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Noncommutative Formal Power Series and Noncommutative Functions
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Abstract—1In various applications of formal power series,
their evaluations on linear operators (acting on an infinite-
dimensional Hilbert space) or on square matrices (of any size
or of size large enough) play an important role and allow
one to develop a noncommutative analog of analytic function
theory. On the other hand, functions defined on square matrices
of any size which respect direct sums and similarities and
satisfy a local boundedness condition behave in many ways
as analytic functions and have power series expansions — a
noncommutative analogue of Taylor series. We will discuss
convergence of noncommutative power series and analyticity
of noncommutative functions.

I. INTRODUCTION

Noncommutative polynomials or, more generally, non-
commutative formal power series appear in many areas
of mathematics: in enumerative combinatorics, probability,
formal languages, theory of polynomial or rational identities
in rings, theory of Lie algebras, just to mention a few. A
noncommutative formal power series in d indeterminates

z = (21,...,2q) with the coefficients in a vector space V
over a field K has the form
f=>" fuz®, ()
weFy

where F; denotes the free semigroup on d generators gy, ...,
gq (letters) with the identity element () (the empty word), and
we use the noncommutative power notation: 2 = z;, - - - 2;,
for a word w = g;, - - - g;,- We will also assume that F; is
ordered, and the order respects the word length.

Rational noncommutative formal power series with scalar
or matrix coefficients are those series of the form (1) which
are obtained by applying a finite number of successive
operations of summation, multiplication, and inversion to the
indeterminates z1, ..., z4, Where the inversion is defined for a
series (1) with fj an invertible matrix. They first appeared in
a system theoretical context in the theory of formal languages
and finite automata; see Kleene [1], Schiitzenberger [2], [3],
and Fliess [4], [5], [6]. (The work of Fliess was motivated
also by applications to certain classes of nonlinear systems.)
By the Kleene—Schiitzenberger—Fliess theorem, the series of
the form (1) with coefficients in KP*? is rational if and
only if the infinite Hankel matrix H; = [fyw]v,wer, has
a finite rank m if and only if the series is recognizable, i.e.,
there exist matrices Ay, ..., Ag € K™*™ B ¢ K™*4, and

C € KP*™ guch that
fw=CAYB, we€Fy, 2)
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where A = (A, ..., Aq). Alternatively, one can write (2) as

f=CI—-Ayz —--— Agzq) ' B, (3)

which is a typical realization formula. A similar noncom-
mutative realization formula was obtained in Fornasini—
Marchesini [7] and then used to obtain a d-dimensional
system realization of a given matrix-valued rational func-
tion in d commuting variables. The noncommutative formal
power series and the realization formulae in these works were
formal algebraic objects and were not viewed as functions.

More recently, realizations of rational expressions in
Hilbert space operators (modelling structured, possibly time
varying, uncertainty) appeared in work on robust control of
linear systems, see Beck [8], Beck—Doyle-Glover [9], Lu—
Zhou—Doyle [10]. For a series of the form (1) and a d-tuple of
bounded linear operators X = (Xi,...,Xy) on a common
Hilbert space H, the tensor substitutions were used as follows
(of course, the operator norms should be small enough to
guarantee the convergence of the series):

f(X): Z Xw®f’w-

weF4

Similarly, matrix-valued noncommutative rational expres-
sions can be evaluated on appropriate d-tuples of operators,
e.g., for (3) we have

f(X)=(Un@O0)In@p—X1@A1— - —Xg@Ag) "
Iy ® B).

Understanding noncommutative formal power series or ratio-
nal expressions as functions on d-tuples of (not necessarily
commuting) operators makes realization theory work better.
In the works of Ball-Groenewald—Malakorn [11], [12], [13],
a theory of structured noncommutative multidimensional
systems with F; as a “time domain” was developed, which
provides various state-space models for systems with struc-
tured uncertainties (which include, in particular, noncommu-
tative versions of Fornasini—-Marchesini or Givone—Roesser
systems); a noncommutative version of the Bounded Real
Lemma has been obtained; a noncommutative analogue of
the Schur—Agler class of contractive (in the sense of operator
substitutions) analytic functions on the unit polydisk and its
system realizations were described. This realization theory
involves therefore not necessarily rational noncommutative
formal power series and, possibly, infinite dimensional state-
space realizations. We also mention that in Ball-Kaliuzhnyi-
Verbovetskyi [14] an even more general form of noncommu-
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Noncommutative formal power series converging on cer-
tain sets of d-tuples of operators (matrices) as a noncommu-
tative analog of analytic functions on a neighborhood of zero
in C4 appear also in a number of works; see, e.g., Popescu
[15], [16], [17], [18], Ball-Vinnikov [19], Helton et al.
[20], [21], Kaliuzhnyi-Verbovetskyi [22], Alpay—Kaliuzhnyi-
Verbovetskyi [23], [24], Kaliuzhnyi-Verbovetskyi—Vinnikov
[25], [26], where various realization formulas are used as
well, with or without transfer function interpretation.

Another set-up where matrix substitutions are used is
noncommutative rational expressions. An important area
where this set-up is natural is Linear Matrix Inequalities
(LMIs); see, e.g., Nesterov—Nemirovski [27], Nemirovski
[28], Skelton—Iwasaki—Grigoriadis [29]. As it turns out, most
optimization problems appearing in systems and control have
matrices as the natural variables, and the problem involves ra-
tional expressions in these matrix variables which have there-
fore the same form independent of matrix sizes; see Helton
[30], Helton—-McCullough—Putinar—Vinnikov [31]. Realiza-
tions of rational functions in noncommuting indeterminates
are used in Helton—-McCullough—Vinnikov [32] to convert
(numerically unmanageable) rational matrix inequalities into
(highly manageable) LMIs. Rational functions, scalar or
matrix valued, are understood in [32] as classes of equiva-
lence of matrix-valued noncommutative rational expressions
(two such expressions are equivalent if they coincide on the
intersection of their domains of regularity).

The concept of noncommutative rational functions (not
necessarily regular at zero) was developed further in
Kaliuzhnyi-Verbovetskyi—Vinnikov [26], [33]. In [26], the
left and right shifts were defined for noncommutative ra-
tional functions regular at zero in terms of evaluations on
matrices. These shift operators were used to show that the
singularity set of a matrix-valued noncommutative rational
function coincides with the singularity set of the resolvent
in a minimal noncommutative Fornasini-Marchesini system
realization. Moreover, the commutative analog of this result
was obtained as a consequence of the noncommutative one
via “lifting” to the noncommutative setting. In [33], the
difference-differential calculus was developed for matrix-
valued noncommutative rational functions. The shifts are
a special case of difference-differential operators when the
latter ones are applied at zero.

In fact, the difference-differential calculus can be devel-
oped in a more general setting of noncommutative functions.
In our current joint project with Victor Vinnikov [34], the
foundations of the theory of noncommutative functions, in
particular analytic ones, are laid out. In what follows, we
present a (necessarily) brief overview of this theory.

II. NONCOMMUTATIVE FUNCTIONS, THEIR
DIFFERENCE-DIFFERENTIAL CALCULUS, AND
TAYLOR-TAYLOR SERIES

A. The definition of noncommutative functions

For a vector space V over a field K, we define the
noncommutative (nc) space over V,

o0
Vnc — H V?an.
n=1

For X € V"™ and Y € V"™*™ we define their direct sum,

X 0

X@Y:{O v

:| e V(n+m) X (n+m) )

Notice that matrices over K act from the right and from
the left on matrices over V by the standard rules of matrix
multiplication: if X € VP*? and T € K"*P, S € K%*5, then

TX e V™ XS eyrxs,

A subset Q C V,. is called a nc set if it is closed under
direct sums; explicitly, denoting 2,, = Q N VY™*" we have
XY € Qi forall X € Q,, Y € Q,,. In the case
of V = K% we identify matrices over V with d-tuples of
matrices over K:

(Kd)PX‘I o (prq)d .

Under thls identification, for d-tuples X = ch Tyee-
(K”X") and Y = (Y3,...,Yy) € (K™*™m)",

wor-(3 S [ 5)

0 "1
d
c (K(n+m)><(n+m)> :

7Xd) S

and for a d-tuple X = (X1,...,Xq) € (prq)d and

matrices T € K"*P, § ¢ K9%3,

TX = (TXy,...,TX,) € (K™*9)?

XS = (X15,...,X45) € (KP**).

Let V and W be vector spaces over K, and let Q2 C V.
be a nc set. A mapping f: Q — W, with f(Q,) C Wnx"
is called a nc function if f satisfies the following two
conditions:

o f respects direct sums:
fXeY)=fX)af(Y),

o f respects similarities: if X € Q, and § € K"*" is
invertible with SXS~1 € Q,,, then

FSXS5™h) =Sf(x)s . (5)

Proposition 1: A mapping f: Q — Wy with f(Q,) C
WX respects direct sums and similarities, i.e., (4) and (5)
hold, if and only if f respects intertwinings: for any X € €,,,
Y €Q,,, and T € K®™ such that XT =TY,

FX)T = TH(Y). (©)

We note that the condition (6) has appeared first in
J.L. Taylor [35], [36] in the case where V = C? and an
additional assumption of analyticity of f(X) as a function of
matrix entries (X;);x, 2 =1,....d, 5,k =1, ..., n, for every
n € N is used. The name of J.L. Taylor is well known mainly
due to his most general definition of the joint spectrum of a
d-tuple of commuting bounded linear operators on a Banach

X, YeQ @)
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space, and the corresponding analytic functional calculus;
see [37], [38]. His attempt in [35], [36] to extend these to
d-tuples of noncommuting bounded linear operators are less
known. Though the latter works did not achieve their ultimate
goals, a machinery of nc functions has been developed. We
use some of Taylor’s ideas, however in a more general setting
and with milder assumptions on nc functions. We also note
that these ideas have found applications in free probability;
see Voiculescu [39].

The following result, though looking technical at the
first glance, provides us with the definition of the right nc
difference-differential operator Ap.

Theorem 2: Let f: ) — W,y be a nc function on a nc
set Q. Let X € Q,,Y € Q,,, and Z € V"*™ be such that

(¥ #) € Quym. Then
([ )15 5]

where the off-diagonal block entry Ag f(X,Y)(Z) is deter-
mined uniquely and is linear in Z.

In fact, Ag f(X,Y)(Z) can be extended by linearity to all
Z € VXM As a consequence of Theorem 2, the following
formula of finite differences holds:

fX)—f(Y)=Arf(V, X)(X-Y), neN, XY €Q,.

The linear mapping Af(Y,Y)(-) plays the role of a nc
differential at Y. If K = R or C, setting X = Y + tZ
with t € R (¢t € C), we obtain

FY +t2) — f(Y) = tArf(Y,Y +tZ)(Z).

Under appropriate continuity conditions, it follows that
Arf(Y,Y)(Z) is the directional derivative of f at Y in the
direction Z. In the case where ¥V = K¢, the finite difference
formula turns into

N
FX) = (V) =) Apif(V,X)(X: —Yi), XY €Q,,
=1

with the right partial difference-differential operators Apg ;:

Aprif (Y. X)(C) = Apf(Y.X)(0,...,0, C ,0,...,0).

ith place

The linear mapping A g ; f(Y,Y)(:) plays the role of a right
nc i-th partial differential at the point Y.
Example 3: Let V =W =C, f(X) = X?2. Then

2
ARf(X,Y)(Z) = <[)O( }Z,} ) — X7+ 2Y.
12

In particular, if n =1 and X =Y, then Arf(X,X)(Z) =
2XZ,ie., Arf(X, X) coincides with the usual (commuta-
tive) differential.

The left nc full and partial difference-differential operators
Arp, Ap;, i=1,...,d, are defined analogously, via evalu-
ations of nc functions on lower block-triangular matrices.

The nc difference-differential operators obey natural cal-
culus rules: linearity, the product rule, the chain rule, etc. On
the other hand, as a function of X and Y, Arf(X,Y)(")

respects direct sums and similarities, or equivalently, respects
intertwinings in the following sense: if X € Q,..Y €Q,,.,
XeQYeQs, and T € K"™" § ¢ K™™ are such
that

TX =XT, SY=YS,
then
TARf(X,Y)(ZS) = Apf(X,Y)(TZ)S.

Thus, Agf can be viewed as a higher order nc function.
Example 4: For f(X) = X2, we have Agrf(X,Y)(Z) =
XZ + ZY (see Example 3) and
TARf(X,Y)(ZS)=T(XZS+ ZSY)
= (XTZ+TZY)S = Arf(X,Y)(TZ)S.

B. Higher order nc functions

More generally, we define the class of nc functions of
order k,

T = T*( QG Wome; Wimes - - s Whene)

as a class of functions on Q%1 where ) C V,. is a nc set,
whose values on 2,,, X --- x Q,,, are k-linear forms

Wl’rLoX’nl N Wk’nkle’rLk N Wonoxnk7

and which respect direct sums and similarities, or equiva-
lently, respect intertwinings: if T; X7 = X’T}, j =0,..., k,
then

Tof (X°,.... X" (Z'Ty,..., 2" Ty)
—f (XOXk) (ToZ", ..., Ty 1 Z¥) T,
for nj, fi; €N, X7 € Q,,, X7 € Q. T; € KWX", j =0,
.oy k, and for Z9 € W;"i—1*" 5 = 1,... k. The class

T% = T°(Q; W) is the class of nc functions f: Q — Wie.
If f € T0(: Wae), then Anf € TH(: Wae, Vo).

Proposition 5: Let f € T*(Q;Wone, -+ Wione). Let
X% € Qs XMl e, XM € Qur, XM € Qi
Zl c Wlnoxnl Zkfl c (Wk_l)nk—ank—l Zk/ c

/ " ’ 1"
W,k XM Zk! g Y\ ME—1XT ] et 7 € VXM be such

kr
that |:)(O XZk//:| € Qn;ﬁ-n;j Then

o [x Z
f<X07"'an 1a|:0 Xk/l:|)

(Z',..., 2" row 2V, ZH"])
=row [f(X°,..., XF LX) (24, ..., 28 2V
Apf (X0 XML XM XM (2., 281 2", Z)
+f (X0, XEL XY (2. 2R 2R

Here

Apf (X0, XML XM XM (ZY,...,2F 1, 2", Z)
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is determined uniquely, and is linear in Z. Moreover, this
extended right nc difference-differential operator Ap is a
mapping of the classes:

AR: Tk(Q, Wo,nc, ceey Wk,nc)

- Tk+1(Q; WO,nC» ey Wk,nca Vnc)~
Iterating ¢ times the operator A g, we obtain the following
result (which is clearly true for £ = 1 by Theorem 2).
Theorem 6: Let f € T°(Q; Wyc). Then

ALF(XO,..., XHZY,..., 7Y

X0 zU 0 . 0]
0 X! :
e 1 B
: XZ—l ZZ
¢
Lo - 0 X! et
e THYE Waes -+ - s Waes Vae)
¢ times

C. The Taylor-Taylor formula

We use the calculus of higher order nc difference-
differential operators to derive a nc analogue of the classical
(Brook) Taylor formula, which we call the Taylor—Taylor
(TT) expansion in honor of Brook Taylor [40] and of Joseph
L. Taylor [36].

Theorem 7: Let f € T9(2; W) with Q C V. a nc set,
n € N,and Y € Q,,. Then for each N € N and arbitrary
X eQy,

N
FX) =) ARFY,....Y)(X-Y,... . X-Y)

=0
- £+1 times ¢ times
N+1
FANT(Y, Y X)X Y, X =),
——
N+1 times N+1 times

In the case where V = K¢, we obtain

=" ap s

Y,...,Y)
=0 w=gi, - gi,

/41 times
(Xi _)/Zja"'ing _}/LZ)
+ > AR (Y.L, Y LX)
_ —_——
W=9i1 i N+1 times
(Xi, = Yirseo oy Xinsr = Yin o )s

where for a word w = g;, - - - gi,»

-
w .
Agr =Agri - AR,-

If Y = (Inpi,...,Ihpq), this is a genuine nc power
expansion
N T
X) = X — I, AR PR
FX)=>>( )" AR f ()
£=0 |w|=¢ /41 times
.
+ Y (X =L AR (o, X).
——
[w|=N+1 N+1 times

In the cases where K = R or K = C, and the spaces V
and W are Banach spaces, we study the convergence of TT
series in the sense that the remainder, that is the second sum
in these formulas, converges to 0. Here we consider the case
where K = C, and V and W are operator spaces, which is
most relevant in free probability and is a natural set-up for
studying uniform convergence of nc power series.

Recall that a Banach space W over C is called an operator
space (see, e.g., Paulsen [41]) if a sequence of norms || - ||,
on Wn*" n =1,2 ..., 1s defined so that the following two
conditions hold:

e Forevery n,m € N, X € W"*™ and Y € Wmx™,
| X & Y[n+m = max{|| X |ln, [[Y[|m}-
e Forevery n € N, X € W**™ and S,T € C"*",
[SXT || < ISINXIIT,

where || - || denotes the operator norm of C™*™ with
respect to the standard Euclidean norm of C".
Let W be an operator space. For Y € W**® and r > 0,
define a nc ball centered at Y of radius r as

By (Y,7)
_ﬁ{XGWmsxms: X_éy <,r,}.
m=1 a=1 ms

NC balls form a basis for a topology on W,.. Open sets in
this topology will be called uniformly open.

Let V, W be operator spaces, and let 3 C V. be a
uniformly open nc set. A nc function f: 2 — Wy is called
uniformly locally bounded if for any s € N and Y € Q;
there exists a nc ball By,.(Y,r) C € such that f is bounded
on By.(Y,r). A nc function f: 2 — W, is called Gateaux
(G-) differentiable if for every n € N the function f|q, is
G-differentiable, i.e., for every X € Q,, and Z € V"*™ the
G-derivative of f at X in direction Z,

X +t2)— f(X) d

li = —f(X+t7
100 t dtf( + )75:07

exists. A nc function is called uniformly analytic if f is
uniformly locally bounded and G-differentiable. We note that
this is a stronger notion than just analyticity of f|q, for each
n € N. We address the reader to the classical book of Hille
and Phillips [42] and to a more recent source, Mujica [43],
for the theory of analytic functions on Banach spaces.

Theorem 8: Let a nc function f: 2 — W, be uniformly
locally bounded. For s € N, Y € Qg, let § := sup{r >
0: f is bounded on By(Y,r)}. Then

F) =3 A (DY DY)
£=0

a=1 a=1
/41 times
(X—@K...7X—@Y) 7
a=1 a=1
¢ times
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holds, with the TT series converging absolutely and uni-
formly on every open nc ball B,,.(Y,r) with r < 4.

Corollary 9: Let Q C V,. be a uniformly open nc set.
Then a nc function f: Q@ — W, is uniformly locally
bounded if and only if f is continuous with respect to the
uniformly-open topologies on V;,. and W, if and only if f
is uniformly analytic.

In the case where V = C?, we also study the convergence
of the TT series along F.

Theorem 10: Let a nc function f: 2 — W, be uniformly
locally bounded. For every s € N, Y € Qg, let § := sup{r >
0: f is bounded on By(Y,r)}. Then

f(X):i 3 A;{f(éy,...,éy)

=0 w=gi, -gi, €Fa = a=1

/+1 times
(X - @Yoo Xi ~BYe) ®
a=1 a=1

holds, with the series converging absolutely and uniformly
on every open nc diamond about Y,

Onc(xr) = H {X € Qom:
m=1

d m
> el | X, - P <
j=1 a=1

with » < 0. Here e; € C? are the standard basis vectors.

III. CONVERGENCE OF NC POWER SERIES

Let V be a K-vector space and let s, ¢, mg, ..., my € N.
For Z! € ysmoxsmi gl o Ysme_1Xsme e define

mo Xmy

Zl [OFERRNON Zf c ((VSXS)®‘€)
as follows:

(Zl O -+ O Zf>aﬁ

>

ap=a,0;=1,...,mj;,aq,=03

where « = 1, ..., mo, 8 = 1, ..., my, and Z7 =
[Z979],_1,....m;_1,6=1,....m,- This is nothing but the product
of matrices over the tensor algebra T(V**¢). We write
ZG‘J:ZQS---@SZ
—_———

¢ times

lag,a Loy ,0
Z 01®®Z £—1 Z,

in the case where mg = ... =my = m and Z! = ... =
Z' = Z. We study the convergence of power series

> 794, ©)
£=0

where Z € V¥™*sm = 1,2,..., V and W are operators
spaces, fg: (VSXS)Z — WS*s ¢ = 0,1,..., is a given
sequence of ¢-linear mappings, i.e., a given linear mapping
T (V5*5) — W5*5. The mappings f, are naturally extended

to matrices over V**® by their action on matrix entries
and assumed to be completely bounded (in the sense of
Christensen and Sinclair; see, e.g., [41, Chapter 17]), i.e.,

HféH‘Cﬁb = sup ”(Zl Os -+ Os Zé)fénwm,mz
i |Zt]|=-=]IZ*||=1
is finite, where Z1 € ysmoxsmi gl ¢ Psme_1Xsme
mj=1,...,00,j=0,...,0 Here | - ||p,q is the uniquely

determined norm for p x ¢ matrices over W*** (which is
itself an operator space) such that the “bullet” conditions
in Section II-C hold for rectangular matrices in the place of
square matrices; see [41, p. 185, Exercise 13.2]. We consider
here, without loss of generality, the power series centered at
Osmxsm, for every m = 1,2,.... Clearly, the results can
be extended to power series centered at @, Y, for every
m=1,2,..., with Y € V%5 ie., the series with powers
of (Z—@)"_,Y) in the place of Z. Notice that interpreting
the values of A% f(X°,..., X*) as (-linear mappings, we
can write the right-hand side of (7) as a power series:

F(X) i(Xéy)wAgf(éngY,...,éy).

=0 a=1 a=1

¢+1 times

Thus, the results in this section can be considered as the
converse of the results in section II-C.

Theorem 11: The series (9) converges uniformly on every
nc ball By,¢(0sxs,d) with

1

5 < o= (s /17y, )

oo

Z sup

/=0 WEBnc(0sxs,9)

moreover

W fe]| < oo

The series (9) fails to converge uniformly on every nc ball
BI]C(OS><S7 6) with ¢ > Pcb-
In the case where V = C¢, we also consider noncommu-

tative power series
Osw
E 27 fu,

weF g

L Z4) € (Comxsmyd i =12,

(10)

where Z = (Z3,..
Z@sw — Zi1 O - Og Zi

for w = ¢;, ---¢i,, and for a given sequence of ¢-linear
mappings f,,: (C***)* — W***, w € Fy, £ = |w|. Notice
that interpreting the values of A}‘; F(XO, ..., X as (-linear
mappings, we can write the right-hand side of (8) as a power
series:

x)=3 (X—@Y)st 5 DY, DY)
weF a=1 a=1 a=1
¢+1 times

There is also an analog of Theorem 11 for the convergence
of the series (10).
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IV. CONCLUSIONS

We have demonstrated that the evaluations of noncommu-
tative formal power series on square matrices of all sizes
(so that the series become “not so formal”) are important
in various applications and allow one to think of them as
of functions on the corresponding domains of convergence.
We have obtained certain results on the uniform convergence
of such series. On the other hand, functions defined on
square matrices of any size which respect direct sums and
similarities (we call them noncommutative functions) and
satisfy a local boundedness condition behave in many ways
as analytic functions and have power series expansions
— a noncommutative analogue of Taylor series. We have
shown this via developing the difference-differential calculus
of noncommutative functions. The main conclusion is that
analytic noncommutative functions and convergent noncom-
mutative power series are essentially the same object, as it
is in the classical (commutative) case.
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