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Abstract: This paper deals with the tracking con-
trol of multi-input/multi-output nonlinear parametric
strict-feedback systems in the presence of additive dis-
turbances and parametric uncertainties. For such sys-
tems, robust adaptive controllers usually cannot en-
sure asymptotic tracking or even regulation. In this
work, under the assumption the disturbances are C2
with bounded time derivatives, we present a C0 robust
adaptive control construction that guarantees the track-
ing error is asymptotically driven to zero.

1 Introduction

Robust adaptive control laws in the presence of addi-
tive disturbances can generally ensure closed-loop sig-
nal boundedness and convergence of the tracking error
(state) to a residual bounded set with size of the or-
der of the disturbance magnitude, but not asymptotic
tracking (or regulation). See [3, 4, 5, 6, 7, 8, 10] for
examples of such results. In this paper, we consider
multi-input/multi-output (MIMO) nonlinear paramet-
ric strict-feedback systems subjected to bounded addi-
tive disturbances that are twice continuously di eren-
tiable and have bounded time derivatives. For these
systems, we present a continuous robust adaptive con-
trol construction that guarantees asymptotic tracking .
The proposed construction is based on the nonlinear ro-
bust control technique of [9], which was originally used
to compensate for unstructured uncertainties. Here, we
use it as a robustifying mechanism for adaptive con-
trollers. That is, adaptation is used to compensate for
structured (parametric) uncertainties while the robust
mechanism compensates for disturbances, hence recov-
ering the disturbance-free, asymptotic tracking prop-
erty of the adaptive controller. The standard adap-
tive backstepping design is judiciously modified to al-
low the use of the robust control technique of [9]. Also
instrumental to our new construction is the use of the
su ciently smooth projection-based adaptation law re-
cently introduced in [2]. This allows the adaptive sta-
bilizing functions of the backstepping design to be dif-
ferentiable as many times as necessary. The stability
analysis shows the proposed robust adaptive controller
yields semi-global asymptotic tracking.

2 Problem Statement

We consider a class of parametric strict-feedback sys-
tems of the form

ẋ1 = |
1 (x1) + x2 (1a)

...

ẋi = |
i (x1, ..., xi) + xi+1 (1b)

...

ẋn = |
n (x1, x2, ..., xn) + d+ u (1c)

where xi(t) Rm, i = 1, ..., n are the system states,

i Rp×m, i = 1, ..., n are known nonlinearities, Rp
is an uncertain constant parameter vector, d(t) Rm
is an uncertain additive disturbance, u(t) Rm is the
control input, and y = x1 is the system output. We
make the following assumptions regarding the system:

A1. i Cn+1 i, i = 1, ..., n.

A2. d C2 and kd(t)kL d̄0,
°°°ḋ(t)°°°

L
d̄1, and°°°d̈(t)°°°

L
d̄2 where d̄0, d̄1, d̄2 are known positive

constants.

A3. The parameter vector belongs to a compact con-
vex set := { : k k 0} where 0 is a known
positive constant.

Let the output tracking error be defined as

e := y yr (2)

where the Cn+1 reference trajectory yr(t) Rm is such
that

y(i)r (t) L , i = 0, ..., n+ 1, (3)

and (·)(i) (t) denotes the ith derivative with respect to
time. Our goal is to construct a state feedback control
u(x1, x2, ..., xn) that ensures e(t) 0 as t and the
boundedness of all closed-loop signals. The following
notation will be used throughout the paper: ˆi (t) Rp,
i = 1, ..., n 1 are parameter estimates;

˜
i(t) := ˆ

i(t), i = 1, ..., n 1 (4)

denote the corresponding parameter estimation errors;
Proj(µi,

ˆ
i) Rp, i = 1, ..., n 1, µi(t) Rp denote

Cn i 1 projection operators used to ensure ˆi(t) L
independent of the stability analysis (see Appendix A
for details); i Rp×p, i = 1, ..., n 1 are constant, di-
agonal, positive-definite matrices; and ci, i = 1, ..., n+1
are positive constants. To reduce the notational com-
plexity and facilitate the readability of the paper, the
control construction that follows is presented for the
case where m = 1. Note, however, that the main result
is readily applicable to the MIMO case. The following
inequalities will also be used throughout the paper:

ln (cosh (k k))
qX
i=1

ln (cosh ( i)) k k2 , R (5)

k k (k k+ 1) ktanh( )k , R. (6)
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3 Construction of Control Law

Step 1

We begin by di erentiating (2) and substituting from
(1a) to obtain

ė = |
1(y) + x2 ẏr. (7)

After adding and subtracting the term
|
1(yr) to (7),

the error system becomes

ė = |
1(yr) + x2 ẏr + w̃1. (8)

where
w̃1 = (

|
1(y)

|
1(yr)) (9)

Remark 1 Due to assumption A1 and (6), we can use
the Mean Value theorem to show

kw̃1k 11 (kek) ktanh (e)k (10)

where 11(·) R 0 is some globally invertible, nonde-
creasing function.

Let

2 :=
1

c1
(x2 1) (11)

where 1 is a stabilizing function yet to be designed.
To facilitate the notation, let

1 := e, (12)

and define

V1 = ln (cosh( 1)) +
1

2
˜|
1

1
1
˜
1. (13)

Di erentiating (13) along (8) gives

V̇1 = tanh( 1) (
|
1(yr) ẏr + 1 + w̃1 + c1 2)

˜|
1

1
1

.

ˆ
1 . (14)

Based on (14), we design the stabilizing function and
parameter update law as follows

1 = c1 tanh ( 1)
|
1(yr)

ˆ
1 + ẏr (15)

.

ˆ
1 = 1Proj(µ1,

ˆ
1), µ1 = 1(yr) tanh( 1).(16)

Substituting (15) and (16) into (14) gives

V̇1 c1 tanh
2 ( 1) + tanh ( 1) (c1 2 + w̃1) (17)

where property P2 of the projection operator was used
(see Appendix A).

Remark 2 The final step of our design will require

that
.

ˆ
i (t) L , i = 1, ..., n 1 independently of

the stability analysis. This motivates the use of the
term ln (cosh ( i)) in the Lyapunov function of the first
n 1 steps of the backstepping procedure. In particu-
lar, due to property P3 of the projection operator (see

Appendix A), we know
.

ˆ
i (t) L if µi(t) L .

The boundedness of µi is facilitated by the fact that
ln (cosh ( i)) / i = tanh( i).

Remark 3 Using (11) and (15), the state x2 can be
decomposed into

x2 = c1 2 c1 tanh( 1)| {z } |
1(yr)

ˆ
1 + ẏr| {z } (18)

1 b1

where the term 1 is a function of 1and 2, and the
term b1 is bounded . The usefulness of this decomposi-
tion will become apparent in the next step.

Step i (2 i n 1)

Let

i+1 :=
1

ci
(xi+1 i) (19)

where i is a stabilizing function, and di erentiate i :=
1

ci 1
(xi i 1) to obtain

˙ i =
1

ci 1

¡ |
i + ci i+1 + i ˙ i 1

¢
(20)

where (1b) was used. The derivative of

i 1(x1, ..., xi 1, ˆ1, ..., ˆi 1, yr, ..., y
(i 1)
r ) can be

written as

˙ i 1 = i 1(x1, ..., xi, ˆ1, ..., ˆi 1, yd, ..., y
(i)
d )

+
i 1X
j=1

i 1

xj
T
j (21)

where

i 1 =
i 1X
j=1

Ã
i 1

xj
xj+1 +

i 1

ˆ
j

.

ˆ
j

!

+
iX

j=1

i 1

y
(j 1)
d

y
(j)
d

is known. Using (21), we can rewrite (20) as

˙ i =
1

ci 1

£
i 1 + i + ci i+1

+ T
i

i 1X
j=1

i 1

xj
T
j| {z }

. (22)

wi(x1, ..., xi, ˆ1, ..., ˆi 1)

Adding and subtracting the term wbi /ci 1 to (22)
yields

˙ i =
1

ci 1

¡
wbi i 1 + i + ci i+1 + w̃i

¢
(23)

where wbi := wi(yr, b1, ..., b(i 1),
ˆ
1, ..., ˆi 1) and

w̃i = (wi wbi) . (24)
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Remark 4 Using assumption A1 and (6), we can show

kw̃ik ci 1

iX
j=1

ij (k¯ik)
°°tanh ¡ j

¢°° (25)

where ij (·) R 0, j = 1, ..., i are some globally in-
vertible, nondecreasing functions and ¯i := ( 1, ..., i)

|
.

Note that the calculation of (25) is facilitated by the fact
that xi b(i 1) = (i 1) (see Remark 3).

Define

Vi = Vi 1 + ln (cosh ( i)) +
1

2
˜|
i

1
i
˜
i (26)

whose derivative is

V̇i

i 1X
j=1

"
tanh

¡
j

¢
cj 1

¡
cj j+1 + w̃j

¢ cj tanh
2( j)

cj 1

#

+
tanh ( i)

ci 1

¡
wbi i 1 + i + ci i+1 + w̃i

¢
˜T
i

1
i

.

ˆ
i (27)

where c0 = 1. Based on (27), we design

i = ci tanh ( i) wbiˆi + i 1 (28)
.

ˆ
i = iProj(µi,

ˆ
i), µi =

1

ci 1
w|bi tanh ( i) .(29)

Substituting (28) and (29) into (27) gives

V̇i

iX
j=1

"
tanh

¡
j

¢ ¡
cj j+1 + w̃j

¢
cj 1

cj tanh
2( j)

cj 1

#
.

(30)

Remark 5 Using (19) and (28), the state xi+1 can be
written as

xi+1 = i + bi (31)

where

i = ci i+1 ci tanh ( i) + b(i 1) i 1, (32)

bi = b(i 1) wbiˆi , (33)

where b(i 1) := i 1(yr, b1, ..., b(i 1),
ˆ
1, ..., ˆi 1,

yr, ..., y
(i)
r ), i is a function of 1, ..., i+1, and bi is

bounded.

Step n

In the last step, we modify the standard backstepping
procedure in order to use the new robust control mecha-
nism of [9] to deal with the additive disturbance in (1c).
Let the variable r(t) be defined as

r :=
1

cn
˙n + n (34)

where

n :=
1

cn 1
(xn n 1) . (35)

After di erentiating (34), we obtain

ṙ =
1

cn
¨n + cnr cn n. (36)

Di erentiating n twice produces

¨n =
1

cn 1

³
˙ |n + ḋ+ u̇ ¨n 1

´
(37)

where (1c) was used.

We first concentrate on the calculation of the term ¨n 1

in (37). To that end, we have

˙ n 1 =
n 1X
j=1

n 1

xj
T
j (x1, · · · , xj) + (38)

where

=
n 1X
j=1

Ã
n 1

xj
xj+1 +

n 1

ˆ
j

.

ˆ
j

!
+

nX
j=1

n 1

y
(j 1)
d

y
(j)
d

(39)
is known. Di erentiating (38) gives

¨n 1 = ˙ + f1(x1, ..., xn, ˆ1, ..., ˆn 1, yd, ..., y
(n 1)
d )

+g1(x1, ..., xn, ˆ1, ..., ˆn 1, yd, ..., y
(n)
d ) (40)

where

g1 (·) =
n 1X
j=1

(
n 1

xj

"
jX

k=1

Ã
T
j

xk

¡
xk+1 +

T
k

¢!#

+
nX
k=1

2
n 1

xj y
(k 1)
d

y
(k)
d +

n 1X
k=1

"
2

n 1

xj ˆk
bk

2
n 1

xj xk

¡
xk+1 +

T
k

¢¸¾
T
j , (41)

f1 (·) =
n 1X
j=1

Ã
n 1X
k=1

2
n 1

xj ˆk
µk

!
T
j , (42)

and property P3 of the projection operator was used.

We now turn our attention to the calculation of the
term ˙ Tn in (37). To that end, we have

˙ Tn = g2(x1, · · · , xn, ˆ1, · · · , ˆn 1, yd, ..., y
(n)
d )(43)

+f2(x1, · · · , xn, ˆ1, · · · , ˆn 1, yd, ..., y
(n)
d )

where

g2 (·) =
T
n

xn

n 1X
j=1

µ
n 1

xj
T
j +

n 1

xj
xj+1

+
n 1

ˆ
j

bj +
n 1

y
(j 1)
d

y
(j)
d

!

+
n 1X
j=1

T
n

xj

¡
T
j + xj+1

¢
(44)
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and

f2 (·) =
T
n

xn
(cn 1cnr cn 1cn n

+
n 1X
j=1

n 1

ˆ
j

µj . (45)

Substituting (40), (43), and (37) into (36), we obtain

ṙ =
1

cn 1cn

³
f2 f1 + ḋ+ u̇ ˙ + g2 g1

´
+cnr cn n. (46)

We now add and subtract the terms gb1 =
g1(yd, b1, ..., b(n 1),

ˆ
1, ..., ˆn 1, yd, ..., y

(n)
d ) and

gb2 = g2(yd, b1, ..., b(n 1),
ˆ
1, ..., ˆn 1, yd, ..., y

(n)
d ) to

the right-hand side of (46) to obtain

ṙ = cnr cn n +
1

cn 1cn

³
f2 f1 + ḋ+ u̇ ˙

+ g2 gb2 + gb1 g1| {z }+ gb2 gb1| {z }
¶

(47)

f3 h

where h(yd, b1, ..., b(n 1),
ˆ
1, ..., ˆn 1, yd, ..., y

(n)
d ) has

the special property that

h(t), ḣ(t) L (48)

due to (3) and properties P1 and P3 of the projection
operator. Finally, we rewrite (47) as

ṙ =
1

cn 1cn

³
˙ + h+ ḋ+ u̇

´
+ f + cnr cn n (49)

where f := (f2 f1 + f3) /cn 1cn.

Remark 6 Using (84) and (6), we can show f has the
special property that

kfk f (kxk) kzk (50)

where f (·) R 0 is some globally invertible, non-
decreasing function, and

x = ( 1, 2, ..., n, r)
|

z =
¡
tanh( 1), tanh( 2), ..., tanh( n 1), n, r

¢|
.
(51)

Based on (49), we design u̇ as [9]

u̇ = ˙ sgn( n) cn 1cn(cn + cn+1 + 1)r (52)

where > 0. The actual C0 control input can be written
from (52) as follows

u(t) =

Z t

0

[cn 1cn(cn + cn+1 + 1) n( )

+ sgn( n( ))] d + (t) (0)
cn 1cn(cn + cn+1 + 1) ( n(t) n(0))

(53)
where u(0) = 0. After substituting (52) into (49), we
obtain the closed-loop system

ṙ = r cn n+f cn+1r+
1

cn 1cn

³
h+ ḋ sgn( n)

´
.

(54)

4 Main Result

Before presenting the main result in Theorem 1, we
state a technical lemma.

Lemma 1 (See [9] for proof.) Let the function L(t)
R be defined as follows

L :=
r

cn 1cn

³
h+ ḋ sgn( n)

´
. (55)

If the control gain is selected to satisfy the following
su cient condition

> kh(t)kL +
°°°ḋ(t)°°°

L
+
1

cn

µ°°°ḣ(t)°°°
L

+
°°°d̈(t)°°°

L

¶
,

(56)
then Z t

0

L( )d b (57)

where the positive constant b is defined as

b =
1

cn 1c2n

h
| n(0)|+ n(0)

³
h(0) + ḋ(0)

´i
. (58)

Theorem 1 The control law (53) ensures that all
system signals are bounded and e(t) 0 as t
, provided is adjusted according to (56), cn >

(cn 1/2cn 2)
2
, and the control gains ci, i = 1, ..., n+ 1

are selected su ciently large relative to the system ini-
tial conditions.

Proof: Let the function P (t) R be defined as follows

P (t) := b

Z t

0

L( )d (59)

where b and L(t) were defined in Lemma 1. If is
selected to according to (56), it follows from Lemma 1
that P (t) 0.

We now define the following function V

V := Vn 1 +
1

2
2
n +

1

2
r2 + P. (60)

Using (5), we can bound (60) as follows

1 ln (cosh(ksk)) V 2 ksk2 (61)

where

s = [xT ˜
T

1 ...
˜T
n 1 P ]T ,

1 =
1

2
min

©
1, min

¡
1

i

¢ª
,

2 = max

½
1

2
max

¡
1

i

¢
, 1

¾
, (62)

and x was defined in (51).

Taking the time derivative of (60) and substituting from
(34), (54), and (59), we obtain1

V̇ = V̇n 1 cn
2
n r2 + rf cn+1r

2 (63)

1 If f̄(s, t) denotes the right-hand side of the closed-loop sys-
tem on which the stability analysis is being performed, notice

from (54) and (55) that f̄(s, t) has a discontinuity on the set
of Lebesgue measure zero {(s, t) : n = 0}. Since Lemma ?? re-
quires that a solution exist for ṡ = f̄(s, t), see [9] for a discussion
on the existence of Filippov’s generalized solution.
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upon use of (55). Substituting now from (30) for j =
n 1 and (50) gives

V̇
n 1X
j=1

"
tanh

¡
j

¢
cj 1

¡
cj j+1 + w̃j

¢ cj tanh
2( j)

cj 1

#
cn

2
n r2 +

£
f (kxk) kzk krk cn+1r

2
¤
(64)

We can upper bound (64) by using (25) as follows

V̇
n 1P
j=1

cj
cj 1

tanh2( j) cn
2
n r2 cn+1r

2

+ f (kxk) kzk krk+
n 1P
j=1

cj
cj 1

tanh
¡
j

¢
j+1

+
°°tanh ¡ j

¢°° jP
k=1

£
jk

¡°°
j

°°¢ ktanh ( k)k
¤¸
.

(65)
Using (6), we can show that for k = 1, ..., n 2°°tanh ¡ k+1

¢°°
k+1,k

¡°°¯k+1°°¢ ktanh ( k)k
+
ck
ck 1

tanh ( k) k+1

ktanh ( k)k
°°tanh ¡ k+1

¢°°
× ck

ck 1

¡°°
k+1

°°+ 1¢+ k+1,k

¡°°¯k+1°°¢¸| {z } .
¯k+1,k

¡°°¯k+1°°¢
(66)

Now, let cj = cj 1 (kj + n j), j = 1, ..., n 2 and
cn 1 = cn 2 (kn 1 + 2) where kj > 0, j = 1, ..., n 1,
and rewrite (65) as

V̇
n 1X
j=1

(kj + 1) tanh
2( j) cn

2
n r2

+
n 1X
j=1

j 1X
k=1

£
jk

¡°°¯j°°¢ ktanh ( k)k
°°tanh ¡ j

¢°°
tanh2( j)

¤
+
n 1X
j=1

jj

¡°°¯j°°¢ tanh2 ¡ j

¢
+

cn 1

cn 2
tanh

¡
n 1

¢
n tanh2

¡
n 1

¢¸
+
£
f (kxk) kzk krk cn+1r

2
¤

(67)

where j+1,j = ¯j+1,j and 10 = 0. Completing squares
on the above bracketed terms yields

V̇
n 1X
j=1

tanh2( j) r2

"
cn

µ
cn 1

2cn 2

¶2#
2
n

+
2
f (kxk)
4cn+1

kzk2
n 1X
j=1

£
kj jj

¡°°¯j°°¢
1

4

j 1X
k=1

2
jk

¡°°¯j°°¢
#
tanh2

¡
j

¢
. (68)

Let

j

¡°°¯j°°¢ = jj

¡°°¯j°°¢ 1

4

j 1X
k=1

2
jk

¡°°¯j°°¢ (69)

cn > (cn 1/2cn 2)
2
, (70)

where j = 1, ..., n 1, and let =

min

½
1, cn

³
cn 1

2cn 2

´2¾
, then (68) can be written

as

V̇
n 1X
j=1

¡
kj j

¡°°¯j°°¢¢ tanh2 ¡ j

¢
Ã

2
f (kxk)
4cn+1

!
kzk2 . (71)

It follows from (71) that

V̇ kzk2 (72)

for

kj > j

¡°°¯j°°¢ , j = 1, ..., n 1 and

cn+1 >
2
f (kxk)
4

(73)

where the constant is such that 0 < < 1.where the
constant satisfies 0 < < 1.

From (61) and (72), let

W1(s) := 1 ln (cosh(ksk)) , W2(s) := 2 ksk2 ,
W (s) := kzk2 . (74)

From (73), we define the sets D and S as follows
D := {s : ksk < smin} (75)

S := {s D :W2(s) < 1 ln (cosh (smin))} .(76)

where smin = min
n

1
j (kj),

1
f (2 cn+1)

o
. We can

now invoke Lemma 2 of [1] to state that s(t) L .
From (3), we then know x1(t) L . From (15), (16),
and property P3 of the projection operator, we know

1(t),
.

ˆ
1 (t) L . We can now use (11) to show x2(t)

L . From (1a), we know ẋ1(t) L . Continuing
with this procedure, we can show i(t), xi+1(t), L ,
i = 2, ..., n 1. We can then state ˙ i(t), ˙ i 1(t)
L , i = 1, ..., n 1 by using (22). Using (54) and
assumption A2, we can show ṙ(t) L . From (34) and
(38), we know ˙n(t), ˙ n 1(t) L ; hence, from the
time derivative of (35), we have ẋn(t) L . Finally,
we can use (1c) to show that u(t) L .

Now, it is clear from (74) that Ẇ (s(t)) L , which
is a su cient condition for W (s) being uniformly con-
tinuous. It then follows from Lemma 2 of [1] that
kz(t)k2 0 as t s(0) S, which implies from
(51) that e(t) 0 as t s(0) S.
Note that the region of stability in (76) can be made
arbitrarily large to include any initial conditions by in-
creasing the control gains ci, i = 1, ..., n + 1 (i.e., a
semi-global stability result). Specifically, we can use
the second equation in (74) and (76) to calculate the
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region of stability as follows

ki > i

µ
cosh 1

µ
exp

µ
2

1
ks(0)k2

¶¶¶
,

i = 1, ..., n 1, and

cn+1 >
1

4
2
f

µ
cosh 1

µ
exp

µ
2

1
ks(0)k2

¶¶¶ (77)

where

ks(0)k =
vuut nX

i=1

2
i (0) + r

2(0) +
n 1X
i=1

˜|
i (0)

˜
i(0) + P (0)

(78)
Note that the inequalities in (70) and (77) can be satis-
fied for large enough gains ci, i = 1, ..., n+1 because: i)
i(·) is not a function of ci, ii) i(0), r(0), and P (0) are
only a function of 1/ci, and iii) r(0) is not a function of
cn+1 since u(0) = 0.

5 Conclusion

This work considered the tracking problem for MIMO
nonlinear parametric strict-feedback systems in the
presence of additive disturbances and parametric un-
certainties. The continuous robust adaptive controller,
whose construction is founded on the fusion of an adap-
tation law and a dynamic robust control mechanism, ex-
ploits the two times continuous di erentiability of the
disturbances. The robust adaptive control law guar-
antees the semi-global asymptotic convergence of the
tracking error to zero and boundedness of all signals.
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A Projection Operator

We use the following projection operator, which was
recently proposed in [2]:

Proj(µi,
ˆ
i) = µi

1 2 p(ˆi)

4 ( 2 + 2 0)
n i 2

0

, i = 1, ..., n 1

(79)
where

p(ˆi) = ˆT
i
ˆ
i

2
0, (80)

1 =
pn i(ˆi) if p(ˆi) > 0

0 otherwise,

(81)

2 =
1

2
p(ˆi)µi +

sµ
1

2
p(ˆi)µi

¶2
+ 2,(82)

µi was defined in (29), is the gradient operator, ,
are arbitrary positive constants, and 0 was defined
in assumption A3. It can be proven that the above
projection operator has the following properties [2]: If
ˆ
i(0) , then

P1.

°°°ˆi(t)°°° 0 + t 0;

P2. ˜
T

i Proj(µi,
ˆ
i) ˜T

i µi;

P3. Proj(µi,
ˆ
i) = µi + bi and

°°°Proj(µi, ˆi)°°°
kµik

"
1 +

µ
0 +

0

¶2#
+

0 +

2 2
0

, where

µi = µi
1 ( 2 ) p(ˆi)

4 ( 2 + 2 0)
n i 2

0

,

bi =
1 p(ˆi)

4 ( 2 + 2 0)
n i 2

0

,

(83)

and °°
µi

°° kµik
"
1 +

µ
0 +

0

¶2#
,

k bik 0 +

2 2
0

; (84)

P4. Proj(µi,
ˆ
i) Cn i 1.

2882
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