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Abstract—A fault tolerant (FT) controller for a class of over-
actuated nonlinear system is presented. @ As the fault
information is unknown before the fault detection and
diagnosis (FDD) procedure finishes, the passive FT control is of
great necessity in maintaining system stability and achieving
acceptable performance. In this study, the actuators’ additive
fault and the loss-of-effectiveness faults are considered. A FT
controller which works for both types of fault is designed. A
vehicle control example for a four wheel independently-
actuated (FWIA) electric vehicle is given to show the
effectiveness of the proposed method.

I. INTRODUCTION

ITH the increased number of actuators, over-actuated
systems, such as ground vehicles and marine vessels,
enjoy certain control flexibility and system robustness
[10][14][15]. However, the increased number of actuators
also increases the chance of a fault, and the fault detection
and diagnosis (FDD) is more challenging for over-actuated
systems [1]. Some fault-tolerant (FT) control methods have
been proposed in the literatures [2][3][4], but most of them
were not specifically designed for over-actuated systems. In
this study, a passive FT controller for a class of multiple-
input-multiple-output (MIMO) over-actuated nonlinear
system is presented. The proposed control method has the
potential of maintaining system stability and achieving
acceptable performance when an actuator fault happens.
Compared to the active FT control, the passive one has the
advantage of not requiring the exact actuator fault
information which should be given by the FDD function [2].
The passive FT control can also ensure the system stability
and desired performance after the fault happens and before
the FDD phase ends [3]. Thus, the passive FT controller is
important in practical situations. Many passive FT
controllers, however, are designed for a certain type of fault
[5][6]. As the fault information, such as the fault type, is
unknown before the FDD procedure finishes, it may be
limited to design a passive FT controller for a specified fault.
It is more desirable to design a unified controller which can
deal with different kinds of faults. In this study, two types
of actuator faults are investigated, the first one is the additive
fault and the other one is the loss-of-effectiveness fault. A
passive FT controller based on the sliding mode control
method which works for both of the fault types is designed.
Due to the redundant actuators, most of the control
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methods for over-actuated systems use control allocation
algorithms to distribute the higher-level control signals to
the lower-level actuators [7][10][11]. However, the control
allocation algorithms usually require high computational
costs, which may discourage the implementations in real-
time. In this method, the MIMO over-actuated system is
decoupled based on a system transformation method, and the
controller design can even be achieved in a single-input
single-output (SISO) system fashion. Note that when the
fault is estimated, an active FT controller can be adapted or
the corresponding weights in the cost function of the original
controller can be adjusted to reallocate the control efforts of
the actuators. To more clearly show the effectiveness of the
proposed FT control method, a vehicle control example of a
four wheel independently-actuated (FWIA) electric vehicle
is given.

The rest of the paper is organized as follows. The FT
control problem of the studied over-actuated nonlinear
systems is formulated in section 2. The FT controller is
designed and analyzed in section 3. A vehicle control
example of a FWIA electric vehicle is introduced in section
4. Simulation results based on a high-fidelity, CarSim®,
full-vehicle model are presented in section 5 followed by
conclusive remarks.

II. SYSTEM MODELING AND PROBLEM FORMULATIONS

A. System Modeling and Transformation
Consider the following over-actuated system
X=f(X)+BU, (1)
where U =[u,,u,,...,u,]" is the actual control input vector
whose elements correspond to physical actuators,

FX))=[£(X), £,(X)soor £, (T, X =[x, %y,.00x, ] is

€ System State vector, S m<n iS € System
th t tat t BeR™ th t

control effective matrix.

Since rank(B)=m<n_ there is an invertible matrix
N e R™" such that the following equation holds,

B =BN, )

where B =[B, B,,---B,]€ R™" has a rank m and consists

of m column matrices B, e R™" (i =1,2,--,m) with rank( B,

)=1. Based on division of matrix B,

émi =n. 3)

Denote the virtual control as
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V =NU. 4
Based on (2) and (4), we can rewrite (1) as
X =f(X)+BV. (5)

As B is divided into m column matrices B, one can divide

V eR" into m rows v, (i =1,2,---,m) accordingly. So V' can

be written as

) ©)

with v, =[v, |, v, 5,y " being the ith virtual control

vector.
Since rank( B))=1, B can be written as
B; = [aiilbrjil’aiilbxjil"" ’aiim,bxjil] @)

with b, | being the first column vector of B, @, ;being the

ratio of b, ; to b, ,. Also denote

v,

B ;= T: (3
Then the total control effort from the ith virtual control v, is
B;Vi :[Zaijlgz‘j]bilvfl’ )

Al

which means the system (5) can be further written as
X=f(X)+BoV,

where B’ =[bl'71 b;J b,'nil]mxm,

1" with v, ,(i=1,2,---,m) being the

(10)

V =[v171,v271,--- v

> m_1

first control element of v, , and

Sa A 0 0 0
Jj=1
o 0 Zap, 0 0
p=
0 o .0
0 0 0 Xa 4,
=

If g, in (8) can be determined, then @ in (10) will be
known, which means that the original over-actuated system
(1) can be treated as a system with m inputs and m outputs
Define the cost function for the ith control vector v, as

— 2 2 2
J = W (Vi E W oV W,

i_m, i_m,

& ’ 11
s.t.[z otl./.v,.ijl.l =C, (i
J=l

withw, ;being the weighting factors, C, being the total

control effort from the ith virtual control vector. By the
Lagrange multiplier method, the above cost function can be
minimized if the following holds:

mj
i Zar, Vii
= ,
m

v, ;= o (12)
i ; Wi j
which means one can write the 8, ; in (8) as
Biy="5 (13)

In this study, we assume that all the weighting factors are the
same, so the @ in (10) can be written as

Yai, 0 0 0
=1
0 Y&, 0 0
=
0 0 .0

0 0 0

B. Problem Formulations

Two types of actuator faults are considered. The first one
is the additive fault and the other one is the loss-of-
effectiveness fault.  Usually, the fault information is
unknown before diagnosis. So we aim at designing a unified
FT controller which can handle both fault types.

Case 1: Additive fault:

If additive faults happen to the actuators, the control

system can be written as

X=f(X)+B(V+AV(X))

= f(X)+B®V +BAV (14)
=f(X)+BO(V +AV).
with AV = NAU(X), and
AV =[AV,,AV,,...Av. ] =(B'®)' BAV. (15)

Note that each element in AV is bounded as the additive
faulty control effort AU (X') is assumed to be bounded.

Case 2: Loss of effectiveness:

If loss-of-effectiveness faults occur to the actuators, the
faulty actuators will fail to provide the desired control
efforts. Thus, the control system can be written as

X = f(X)+BNIU
= f(X)+BNIN'V
with I'=diagly,,7,,-,7,].
7, =1, when a fault happens, we have 0<y, <1 for the

(16)

If no such a fault occurs,

corresponding actuator. As faults happen to the actual
actuators, the virtual control signals will be affected.

Denote NT'N " as
['=NIN"'=[T,,T},T, ],

amn
-

with I, = [T, |, T, ,,~,I, , 1. Thus, we get

ST di_my
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Y
R
NIN 'V =[T},T, L, | (18)
vm
From (8), one hasv, z[ﬂu"ua @72%71""’ﬂi7n1f‘)i71]T , which
means
Vi
' : Vi
szt |:F[71,r 25" 1—‘1 m:| '_1
, 19

s

m . my ,
Let P:(Zﬂljrlj ZﬂZﬁjFZ J Zﬂm Jm ]]9 based
j=1 J=l

on (17) - (19), one has
BPV =BNIN'V. (20)
Denote = as
==(B®) BP, Q1)
Then, based on (20) and (21), one can write the faulty
system (16) as
X=fX)+BPV
=f(X)+BO=EV .
defined in (21) represents the effect the

(22)

One can see that =

actual actuators’ faults cause to V.

+( —E'),
= :diag[ép@za'“,ém] being made of the diagonal

elements of =.

Rewrite = as

[1]
(11
[1]

(23)
with

Also denote

AV =E-ZYW. 24)
One can rewrite the faulty system as
X=f(X)+BOEV = f(X)+BO(ZV +AV). 25)

Based on (17) and (21) when there is no fault, ==1_, and
AV’ =0. If there is a fault happens, the diagonal element of
= corresponding to the faulty subsystem will change and
Z — Z will be nonzero as well. Note that as ¥ is assumed

to be finite, the AV in (24) or (25) can be assumed to be
bounded. In the following control design section, a nominal
controller is designed for the fault-free system followed by
the FT controller design.

III. CONTROLLER DESIGNS
A. Nominal Controller Design
There is a matrix Qe R™" which has the following

property,
A=0B,
where A =diag[A,4,, -,

we can redesign the nominal controller in the new states as

(26)

A,] is a diagonal matrix. Thus,

Z= QX . 27
The system model (14) can be written as
Z=h(Z)+ADV , (28)

Denote the reference for the

where h(Z)=0f(07'Z).
original system as X, , the reference for the new system is
Z, =0X,. (29)
So the original over-actuated system is decoupled into m
SISO systems, and can be written as
z =h(Z)+ Advi
z, = h, (Z)+ Adv, | , (30)

20 =l (Z)+ 20
where ¢, is the ith diagonal element of @ . Note that when
Z converges to Z,, X convergesto X, as well. Thus, the

control problem can be solved in each of the decoupled
channels. That is, design a controller for the following

system to make z; follow the reference z,, .

z,=h(Z)+ A9y, . 31
The following controller
_ —hi(Z)+Le. +zZ,

Voi 1 =g (32)
with L, being a positive constant can make the tracking
error, e, =z, —z,, converge to 0 as r » « . The actual
control can be written as

U=N", (33)
with each of virtual control signals in V' be calculated as
) 01 1 (34)

B. Passive FT Controller Design

Case 1: Additive fault:
Consider the faulty system as (14) shows, with the help of
the matrix Q in (26), we can write the faulty system as

g =h(Z)+ A (v, +). (35)
Choose a Lyapunov function candidate as
1
V.= Eeziz' (36)
The time derivative of V; can be written as
Vo= (z-2)
=e. (20— h(Z)= 24y, |, — LgAv,)
= e (20 = () = Ay 4 28, (v =+ AY))) (37)
=Ll + e dd (v — v +AY).
If we take
Vi 1=V, + K, ;sign (ez, P, ) (38)
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where K, ; satisfies

K, >Av| (39)

with |Av, | .. being the upper boundary of | AV; |, we have

Vzi < _Liezzi _Kaii |&¢z

e’ <0, which means that z will

converge to z,;. Similarly, FT controllers for other channels
can be designed.
Case 2: Loss-of-effectiveness fault:

With the matrix O, one can write the faulty system (25) as

z =h(Z)+ /1i¢i§iivi71 + A4 Av,. (40)
Also choose a Lyapunov function candidate as (36) shows,
the time derivative of the Lyapunov function can be written
as
V,=e, (2,-2,)

=e, (2, —h - A8 Ly, - AgAv))

=e, (Z',,, —h = AV, |+ A (vmil —&v,,+ Av;))

= _Liezzi +e, 4.4, (VU,J - giiv171 + AV; )
Suppose that the controller is still written as (38) shows, then
the above time derivative of the Lyapunov function can be

further written as
V.z‘ e, A, (VU‘J —Savia * AV;)

i’V

<e A4, (vuiJ (1 - éii)7 giiKliiSign (eziﬂ’i¢t )+ Av; )

(41)

(42)
<Ee ( Ny K sign (e A )j.
If K, , can be chosen such that
PR - L W (43)
with &, ;. being the lower boundary of &;, we have
sign(e Ag) ==sign| "™ —v,, | ~Ksign(e.24)).  (44)

which means 7, <0, and the error will converge to zero.

Remark 1: Modeling error of the system can also be
handled with the controller as (38) shows. For the additive
fault, if we write the system as

& =h(D)+Ny(2)+ A (v +A7),
where A, (Z) Then the time

derivative of the Lyapunov function defined by (36) can be
written as

Vzi =e; (Zri —h(Z)-Ah(Z)- ﬂ’[¢iV[71 - /1[¢,AV;)

(45)

is the modeling error.

. (46

= _Liezzf + ez[/l[¢[ (V(;Ll ~Via + AV; - M;;Z))' )

The control law is still as (38) shows, if K, ; satisfies
K, > AV, |y + 2 with| Ak < AR, |y, V<O still

1%4;]
holds. Similarly, for the loss-of-effectiveness fault, the X; ;

‘Av;

Yo

should satisfy K, , >- z +

Sii _min

max

+(v

oi 1

| [ |

g B

éir'imin

make 7, <0 hold.

Remark 2: As the two FT controllers in the two cases can
be written in the same form, the two types of actuator faults
can be handled by a uniformed controller which is shown as

Vi 1= vy o+ Kisign (e, A4, ), (47)
K, ).

Remark 3: In order to eliminate the chatting effect caused
by the sign function, the sign function can be replaced with a
saturation function as

2 Lipie. /¢ if | Ai¢e.; 1< &,
tle. 1.0 )=
et ign (eatdy) i | Adien 2 2,

where ¢; is the thickness of the saturation function. Note

a_i’

with K, = max (K

(43)

that some hysteresis-based solutions may also be adopted to
reduce the chatting effect [8].

IV. A VEHICLE CONTROL EXAMPLE

A. Vehicle Modeling

FWIA electric vehicle is a typical over-actuated system
[7]. A FWIA vehicle employs four in-wheel (or hub) motors
to drive the four wheels, and the torque and driving/braking
mode of each wheel can be controlled independently. A
schematic diagram of the vehicle model is shown in Figure
1.

\ Y4 \
| I, ! |
F ! F xfl
yrl
R raey”
F A %;
g i
v ¥
CGY P
F; ” F | F xfi- l.s-
F, "

Figure 1. Schematic diagram of a vehicle model.

If the vehicle longitudinal speed and yaw rate are
controlled to follow the references, the vehicle model can be
written as

v, :{/‘i(X)}r

Q.| LA
where o is the front wheel steering angle, V, is the vehicle
longitudinal speed, ©, is the yaw rate, M and 7 are the

1 coso

M M
—1; Ifsma—l\.cosa

1
z

coso

r. (49

M
Iy sino+l; coso
1

z

|-

inertia,
T = [Tu T,T,T, JT are the motor torques. Please refer to

[10] and [12] for the details of f,(X) and f£,(X). Note that

the in-wheel motor torque is directly related to the motor
control gain [12]. Thus when a fault happens, the
corresponding motor will fail to provide the desired torque.
One can see, from (49), that the two wheels on the same
side of the vehicle have same effects on the vehicle

longitudinal and yaw motions. So we put 7, and 7, T,

vehicle mass and yaw respectively.

and T, into two subspaces, respectively. That is, the (49)

can be rewritten as
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ARV AN
= e | T 50
il AR oY
where
Tv:[Tvirl T\/7ﬂ Tvirr Tv /r]T_NT7 (51)
al—(r—s +5°
; (52)
a,=(r+s) +s’
1 0 0 O
0 = 0 ==
N = a a
0 1 0 (53)
0 f’ 0 %ﬂ
with r=coso,s = l/;'m Based on the analysis from
(2)-(13), one has
v, Si(X) -
= BOT
L’J [f}(XJ+ (54)

1 1 2
B I+ O :
with B' =" ¥ o= " ,andT, =[T, , T, 1"
+ L 0 1+a3 -

B. Controllers Design

If we take B™' as Q in (54), then A=1,,, and the
nominal vehicle model can be written as
Z=WZ)+®T, (55)

with Z=0[V,, Q.1", h(Z)=01£(0"'2), (0" 2)T" .
According to (32), the nominal virtual motor torque can
be written as

T, =0 (-h(Z)+Le. +Z,). (56)

For the faulty vehicle with additive faults, according to
(38) the virtual motor control signal can be written as

T, =T, +K,sat(®Pe,), (57)
where K, =[K, , K(U]T with K, ; satisfying ,
K, i > AT | (58)

For the loss-of-effectiveness fault, we have the virtual FT
control signal as

T, =T, +K,sat(®e,), (59)
where K, =[K, , K, 1", with
|7,i] AT} '
K/—i > fime + ’:zr'iJmn + 7:)[ : (60)

For the unified FT controller, one needs to choose a
sufficiently large K, to make K, =max(K, ,, K, ;) hold.

The actual motor torque is thus written as

T=N'T,=N" [I:er al, , T,

T
e ol ] (61)
In our previous tests, the in-wheel motor torque was found to
be proportional to the motor control signal [13]. Thus the
motor control signal can be written as u, =T, / k,, with £,
being the motor control gain. Note that each of the fault
types can be simulated by manipulating the motor torque

control signals.

V. SIMULATION STUDIES

Two simulation cases based on a high-fidelity, full-
vehicle model constructed in CarSim®™ were conducted. The
vehicle parameters in the simulations were taken from an
actual prototyping FWIA electric vehicle with in-wheel
motors developed in the authors’ group at The Ohio State
University [12].

A. Acceleration

Torque added (N.m)

Time (s)
Figure 2. Torque added to the faulty wheel in the straight
line acceleration simulation.
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Figure 3. Vehicle trajectories in the straight-line
acceleration simulation.
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Figure 4. Vehicle speed and yaw rate in the straight-line
acceleration simulation.

In this simulation, the desired vehicle speed was
accelerated from 30km/h to 47km/h in 10 seconds. An
additive fault was introduced to the rear-right in-wheel
motor. The added torque is as Figure 2 shows. The vehicle
global trajectories are compared in Figure 3. To better show
the effectiveness of the proposed controller, the performance
of an uncontrolled vehicle which ran on the same road was
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compared. It can be seen that the proposed control system
could control the vehicle well, while the uncontrolled
vehicle failed to follow the references as faulty wheel failed
to provide the required torque. The vehicle yaw rates and
speeds are shown in Figure 4. One can see that the
controlled vehicle could follow the reference very well,
while the states of the wuncontrolled vehicle were
significantly affected by the actuator fault.

B. J-turn simulation

Steering angle (deg)

Time (s)
Figure 5. Front wheel steering angle J-turn simulation.
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Figure 6. Yaw rates in the J-turn simulation.

100

|
=== Reference

8OF 4 === With control -
=== Without control ! ! H
N

60— =~~~

i e e I

Global Y (m)

b e e

20

Global X (m)
Figure 7. Vehicle trajectories in the J-turn simulation.

In this simulation, a counter-clockwise turn was
introduced at 1s. The front wheel steering angle is as Figure
5 shows. A loss-of-effectiveness fault was introduced. The
fault decreased the rear-right in-wheel motor control gain to
0.4 times of its nominal value at 2s. The vehicle yaw rates
and speeds are compared in Figure 6. One can see that the
controlled vehicle followed the references well, while the

yaw rate and speed of the uncontrolled vehicle diverted from
the references very fast. The vehicle trajectories are shown
in Figure 7, where we can see again that the proposed
controller works well.

VI. CONCLUSIONS

A passive FT controller for a class of over-actuated
system is proposed. A passive FT controller which works
for both additive and the loss-of-effectiveness actuator fault
types is designed. A vehicle control example of a FWIA
electric ground vehicle case is given to show the
effectiveness of the proposed control method. Simulations
using a high-fidelity, CarSim®, full-vehicle model in
different scenarios show the effectiveness of the control
approach.
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