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