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Leaderless Consensus Control of Dynamical Agents Under Directed
Interaction Topology

Jiahu Qin Changbin Yu

Abstract— This paper investigates the leaderless consensus
control problem for a group of agents under fixed or switching
directed interaction topology, where each agent is modeled as
a generic linear system rather than the single- or double-
integrator dynamics. For the case with fixed topology, it
is shown that consensus can be reached by assigning an
appropriate feedback matrix if the interaction topology has
a directed spanning tree; while for the switching case, by
imposing the balanced condition on the interaction topology,
sufficient conditions are provided for the agents to reach
consensus under arbitrary switching signal. Furthermore, the
consensus equilibria are specified for both cases.

I. INTRODUCTION

During the recent years, information consensus of au-
tonomous agents has spurred increasing attention and study
due to its wide application in various disciplines. Much work
has been done, see e.g. [4], [5], [6], [9], [11], [12]. For
more details and developments, see the survey paper [13]
and references therein.

Most of the existing literature focuses on consensus algo-
rithms for agents modeled by single- or double-integrator
dynamics. Recently, the consensus problems for agents
modeled as generic linear systems is investigated in [15],
which aims at designing an appropriate feedback gain ma-
trix guaranteeing the final consensus. The model is further
investigated in [8] under fixed and switching interaction
topology in a leader-following framework, in which different
methods are used for the convergence analysis. Furthermore,
a Riccati-inequality-based method is proposed in [8] to find
the feedback gain matrix which thus reduces the computation
load largely compared to that in [15]. Note here that the
widely employed product properties of row-stochastic as well
as the related nonnegative matrix theory in performing the
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convergence analysis for agents modeled by integrators under
dynamic topology (see, e.g. [12], [11]) does not work in
the context of generic linear system dynamics. In [8], the
convergence analysis for the case with fixed and switching
topology are performed by employing Lyapunov method
together with graph theory, in which the interaction topology
is much relaxed as opposed to that in [15]. The relaxation on
the interaction in [8] relies heavily on the leader-following
architecture, and the convergence analysis therein cannot
be extended directly to deal with the leaderless consensus
control. Moreover, it is worth pointing out that both the
work in [8] and [15] are based on undirected interaction
topology, and the convergence analysis employed therein
does not work for the directed case, which, in general, is
more challenging than that of the undirected case.

With the above motivation, we investigate in this paper
the leaderless consensus control for multiple agents under
directed interaction topology. For the case with fixed topol-
ogy, it is shown that consensus control can be realized
by assigning appropriate feedback matrix if the interaction
topology has a spanning tree, in which the idea employed
in performing the convergence analysis is motivated by the
treatment of synchronization in complex dynamical networks
[10], [14], [16]. It is further shown that the leader-following
framework considered in [8] is a special case of the model
considered in this paper. For the case with directed interac-
tion topology, the consensus problem is investigated under
arbitrarily switching balanced interaction topology. The main
contribution of the part concerning the switching case lies
in the extension of the existing literature to the case with
dynamically changing weighting factors as opposed to the
finite case in [8], [9], and [15].

II. PRELIMINARY

The following notations will be used throughout the paper.
Denote by M > 0 (M < 0) that M is symmetric positive (nega-
tive) definite. If all the eigenvalues of M are real, then denote
by Amax(M) and A i, (M) the maximum and minimum eigen-
values of M, respectively. Denote by diag{A,A»,...,A,} the
block diagonal matrix with its ith main diagonal matrix being

a square matrix A;, i = 1,...,n. By abuse of notation, for
any m X 1 vector @, denote by diag(a) € R"™*™ the diagonal
matrix with the ith (i =1,2,...,m) diagonal element being

the ith element of o. A matrix is called nonnegative (positive)
whenever all its elements are nonnegative (positive).

Let G be a weighted digraph of order N, and o/ = [a;;] €
RV*N be the associated adjacency matrix in which a;; > 0
whenever there is a directed edge from node j to node i.
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Moreover, we assume a;; =0, i=1,...,N. Denote by L =
[¢;j] the Laplacian matrix associated with G, where /;; =
—a;j, i # j, and [; = ZkN=1.k;£iaik' Apparently, any square
matrix with non-positive off-diagonal elements and zero row
sum, shall be called graph Laplacian for convenience, can
be deemed as a Laplacian matrix of a weighted digraph.
Digraph G is called balanced if and only if 1TL =0 [9].

A digraph is called strongly connected if any two distinct
nodes of the graph can be connected by a directed path;
while it is called weakly connected if replacing all of its
directed edges with undirected edges produces a connected
graph. A directed graph has a spanning tree if there exists at
least one node, called the root node, having a directed path
to all other nodes. Note that if G is strongly connected, then
there exists a positive column B = [B,,B,,...,By]T € RY
satisfying BTL =0 and BT1y = 1 [7]. With this notation,
the following result regarding the algebraic connectivity of
strongly connected digraph is proposed in [16].

Lemma 1: (Lemma 7, [16]) If L is the Laplacian matrix of
a strongly connected graph, then the algebraic connectivity

~

)CT
a(L) = L

= min ———— >0, 1
ATp=0.c0 X' diag(B)x M

where L = (diag(B)L+ L diag(B))/2 and B is as defined
above.
Lemma 2: Let x € R™>*"™N be any column vector satisfy-
ing
(BT @el)x=0, )
where ¢; € R” stands for the column vector in which only the
ith entry is 1 and all the other entries are 0, and ® denotes

the Kronecker product. Then for any symmetric positive-
semidefinite matrix B € R"™*", we have

x"(L®B)x > a(L)x" (E2 B)x, (3)

where & = diag(B).

Proof: See the appendix. |
When L is the Laplacian matrix of an undirected and

connected graph, it is easy to get that a(L) = A,(L), where

A2(L) is called the algebraic connectivity of G [3] and

T
L

A2(L)= min i)
x£01Tx=0 X1x

With this notation, as a corollary of Lemma 2, we have:

Corollary 1: Assume L is a Laplacian matrix of a con-
nected undirected graph. Let x = [x],xI,... x5|T € RV,
where x; € R", i=1,...,N, be any column vector satisfying
Zfilxi = 0. Then for any symmetric positive-semidefinite
matrix B € R™" we have

x"(L®B)x > Ay(L)x" (Iy ® B)x.

By using similar proof techniques as that for Lemma 2,
one can easily derive the following result:

Lemma 3: Let P € RV*N be any symmetric matrix and
B € R™" be any symmetric positive-semidefinite matrix.
Then, for any column vector x € R*™*"N we have xT (P ®
B)x > Apin(P)xT (Iy ® B)x.

Consider a multi-agent system consisting of N agents.
Each agent is regarded as a node in a digraph G, and the
dynamics of which is modeled by

X = Ax; + Bu,, 4)

where x; € R” is the ith agent’s state, and u; € R is the ith
agent’s input which can only use local information from its
neighboring agents. The matrix B is of full column rank.
Throughout the paper, the matrix pair (A, B) satisfies the
following assumption:
Assumption 1: The pair (A,B) is stabilizable.

III. CONSENSUS UNDER FIXED INTERACTION TOPOLOGY

The following control law will be used for agent i:

ui:KZaij(xj—x[), i=1,2,...,N, 5)
JEN;

where a;; > 0, K € R™*" is a feedback matrix to be designed.

Without loss of generality, we shall assume that the
interaction topology G has g (1 < g <N) strongly connected
components, say Gi,...,G,, with, respectively, the node sets
YV (Gy) = {Zﬁ;(l)nj+1,...72ﬁ-:0nj}, 1 <¢<gq, where ny=0;
and the Laplacian matrix L associated with G takes in the
following Frobenius normal form [2]:

L 0 . 0
Ly Lp - 0

)
Lgp L - Ly

where L; € R"*" j=1....4.

Note that if G has a spanning tree, for each p =2,...,q,
there must exist 1 < k < p such that L,; # 0 [14]. Then,
following exactly the same proof as that in Lemma 4 in
[10], we can get the following result:

Lemma 4: If G has a spanning tree, then for any i =
2,...,q, there exists a positive column vector 3; such that
the matrix diag{;}L; + Lidiag{B,;} > 0. In fact, B; € R"
can be chosen as the positive left eigenvector of L; +
Z’[:ll 2 (Ly;) associated with eigenvalue O satisfying [3,-T1,,i =
1, i=2,...,q, where %Z(Ly;) denotes the diagonal matrix
with the kth (k= 1,...,n;) diagonal element being the ith
row sum of Ly;.

In the sequel, denote E; = diag{B,}. i=2,....q.

Theorem 1: Consider a group of agents (4) under fixed
interaction topology G. If G has a spanning tree, then there
exist a feedback matrix K such that all the agents reach
consensus exponentially fast by using control law (5).
Proof: We first prove that the consensus of the group of
agents with Laplacian matrix L;; can be realized.

Let B, =[B1,...,B1"]T € R™ be the positive vector satis-
fying B]L =0 and ﬂ?ln1 =1and E| =diag{P,}. Denote the
state error between agent i and Y| BXx (1) as ei(t) = x;(t) —
Y, [ilka(t),i =1,...,n;. In the sequel, # might be dropped
for notational simplicity. Then, one obtain the following error

1456



dynamical system:

]
é; = Ax; + Bu; — Z [))II(AX]('FBM]()
=Aej+BK Y ajj(ej—e BKZﬁl Y a(x;
JEN; k=1 jeNg
= Ae; +BK Z ajj(ej—e;) —|—(ﬁ1L11 ®BK)x,i=1,...,n;
JEN;
(6)
Lete=[e],el,... ,eEI]T. Note that BTL;; = 0, then system

(6) can be written in the following compact form:
¢ = [ly®A—Ly®BKle. (7)

Since G(Lp;) is strongly connected, it follows from
Lemma 1 that a(Lj) > 0. If (A, B) is stabilizable, then there
exists a solution P > 0 to the following Riccati inequality

PA+A"P —2a(L)PBB'P+4-2a(L)I, < 0. (8)

Let P be a solution of Riccati inequality (8) and the
feedback matrix K be K = BTP. Consider the following
Lyapunov function candidate

Vi(t) = €' (1)[2) @ Ple(r).
Differentiating V) (¢) along the trajectories of (7) yields
Vi(t)

e (1)[E1 @ (ATP+ PA) —
[E1®(ATP+PA) —

2111 ® PBB"Ple(t) )
2a(Ly1)Z) @ PBBTPle(t) (10)

(t
T
l B.el (1)[ATP+ PA —2a(Ly,)PBB" Ple;(r)

(L) iﬁb?(z)«(z) <o,

for any e(t) # 0, where Li; = (E 1L1 + LT E1)/2, (10) is
obtained by observing that Y !, Biei(t) = 0 and applying
Lemma 2 to the second term in (9).

)
)

IN
8

I
S

Il
-

(1)

Note that Vi(r) = X', Bief Pe; < Amax(P) X1, Biele,
which, together with the inequality in (11) implies
that  Vi(t) < —7“EV() and  thus  Vi(e(r)) <
Vi(e(0))exp(— ;Zﬁié')) ). This means that e(¢) approaches 0
exponentially fast with a least speed of € = /1"(1:1(1)) That

is, the group of agents with Laplacian matrix L;; reach
consensus exponentially fast. Let x*(r) = YL A}
Clearly, x*(r) satisfies the following equation [14]

() = Ax*(t) + O(e” "), for some € > 0,

and [x{,...,x; ]T =1, @x* +0(e®).

Now we proceed to prove that consensus can be reached
by the other groups of agents. Let ¢; =x; —x*, i=1,2,...,N
and S; =Y/ _nj, i=1,...,q. Obviously, S +---+S, =N

We further let y; = [eg . y,.--,e5]", k=2,...,q and y =

vi,... ,y;]T. Then, the network systems (4) with control law
(5) can be written in the following compact form:

Yy =[IN-n, RQA— L@ BK]y+O0(e™¥),
Ly 0 - 0
- L3 L33 o 0
where L = . . .
L.2 L B L;]
Consider the followmg Lyapunov function candidate

= Z Ay} (2i® P)y;,
i=2
where P is a positive definite matrix to be chosen in order
to satisfying: 1) V(¢) is a valid Lyapunov function; 2) the P
chosen for V|(¢) and V() are the same and thus guarantee
K = BTP to be designed are consistent throughout the proof.
Note that

Y (Lij®BK)y; +0(e ), i=2,...,q.

=2
(12)
Differentiating V() along the trajectories of (12) gives

)}i = (In; ®A)yl -

V(t)

—Z{ {yz 10AT) - Zy,

6 KT8T)+ 0 ) (ZiP)

xyi+A; (Ei®P) [(1 QA)y; — Zl’ (Lij®BK)y; —|—O(e£’)} }

J=2

q i
—2Y" Y Ayl (EiLi; @ PBBTP)y;
i=2 j=2

® (ATP+ PA)]

- ZAlyl =i &

+2 Z Ayl (E;@P)O(e”®)
i=2
=y [diag{AEs,...,AjEy} @ (ATP+ PA) — ,® PBB'P|y

q
+2Y Ayl (B @ P)O(e™ ),

i=2
where ®;, i =2,...,q, is defined as
Ay (Balm + L3, Es) ALY, Es ALLE;
A3E3L3) A3(E3Lsz + L33 E3) ALLE;
P; = . .
AEiLp AEiL; Ai(EiLi +LTE)

(13)
In order to find an appropriate matrix P such that V(z) is
a valid Lyapunov function, we first prove that matrix @,
is positive definite if the constant positives A;,;i =2,...,q
are appropriately chosen. It follows directly from Lemma 4
that all the matrices E,-L,-,-—FLEE,-, i=2,...,q, are positive
definite. Thus, @y = §2(E2L2» +L§232). Suppose that ®; >
0,2 <i< g—1, to complete the proof for the argument, it
suffices to prove by induction that ®;;; > 0. To this end,
according to Schur complement lemma [1] and by noting
the fact that E; (L1141 —i—L,-THJHE,-H > 0, it suffices to
prove that

T - T —- -1
D; — A1 Iy (Ziv1 Liv1ivn +Lisy 1 Ziv1)” g >0,
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where Il = [ EiyiLivi2  Zip1Liv13 EiviLivi ],
which can be guaranteed by choosing appropriate A;;; so
that A;; is sufficiently smaller than A; for any j <i.
Assume now that A;;i = 2,...,q are properly chosen
constants such that &, > 0. Recall that E; = diag{B;},

T
where 3; = [ﬁ},ﬁ%,,ﬁ?’] eR" i=2,...,q. Let 8,in =

Aomin(@4) x min{(AB) 1 :i=2,...,g,1 < j<n;} and § =
min{2a(L;;),0min}. Since (A,B) is stabilizable, we can
choose P as a solution to the following Riccati inequality

PA+A"P—8PBBTP+ 61, < 0. (14)

It is clear from the discussion above that such P as cho-
sen satisfying (14) can guarantee the final consensus of
the group of agents with Laplacian matrix Lj;. Let A =
diag{ArZ,,...,A,E,}. With the above notations, we can get
that

40
<y [A® (ATP+ PA) — Apuin(®,) ® PBBTP] y

q
+2 Z AT (2@ P)O(e™®)
i=2

= (A2 @ 1,)y]" [1© (ATP + PA) — Lyuin(®,)A~" @ PBBTP]
q
< (A2 @1,)y]+2 Y ApT (Bi@ P)O(e )
=2

<[(AV?@1,)y" [1® (ATP + PA) — 81 © PBB"P] (A2 @ 1,)y]
q
+2Y Ay (Ei®P)O(e™™)
i=2
N*l’l]

i=1 i=2
N—ny q
< Y —&Tyi+2) Ay (Ei@P)O(e™®)
i=1 i=2
q
— —5"(AeL)y+2Y Ay (E@P)O(e ),
i=2
where 5; = (Al/z ®In)y = Jfaf’;v s J)'Elfm }T € R(N—nl)n’ )71' €
R"i=1,...,N —n;. This implies V(f) converges to zero
exponentially and therefore completing the proof. ]
Remark 1: Theorem 1 specifies that x*(r) =¥, L, BXxi (1),
the weighted average value of all the states of the agents with
Laplacian matrix L;y, is the final group consensus value for
all the N agents. That is, the consensus value is decided by
all the agents which can be connected to all the other nodes
by directed paths.
Remark 2: Note that in the leader-following framework,
as in [8], the leader, indexed as agent 0, is modeled by Xy =
Axp, and the control law for agent i is designed as:

ui=K Y ajj(xj—x)+Kdi(xo—x;), i=12,....,N, (15)
JEN;
where d; > 0 whenever the agent i can receive information
from the leader and d; = 0 otherwise.
Let ajo=d; and ap; =0, i=1,...,N, then the control laws
for all the agents as well as the leader take in the following

q
§i' (ATP+PA—SPBBTP)y;+2 ) Ay! (Ei® P)O(e™®)

form

N
u, =K Z aij(xj—xi), i=0,1,...,N. (16)
J=0,j#i

This implies that the leader-following consensus problem
is transformed to the consensus problem of N 4 1 agents.
Let G denote the digraph consisting of G, leader 0 and the
directed edges from leader O to the agents in G which have
access to the leader. Therefore, as a corollary of Theorem 1,
we directly obtain that all the agents can follow the leader
exponentially fast by assigning an appropriate K to control
law (15) if G has a spanning tree.

When G is undirected, this is just the main result consid-
ered in [8] for the fixed topology. Thus the result in Theorem
1 extends the result in [8] regarding the case with fixed

topology to a very general setting.
-1 -1 0

-1 2 1 0 L.
0 0 -3

Obviously (A,B) is stabilizable. Assume the interaction
topology is as shown in Figure 1. By some manipulation,
we can get 6 = 1. According to (14), P can be chosen

Example 1: Let A = andB=[0 1

13322 —15792 —0.2676
as P = | —15792 50263  0.8785 and thus K = BTP =
—02676 08785  0.4975

[ —1.5792 5.0263 0.8785 ].

It can be seen from Figure 2, which specifies the trajecto-
ries of the error states e; = x; — %(xl +x+x3),i=1,...,6,
that the states of all the agents converge to the weighted

average of the states of the three “leader” agents, i.e. agents
1, 2, and 3.

Fig. 1.

w0
-100 : ;
1 2 3 4 5 6
t
50 :
o™ 0%\ ——
50 .
0 1 2 3 4 5 6
t
50 : :
—
o
o
0 ,//
-100 .
0 1 2 3 4 5 6
t
Fig. 2. Error states e;, i = 1,2,...,6.

IV. CONSENSUS UNDER SWITCHING TOPOLOGY

Let 0: [0,+00) — I'y be a switching signal that determines
the weighted interaction topology, where I'y is the index set
of all the possible weighted interaction topologies. Different
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from most of the existing literature (see, e.g. [9], [8], [15])
in which I'y is a finite set and thus weighting factors are
constant for each interaction topology, I'y here is an infinite
set as the weighting factors are allowed to be dynamically
changing.

The control law for agent i is designed as:

KZal]

JENi(1)

7)(,‘), i= 1,2,...,N,

where N;(z) is the set of neighbors of agent i at time t. We
assume that all the nonzero and hence positive weighting
factors are both uniformly lower and upper bounded, i.e.,
aij(t) € [a, 0, where 0 < o < @, if j € Ni(z).

Denote the state error between agent i and 5 Yo x(f)
as e;(r) = x,(t) TN x(r),i = 1,2,...,N. Let e =
[eT,el,... eN]T. Then, by observing that 1 vLo =0, Where
Ls is the Lapla01an matrix associated with G4, then similar
to the deriving of (7), one can obtain the following compact
form of the error dynamical system:

é = [IN®A—Ls®BKle. 17

Lemma 5: Let Y be the set of all possible Laplacian
matrices with which the associated digraph are balanced and
weakly connected, i.e.

Y={L=
Lj=1,...,

[¢;;]|L is a graph Laplacian ; —¢;; € {0} U[a, @],
N,i# j;1TL=0; G(L) is weakly connected},

then T is a compact set in RV,

Proof: See the appendix. ]
Theorem 2: Consider a group of agents modeled by a

directed graph with switching topology G5 which is kept

weakly connected and balanced. Then, for any arbitrary

switching signal o(-), all the agents reach average consensus

exponentially fast by using control law (5).

Proof: Accordmg to Theorem 7 in [9], L"+L is a Laplacian

matrix of GG, the undirected mirror graph of G4. Since G4
is weakly connected, G is connected. Thus lz(L"H )>0

for any o(+). Define the following multivariate function:

L+LT
2

It is clear from the well-known fact that the eigenvalues of
any matrix are continuous functions of the elements of the
matrix that g(-) is a continuous function. This, together with
Lemma 5 that the set Y is compact, implies that there exists a
positive number A, such that A, = mm{kg(l‘“ JLeY} >
0. It then follows from the fact that (A,B) is stabilizable
that there exists a solution P > 0 to the following Riccati
inequality

g: Y—=RY g(L) = Ay

),VLeTY.

PA+ATP—22,PBBTP+ 2,1, < 0. (18)

Consider the following Lyapunov function candidate

V(t) = e (t)[Iy @ Ple(r).

Differentiating V (¢) along the trajectories of (17) yields
V()

=e'(t)[Iy® (ATP+PA) —

<e'(t)Ivo (ATP+PA) —

(Lo +LL)® PBB Ple(t) (19)
2A,Iy ® PBBTPle(t) (20)

N
=Y e (t)[A"P+ PA—2A2PBB" Ple; (1)
i=1

N
< =242 Y el (1)ei(t) <0,

i=1

for any e(r) # 0, where (20) is obtained by observing the
fact that Y’V | ¢;(¢) = 0 and then applying Corollary 1 to the
second term in (19).

Note that V(1) < Apax(P)

with the above inequality, implies that V(1) <
and thus V(e(t)) < V(e(0))exp(— 72}”2

¥ el (t)ei(t), which, together

A
~TadmV (1)

). This means that

A’ 'ILLX(P)
the error state e(r) approaches O exponentially fast with a
least speed of y= — Amsz( 7 |

V. CONCLUSION

In this paper, we have studied the leaderless consensus
control for a group of agents under fixed or switching
directed interaction topology. In the framework of fixed
topology, we have shown that if the interaction topology has
a spanning tree, final consensus can be reached by assigning
an appropriate feedback matrix which extend some of the
existing results to a very general case; while for the case
with switching topology, we have investigated the consensus
control problem in a widely used balanced graph context, but
being more general in that the weighting factors are allowed

to change dynamically to model more practical dynamics.
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APPENDIX
Proof of Lemma 2: First, we prove the following inequality

xN(LoL)x>alL)x (E@1,)x (21)

holds for any x satisfying (2).
For the proof’s convenience, denote x as x = [xf,xg,...,x,F{,}T
where each x; = [xil,.,.,xﬂT, i=1,2,...,N is an nx | column

vector. With this notation, the equation in (2) holds if and only if
Y'Y | B:xi=0. Then,

)

M(LoL)x = (22)

where i, = [2ij]N><N~

Let & = [x’l‘,xé(t),...,xf‘\,]T, k=1,2,...,n. It then follows from
(2) that ﬁTik =0, k=1,2,...,n, which together with (22) and the
fact that

yields xT (L& 1,)x = X7, (#)TL#.
Note that BT# =0,k =1,...,n, it then follows from (1) that
n
Y a(L)()"EF =a(Lx"(E@L)x. (23)
k=1

xT(Lel,)x

Y

Now we proceed to prove the theorem. Since matrix B is symmetric
positive semidefinite, there exists a matrix E € R™*" such that B =
ETE. Thus,

xT[L® (ETL,.E))x
= [(IN@EN"(Lel)[(Iy@E)]

Let y= (Iy ® E)x and g; be the m by 1 column vector with the
ith entry being 1 and O elsewhere. By observing that

xT(L®B)x

N
(BT @l )y=(B"@¢/E)x=c[EY Bxj=0,
Jj=1

and the inequality in (21), we have
YL @Iy > alL)y (E@ )y = a(L)x" (E@ B)x,
thereby completing the proof. |

Proof of Lemma 5: Note that 2the set of all N x N matrices can be
viewed as the metric space RY". Each L= [¢; j] in Y can be viewed

. 2
as a vector [011,....00 N, 021, LN, IN1s--- ey N] in RN To

prove that Y is compact in Euclidean Space RV 2, it is equivalent to
prove that Y is a closed and bounded set. Let

Y= {Vij]

,Z,‘jG{O}U[Q,ﬁ{], i,j=1,...,N, i#j;

N
Z (,'j =0,
j=1

g,’,’ € [O,N(_X}7 1= 17...7N}, YZ = {[(,/]

i= 1,...,N}andT3 = {VU]

N
z,-,-:o,j:17...71v}.
i=1

i=

It can be easily derived from the definition of Laplacian matrix that
Y NY,NY3 is the set consisting of all graph Laplacian L satisfying
1L =0 and the off-diagonal elements of L are chosen from the set
0U[a, &]. We first prove that Y1 N Y, N Y3 is closed and bounded
in RV, In fact, Y is closed and bounded; and the sets Y,, Y3 are
closed but unbounded. The former argument holds since it is the
product space of N2 closed and bounded sets in R!. For the latter
argument,we only prove in the following that the set Y is closed,
similar proof can be derived for that of Y3. let

S; :{[Zi_,h...Ji,N] [i1,...,¢in] is the vector taken from

the i-th row of [;] EYz}, i=1,2,...,N.

Then, Yy =S| X 8 x--- x Sy. It is clear that Y, is a closed set in
RV if each S;, i=1,2,...,N is closed in R". In order to prove
that S; is closed, we introduce the following continuous multivariate
function:

N
f: RV SR flx):= Zx[, Vx = [x1,x2,...,%N] eRV.

i=1
Since f is continuous and {1} is a closed set in R!, f_l({llb)
is closed in RV, ie. each set S;, i=1,...,N, is closed in RV,
Therefore, Y1 N Y, N Y3 is closed and bounded.

On the other hand, denote by  the set of all N X N nonnegative
matrices with zero diagonal elements, it is clear that there are only
finite different types of matrices (two nonnegative matrices P; and
P, are said of the same type [7], P| ~ P, if they have zero elements
and positive elements in the same places) in  and all the digraphs
associated with the matrices having the same type in Q are also
with the same topological structure. Note that Q can be partitioned
by the equivalence relation ~. Let [A] := {B € Q|B ~ A} denote the
equivalence to which A (A € Q) belongs. Without loss of generality,
denote by [A1],[A2],...,[An] all the equivalence classes with which
the associated digraph are weakly connected and let

Ty= 6Yk: 6 {V:ﬂ

k=1 k=1

—tije{0}ula,al, L € [0,Na],

i,j: 1,...,N, l'?éj; and—L+diag{€11,...,€NN}~Ak}

It is clear from the definition of Y that Y =Y; N Y, NY3NYy.
Similar to the discussion above, it can be easily obtained that
Y, is also closed and bounded since each T'j is a product space of
N? closed and bounded set in R'. This combined with the above
analysis imply that T is compact in RV’ [ ]
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