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A Study of the Generalized Input-to-State £,-Gain of Discrete-Time
Switched Linear Systems

Vamsi Putta, Guangwei Zhu, Jinglai Shen and Jianghai Hu

Abstract— A generalized notion of the input-to-state £,-gains
of discrete-time switched linear systems is proposed in this
paper. Such gains are then characterized using the radii of
convergence of a family of suitably defined functions called
the generating functions. Properties of the generating functions
are studied and their numerical computation algorithms are
developed. Some numerical examples are presented.

I. INTRODUCTION

A switched linear system is a dynamical system consisting
of a number of linear subsystems along with a switching rule
that determines the switchings among subsystems. Switched
linear systems are an important class of hybrid systems, and
their stability has been studied extensively; see the recent
surveys [1], [2] and the references therein. Approaches to
analyzing stability include multiple Lyapunov functions, LMI
methods and Lie algebraic methods.

An important concept in the study of robust control of
linear and nonlinear systems is the Lo-gain [3], namely,
the maximum output energy that can be excited using a
given input/perturbation energy. This concept has a natural
extension to switched linear systems, whose (hybrid) control
includes both continuous inputs and the switching signal [4].
A common storage function approach was used to bound the
Lo-gain of switched systems in [5], [6], while [7] applied
the variational approaches. Conditions for characterizing the
Lo-gain of switched linear systems under average dwell time
constraints were given in [8]. The design of switching signal
to achieve a certain Ly-gain and the subsequent stability
analysis were presented in [9].

In this paper, we propose a generalized notion of the input-
to-state Lo-gain for discrete-time switched linear systems.
Compared with the classical definition, the input energy
and state energy are weighted by an exponential discount
factor. By studying how the induced L9-gain evolves with
the discount factor, not just for the single non-discounted
case as in the classical studies, we may gain new insights
into the robustness of the switched linear systems.

In our previous work [10], a method based on the notion
of generating functions is proposed to study the stability
of autonomous switched linear systems. These functions
are power series with coefficients dependent on the system
trajectories, and their radii of convergence characterize the
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maximum exponential growth rate of the SLS trajectories.
In this paper, we will extend this method to controlled
switched linear systems by defining the corresponding gen-
erating functions and showing that their radii of convergence
characterize precisely the generalized L£o-gain under study.
The notion of generating functions lends itself particularly
well to Lo-gain analysis of discrete-time switched linear
systems, a topic which has received less attention compared
to its continuous-time counterpart.

The paper is organized as follows. In Section II, controlled
switched linear systems are briefly reviewed. The generalized
Lo-gain is defined in Section III. In Section IV, the strong
generating functions of controlled switched linear systems
are defined and some of their properties are derived. We show
that their radii of convergence characterize the generalized
Lo-gain. An algorithm for computing the strong generating
functions is presented in Section V, and a numerical example
is presented in Section VI. Finally, some concluding remarks
are given in Section VIIL

II. CONTROLLED AND AUTONOMOUS SWITCHED
LINEAR SYSTEMS

A discrete-time controlled switched linear system (SLS)
has the dynamics

z(t+1) = Ag(t)aj(t) +Bg(t)u(t)7 t=0,1,..., (1)

that switches among M linear control subsystems (A4; €
R™"™ B; € R"*™) indexed by i € M := {1,...,M}. We
assume that at least one B; is nonzero. Here, z(t) € R™ is
the state, u(t) € R™ is the control input, and o(t) € M
is the mode, all at time ¢. For simplicity, we often use u to
denote the control input sequence {u(t)}1—o1,..., and o the
switching sequence {o(¢)}1=01,....

Denote by x(t; o, z, u) the state trajectory of the controlled
SLS (1) starting from the initial state ©(0) = z under the
switching sequence ¢ and the control input u. For a fixed
o, system (1) becomes a linear time-varying system, whose
solution x(t; o, z, u) is jointly linear in z and w.

By setting u = 0, the dynamics (1) reduces to that of an
autonomous SLS:

x(t+1) ZAg(t)aj(t), t=0,1,.... 2)

Denote by x(t; o, z) the solution to (2) starting from z(0) =
z under the switching sequence o. Then x(t; 0, 2) is exactly
the solution z(t; o, z, u) to the controlled SLS (1) with u = 0.

The reachable set of the SLS (1) is defined as the set
of all states that the state trajectory can reach within a finite



time starting from zero initial state, under arbitrary switching
sequences and control inputs:

R :={z(t;0,0,u) |t =0,1,...,Yo, Vu}.

The reachable set ‘R for the SLS (1) is in general a count-
able union of subspaces and not necessarily a subspace in
itself [11]. However, in the rest of the paper we assume that
‘R is a subspace in R™ and will refer to it as the reachable
subspace. Indeed, a randomly generated SLS is completely
reachable over R™ with probability one.

III. GENERALIZED L2-GAIN OF CONTROLLED SLSS
A. Definition

The definition of the input-to-state Lo-gain k € Ry U{o0}
of the discrete-time SLS (1), adapted from the corresponding
definition of continuous-time SLSs in [4], is defined by

Ztoio ||I(ta Ua 07 U)H2

2
K :=sup sup
o 0fucls Do llu(t)]?
oo lz(t +1;0,0,u)||?
—sup sup Zt:Ooni + 10 0 u e
o 0fuCLs Do lu()]

where L is the space of all w with finite £o-norm. In this
paper, we study a generalized version of the L9-gain, denoted
by k(M) € Ry U{oo}, whose square is given by

Do Mt + 10,0, u)]?
2o Mllu(®)]?

where A € R}y := [0,00) is a discount factor, and Lo x
is the space of all u with finite A-discounted L3-norm:

fullon = (S, Afu(®)]?)"/. The Ly-gain « defined
in (3) is a special case of (4) by setting A = 1.

[K(A)]? :==sup sup “4)

o 0#u€£gy>\

)

B. Approximations by Truncation

For later analysis and computation, we define finite-
horizon versions of the L£3-gain as follows. For each £ € N
where N is the set of positive integers, denote by ), the set
of controls u that are identically zero after time k£ — 1. Then
the k-horizon Lo-gain ki () of system (1) is defined by:

Mo N |zt + 150,0,u) |12
=0 Mlu(t)]?

Lemma I: For each k € N, ri()\) is a lower semi-
continuous function of A € R..

Proof: By (5), ki(A) is the supremum of a family of
continuous functions in A € Ry over all ¢ and u. Thus,
ki (A) itself must be lower semi-continuous in A € R;. H

Proposition 1: For any A > 0, ki(A) T £(X) as k — oo.

Proof: That ki(\) < k(\) follows as the supremum
in (5) is taken over a smaller space Uy than L5 ) in (4). A
similar argument shows that xx(\) is non-decreasing in k.

As a result, we have limg_, o 55(A) < k(). To show
the other direction, assume first x(\) is finite. Then for
any small ¢ > 0, a control u and a switching sequence o
exist such that > o  Af[lu(t)||* = 1 and > .o, Az(t +
1;0,0,u)||> > [k()\)]? — . By choosing k large enough,
we have Y V0 M|z(t + 1;0,0,u)||2 > [s(N)]? — 2¢ while

[,‘ik(/\)]2 :=sup sup 5)

o 0#ucUy
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Yo Mlu()]? < 1 thus [k (V)]? = [K(V)]2~2¢. Ase > 0
is arbitrary, this implies that limmy o0 kk(A) > k()\), hence
limg 00 £k (A) = K(A). The case when k(\) = oo can be
similarly proved. [ ]

Let U, := UZZ U}, be the set of all controls u with finite
duration. Note that . is dense in Lz ». Then,

2o Mt +1;0,0,u)]?
2o Mlu(®)]?

which follows directly from Proposition 1. This will inspire
the definition of the generating functions in the next section.

[K(A)]*> =sup sup (©6)

o 0FAucl,.

)

C. Properties

We first derive some basic properties of the generalized
Lo-gain. More properties will be derived in the next section.

Proposition 2: The Lo-gain () as a function of A € Ry
has the following properties:

1) At A 0, x(0) max;em Omax(Bi), Where

Omax(B;) denotes the largest singular value of B;;
2) k() is a lower semi-continuous function in A € R;..
Proof: 1). At A =0, we have

[|(1;0,0,u)]
[K(0)]* = sup sup +——— -
o w020 u(0)]?
B 2
= sup sup ” (0] *r_nax[amax(Bi)]Q.
IEM u(0)£0 ||U( ? €M

2). This follows from Proposition 1 as x(\) = supy, k()
and each ki () is lower semi-continuous in A. [ |

Although not clear yet at this point, we will prove later
on that x(A) is a non-decreasing function of .

IV. GENERATING FUNCTIONS OF CONTROLLED
SWITCHED LINEAR SYSTEMS

A. Autonomous Generating Function

For each A € Ry, the strong generating function of the
autonomous SLS (2) is the function G : R” — R, U {o0}
defined as [10]:

Gi(2) —supZ/\tH:v t;0,2)|?, VzeR".  (7)

t=0

The radius of convergence of the strong generating func-
tion G (z) is defined as:

A i=sup{\ e Ry |Gir(2) < o0, VZz€R"}.  (8)

In [10], it is shown that the autonomous SLS (2) is expo-
nentially stable under arbitrary switching if and only if its
radius of convergence A\* > 1.

Let V be a subspace of R™ invariant under {A4;};c a1, i.€.,
A;V C V for all i € M. The radius of convergence of the
strong generating function G (z) on V is defined as:

AL i=sup{X € Ry |GA(2) < 00, Vz € V}. )

Proposition 3: At A = A3, where A} is defined in (9)
with V being the reachable subspace R, the Lo-gain k()
satisfies k(\y) = oo.



Proof: At A = )%, by definition (9), there exists
r. € R such that Gx (7.) = o0. As 7. € R, we can
find a control sequence u, and a switching sequence o, that
together steer the SLS from 2(0) = 0 to z(k) = x, at a
finite time k. By setting u = (u.,0,0,...) and 0 = (0, 0’)
for any remaining switching sequence ¢’ in (6), we obtain
oo * \t . 2
[K(/\%)]Q > ()\i;z)k Zt:O()\Elex(t + 17 05 Lxs O)H ]
1=0 AR) ux()]?
Since the summation on top can be arbitrarily large for
properly chosen o’ due to our assumption that G s (7.) =
oo, we must have k(\j) = oo. [ |

B. Controlled Generating Function

For each X,y € R, the strong generating function G - :
R™ — Ry U {oo} of the SLS (1) is defined as

Grq(2)

= sup Z)\tHx(t;0,z,u)|\2—72/\2/\t||u(t)||2 (10)

o, ucU, t=0 t=0

= =lP+x sup Y N [[la(t + L0, 2wl =2 [u(t)]]]
o,u€Ue 1
(an

for A,y € Ry and 2z € R". The signs of the two
summations in (10) are chosen so that the w and o
achieving the supremum tend to excite the largest state
energy > oo A ||z(¢; 0, z,u)||? using the least control energy
Yoo Af[|lu(t)[|?. Due to the restriction u € U,, the power
series in (11) is always well defined (with possible value co)
as its coefficients will be non-negative after a finite time.
By choosing u = 0 in the supremum, it is easily seen that
the function G ,(z) is non-negative. Moreover, at A = 0,
Gon(2) = 12112, V=.

Inspired by (5), for each k € N, we define the k-horizon
strong generating function as:

G/\mk(z)
k k—1
‘= sup Z/\t||:1:(t;a,z,u)||2—”y2)\2)\t||u(t)||2] (12)
o u€lk| —o t=0

k—1

=2+ A sup YN [lla(t + Lo,z 0[PP u(t)]?] -

ouEUr g

13)

Proposition 4: For each fixed A,y € Ry and z € R",
Grqyk(2) T Gay(2) as k — o0.

Proof: For fixed \,v € R} and z € R”, it follows
directly from the definitions (13) and (11) that G 4 x(2) is
non-decreasing in & and that G - x(2) < G ~(2). Assume
that G ,(z) is finite. For any ¢ > 0, we can find u € U
for some k large enough and o such that

[e'S) k—1
D oMtz uw)|? =AY N lu(®)]* > Gaq(z) — e
t=0 t=0

Since the summation Y .-, A||z(t; 0, 2, u)]|?

choosing &’ > k large enough, we have

converges, by

K k—1
> Nt o, z,uw)]” = VAN u@)]] > Gay(2) - 2e.
t=0 t=0

This implies that G, x(2) > Gix~(2) — 2¢, and thus
Grn~,k(2) T Gay(2) as k — oo as ¢ is arbitrary. The case
when G (z) = oo can be proved in a similar way. [ |

Using Proposition 4, we can prove many properties of
the strong generating function G ,(z) by first establishing
them for G, x(z) whose definitions involve only finite
summations and then taking the limit k& — oo.

C. Properties of Generating Functions

Proposition 5: For any A,y € R, the strong generating
function G - (-) and its k-horizon version Gy . (-) for any
k € N have the following properties.

1) (Homogeneity): G ,(-) and Gy, x(-) are both ho-
mogeneous of degree two, i.e., for any nonzero
a € R, Gy (az) = a?Grq(2) and Gy 4 x(az) =
a? Gy 4 .k(2), Yz € R™ Thus, G, ,(0) € {0,00}.

2) (Bellman Equation): For all z € R",

Grmhr1(z) = 2P+ A sup [ =270l +
iEM,vER™
G>\7%k(AiZ + Biv)} ,
Grq(2) =217+ X sup  [=~?vl” +
ieM,veER™
G>\7,y (Alz =+ Bi’l})] .
(14)

3) (Sub-Additivity): For any z;, 2o € R™, we have

\/G)\,v,k(zl +22) < \/GA,'y,k(Zl) + \/G)\,v,k(22)u
VG (o +22) < /Gas(21) + 1/Grs(22).

4) (Convexity): \/G ,(-) and /G -,k (-) are both con-

vex functions on R™.

5) (Monotonicity): For any z € R", G),(z) and
G ,k(2) are non-increasing in v € Ry (for fixed \);
and non-decreasing in A € R (for fixed 7).

6) (Lower Bound): G, ,(z) > Gi(z), Yz € R", where
G (z) is defined in (7) for the autonomous SLS (2).

7) (Invariant Subspace): The subset G\, = {z €
R™|Gr~(2) < oo} is a subspace of R™ invariant
under subsystem dynamics {(A;, B;)}iem-

8) (Quadratic Bound): If \,v € R, are such that
Ga~(2) < oo for all z € R™, then Gy ,(2) < glz||%
Vz € R™, for some finite constant g > 0.

Proof: Let A,y € Ry and k € N be arbitrary.

1). The homogeneity property follows directly from the

observation that x(¢; o, oz, au) = a - z(t; 0, z,u), Vt.




2). Partition u € Uy as u = (v,u’) where v € R™ and
u' € Uy, and o as o = (i,0') where i € M. Then by (12),

Gy ht1(2) = sup {|Z”2 —A|v|? + A - sup
o

i,V

k k—1
[Zmx(t;a',Aiz+Biv,u'>||2—~y2AZmu'<t>|2]}
t=0 t=0

= [|2]1* + sup [ Al|v[|* + AGx 5.k (Aiz + Biv)] .

The Bellman equation for G5 ,(z) can be proved similarly.
3). For each fixed o, we write the term inside the bracket
of the definition (12) as an explicit quadratic function as

[ &R

QuZ Quu
where u := [u(0) u(k — 1)T}T € R™, for some
matrices Q.. = QT, € R™", Q,, = QT, € R"*"* and
Quu = QF, € R"™>"* Note that ., = I is necessarily

positive definite; while @,,, may be indefinite. Define

T
g =sw o] 8 Gl i)

Then G 4.x(2) = sup, f-(z). To prove the sub-additivity
of /G ~.x(+), it suffices to show that, for each o,

Vie(z1 + 22) <V fo(21) + V/ fol22), V21, 20.

We differentiate three cases.

Case 1: If ., < 0 is negative definite, then the u achiev-
ing the supremum in the definition of f,(z) above is given by
u = _Q;'L}Quz'z’ hence fa'(z) = ZT(QZZ - Qqu;U%Quz)Zy
where sz _ Qqu;q}Quz = 0 as sz > 0 and Quu =< 0.
Thus, \/f-(z) defines a norm on R™, and (15) holds.

Case 2: If D, has at least one positive eigenvalue, then
fo(z) = 00, V2 € R™, and (15) is trivially true.

Case 3: If @y, = 0 has its largest eigenvalue at exactly 0,
then we let N (Qu,) # 0 be its null space and R(Qy.,,) be
its range space. If z belongs to the subspace Q! [R(Quu)].
then Qu,z = Quuuo for some uy € R™*. Therefore,

fo(2)

z
u

z
u

T

15)

sup (27Q..z 4+ 2u" Qu.z + u" Quuu)

ucRnk

= sup (ZTQZZZ +2ul'Quuuo + uTQuuu)
ucRnk

= Ssup [ZTQZZZ - quuuuo
ucRnk

+ (u+ 1) Quulu +uo)]
ZTQZZZ - U-(,{CQ'U,UU-O
= ZTszZ - u(I; quLuQuuuo

= ZT(QZZ - QquLuQuz)Z < 00,

where Q],, denotes the Moore-Penrose pseudo inverse of
Quu- Note that sz - QquLuQuz = 0 as sz = 0 and
Q!, = 0. On the other hand, if 2 & Q! [R(Quu)], then
Qu-2 € R(Quu) = N(Quu)*; hence we can find u; €
N(Qu) such that uf'Q,.2 > 0. By choosing u = au; for
arbitrarily large @ > 0, we obtain that f,(z) = co. To sum
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up, \/f-(z) defines a norm on the subspace Q) [R(Quu)],
and is infinite everywhere else. As a result, (15) holds on

this subspace, and is trivially true if one or both of z; and
29 18 outside.

The above proves the sub-additivity of /G~ x(-). Sub-
additivity of \/G) (-) is proved by letting k& — oo.

4). For any 21,22 € R" and o, 9 > 0 with a3 + a2 =1,
by the sub-additivity and homogeneity properties,

\/GAyfy(alzl + agzg) < \/GAy,Y(ozlzl) + \/GAW(OQZQ)

= a1/ G ~(21) + @21/ G5 (22).

This shows that /G ,(-) is convex on R™. The convexity
of \/Gx~,x(-) can be proved in the same way.

5). By Proposition 4, we need only to prove the mono-
tonicity property for Gi . k(z). That G 5 x(2) is non-
increasing in « for fixed z and X\ is obvious from its
definition (12). We next prove by induction that G  x(2)
is non-decreasing in A\ for fixed z and v. At £k = 1,
1 (2) = 2P A supie g wee (| Aiz+ Bivl2—2]v]]?)
is obviously non-decreasing in A as the supremum term is
non-negative. Suppose for some k > 1, G 4 x(z) is non-
decreasing in A for any fixed z and ~. Then by the Bellman
equation, for any z € R” and v € Ry and any A > \' > 0,

Gy kr1(2)

=27+ X sup [V vl]* + Gayk(Aiz + Biv)]
i€ M, vER™

> 2P +XN  sup  [=Y|v]]? + Gaqk(Aiz + Bi)]
i€M,vER™

> 2P+ XN sup  [=Y|v]]? + Gy e (Aiz + Biv)]
i€M,vER™

= G}J)%/H_l(z).

Here the first inequality follows as the supremum term
is non-negative; while the second inequality is due to the
induction hypothesis. This proves the desired conclusion.

6). By setting u = 0 in (10) we arrive at the definition (7).

7). That G, is a subspace follows from the sub-additivity
property of /G ~(+). Its invariance to subsystem dynamics
follows from the Bellman equation of G ~(-).

8). Write =z > i, e; in an orthonormal ba-
sis {e;} of R™. The2n by sub-additivity, Gx,(z) <
[Zi iG] < g+ iy a? = gll2]% where
g:=n-max{Gr,(e)|i=1,...,n}. [ |

Remark 1: The set {z € R"|Gx4.x(2) < oo} is still a
subspace of R" for & € N. Unlike Gy ., in Proposition 5, it
is not necessarily invariant under subsystem dynamics.

IN

D. Radius of Convergence

By Proposition 5, the generating function Gy (z) is
non-decreasing in A. For v € R,, define the radius of
convergence of the generating function G ~(z) (on R™) as

A (7) :=sup{\|Gr~(2) < 00, Vz € R"}.



More generally, let }V be a subspace of R™ invariant under
subsystem dynamics {(A;, B;)}iem. Then the radius of
convergence of G ,(z) on V is defined as

AL () :==sup{A | Gr(2) < 00, Vz € V},

which can also be thought of as the radius of convergence
of the generating function of the restricted SLS on V. Note
that \},(7) depends on ~ and V.

Lemma 2: For any \,v € Ry, G ,(0) < oo if and only
if Gy (z) < oo for all z € R. As a result,

AR (7) =sup{A[Gr;(0) < oo}, VyeR,.

Proof: The sufficient part is trivial. For the necessary
part, assume Gy ,(0) < oo. By applying the Bellman
equation (14) for z = 0, we have G, ,(B;v) < oo for
all i € M and v € R™, ie, Gy,(2) < oo for all z
reachable by the SLS (1) in one time step starting from
0. Similarly, by applying the Bellman equation for all such
z = Bj;v, we conclude that G ,(z) < oo for all z reachable
by the SLS (1) in two time steps. By induction, we have
G (7)) < oo for all z € R. [ |

Proposition 6: The radius of convergence \j (7y) of the
generating function on the reachable subspace R as a func-
tion of v € R has the following properties.

1) M () =0 for 0 <y < max;e pm Omax(Bi);

2) X% () is a non-decreasing function of ~ for v >

maXie M Omax (Bi);

Proof: 1. Fix an arbitrary A > 0. By Proposition 4
and (13), G ,(z) at z = 0 has the lower bound:

Grq(0) 2 Ganya(0) =X+ sup  (|B]* = »*[lv]?).

ieM,veER™
If 0 < v < maxX;em Omax(Bi), then ||Bv|? — +2|v||?
can be made arbitrarily large by letting v move towards
infinity along a singular vector direction of the B; with the
largest singular value. This implies that G5 (0) = oo, hence
N (7) < A. Since A > 0 is arbitrary, we have A\j (v) = 0.
2. The property follows directly from the non-increasing
nature of G (z) in 7. [ |
We next show how the Lo-gain can be characterized by
the radius of convergence of G ,(z) on R.
Theorem 1: (Lo-gain characterization) For A > 0 and
v € Ry, the following statements are equivalent:
1) k(A\) < ~, where k(\) is the generalized L2-gain
defined in (4);
2) Gx~(0) =0, where G ,(-) is the generating function
of the SLS (1);
3) A < Xi(7v), where R is the reachable subspace of the
SLS (1) from the origin.
Proof: 1 < 2: By definition (10), the condition that
Gx,~(0) = 0 is equivalent to

S Nzt + 150,0,u)[IP <42 N Ju(b)]f?,

t=0 t=0
for any u € U, and any o. By (6), this in turn is equivalent
to [k(\)]2 <42, ie., k(\) < 7.

2 & 3: This follows directly from Lemma 2. [ ]
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In the above theorem, the equivalence of 1) and 3) implies
the following.

Theorem 2: The two functions k() for A € (0, \3) and
A (7) for v € R, are generalized inverse functions of each
other:

k(A) =1inf {y € Ry : A (7) > A},

AR (7) =sup{A > 0: K(\) <~}
Proof: By Theorem 1, we have, for any A > 0,

inf {y € Ry : Ax(y) > A} =inf {y € Ry : k(A) < ~},

which is exactly x(A). The second equality can be proved
similarly. Note that when 0 < v < max;e a1 Omax(Bi), the
set {\ > 0: x(\) <~} is empty; thus the second equality
also holds as long as the supremum of an empty subset of
R is understood to be lower boundary 0. [ ]

As a result of Theorem 2 and the fact that A% () is non-
decreasing in -y, the following result follows immediately.

Corollary 1: The generalized Lo-gain k(\) is a non-
decreasing function of A € R .

V. ALGORITHM FOR COMPUTING G (%)

We next present an algorithm for computing the finite
strong generating functions. By Proposition 4, the value of
G ~(2) can be estimated by computing G 4,x(z) for in-
creasingly larger k. The Bellman’s equation in Proposition 5
can be used to compute G - i(2) recursively, provided we
have a suitable representation of the values of G x(2) in
R™. One possible representation is by its values on a fine
grid of the unit sphere. By homogeneity, it is then possible
to approximate the values of the generating function at other
points in R™ through scaling and interpolation. Specifically,
in each iteration of the Bellman equation, a line search needs
to be performed to optimize G - x(Aiz + Bjv) — v*||v||?
with respect to v. The unknown value of G k(A2 + B;v)
is obtained through extrapolation.

The above idea is summarized in Algorithm 1. The compu-
tational complexity of the algorithm increases linearly with
the number of subsystems present but exponentially with
the state-space dimension. The algorithm is initialized with
Gx~,0 = ||2]|>. The output of the algorithm is a sequence
of functions G Av.k(z) which represent approximations of
G ~,k(2), for z on a grid of the unit sphere.

This algorithm performs well for small values of . For
large <, however, the error in finding the optimal v is
magnified leading to inaccurate approximations. Thus, the
algorithm encounters more difficulty in computing the strong
generating function when A\ is close to the radius of conver-
gence as this entails a large value of v for characterizing the
finiteness of the generating function.

VI. NUMERICAL EXAMPLE
We consider the SLS with the following subsystems.
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Algorithm 1 Computing G - 1(z) on a grid on S.

Let S = {z;}L, be a set of grid points of S;
Initialize k := 0, G, 0(2j) = 1,Vz; € S;
repeat
k:=k+1,
for each z; € S do
for each i € M do
Find v, K; such that A;z; + Bu; = K;z for all

{Zl} esS; R
Find g; = max,, K7 G~ k-1(21) = 7*[vi]l;
end for
Set G’Amk(z) =1+ Amax;epm gi;
end for

until G, , 4 (2;) converges for all z; within tolerance (or
appears to diverge);
return G . k.
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Fig. 1: Level curves G k() = 1 on the unit circle for
A =1.1, v = 8 with k varying .

Algorithm 1 is used to compute the generating function
Gxk(-) for A =1.1 and v = 8 on 500 evenly distributed
grid points on the unit circle. By homogeneity, this will yield
estimates of G , x(z) for arbitrary z € R?. Fig. 1 depicts
the level curves of G ,(-) =1 at various k. Convergence
of Gx~,x(-) as kK — oo is observed. By Proposition 4, we
conclude that the strong generating function G (-) is finite
everywhere for A = 1.1 and v = 8.

By repeating the above process for different values of
A and 7, we can estimate the region on the (\,~)-plane
where the strong generating function is finite everywhere.
See the shaded region in Fig. 2 for such a plot. According
to Theorem 2, the boundary curve of the shaded region
is exactly the graph of the radius of convergence A\*(7)
as a function of v, or after a reflection, the graph of the
generalized Lo-gain k() as a function of A € R..
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Fig. 2: Plot of A\*(v) vs 7.

VII. CONCLUSION

We show that the a family of properly defined functions,
the strong generating functions, provide an alternative and
effective way to study the generalized L2-gain of discrete-
time switched linear systems. Numerical algorithms can be
developed to compute the generating functions, hence the
generalized Lo-gain as well.
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