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Robust Invertibility of Switched Linear Systems
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Abstract— 1In this paper, we address the effects of un-
certainties in output measurements and initial conditions on
invertibility of the switched systems — the problem concerned
with the recovery of the input and the switching signal using
the output and the initial state. By computing the reachable
sets and maximal error in the propagation of state trajectories
through the inverse system, we derive conditions under which
it is possible to recover the exact switching signal over a certain
time interval, provided the uncertainties are bounded in some
sense. In addition, we discuss separately the case where each
subsystem is minimum phase and it is possible to recover the
exact switching signal globally in time. The input, though, is
recoverable only up to a neighborhood of the original input.

I. INTRODUCTION

In the past decade, much literature has been published that
relates to the structural properties of the switched systems;
most recent of which is the problem of invertibility [1], [2].
Viewing the switching signal as an additional exogenous
signal, invertibility of switched systems deals with the re-
construction of the input and the switching signal using the
measured output and the initial state.

One of the main drawbacks of the algorithms used in
the reconstruction of the input and the switching signal
using the invertibility approach is that they require precise
knowledge of the output and the initial state. Due to physical
limitations of the sensors and non-uniform/unpredictable
operating conditions of the system, it is often the case that
these two quantities (the output and the initial condition) are
not precisely known. Thus, it is natural to ask whether it
is possible to recover the unknown switching signal and the
input with disturbances in the measurement of the output and
lack of precise knowledge of the initial state. Motivated by
this practical setup, this paper deals with the reconstruction
of the input and the switching signal when there are uncer-
tainties in the output measurements and the initial condition.

We restrict our attention to linear switched systems de-
scribed as:

I's: {

The switching signal o takes values in a finite index set P.
For each p € P, A, € R"*", B, € R™*™, (C, € R™*",
D, € R™*™Mso that u(t) € R™, and y(t) € R™; also,
state variable € R™. The input and output dimensions are
assumed to be same so that the system is square. Further,
u € F", so that the output y € F™, where F" denotes
the subset of piecewise right-continuous functions whose

i = A,r + Bsu,

y=Cox + Dyu. M
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elements are n-times continuously differentiable between any
two consecutive discontinuities. We denote by F;?,zg (u) the
output of subsystem p with initial condition zy and input w.
The Euclidean norm of a vector is denoted by | - | and the
induced norm of a matrix by || - ||. For two matrices, A; and
A, col(Ay, Ag) :=[A], AJ]T. For a vector z in Euclidean
space, and a positive scalar r, let B,.(z) := {y : |y — z| < r}.

Problem Setup: With y : R — R™ as the exact output
of the system, let Y* := col(y,5,4j,---,y*), k € N,
denote the vector comprising the exact output and its first
k-derivatives. For brevity, Y := Y. Both y and Y* are
considered to be unknown. Let Y* := col(§, 4,4, ,§®)
denote the imprecise estimate of the output and its deriva-
tives obtained by inaccurate measurements and numerical
differentiation. Several useful techniques for obtaining the
estimates of the derivatives, even for noisy signals, have been
discussed in the literature, see [3] and references therein. It is
assumed that for each ¢, the uncertainty in the measurement
of the output and its derivatives is bounded by some fixed and
known number ¢ > 0, that is, |Y'(¢) — Y (¢)| < . Also, the
exact knowledge of the initial state 2o := x(t) is no longer
assumed, instead x( is assumed to be contained in a known
compact and convex set Ry,, so that £y € Ry, is an initial
estimate of xo. Our objective is to: (a) find conditions on
subsystem dynamics and a deterministic function ¥~ (%o, 7))
that reconstructs the original value of o over some time
interval, (b) compute the maximum error between the actual
and the reconstructed input, (c) find conditions under which
Y&, 9) yields the actual value of o at all times for a
particular class of systems.

II. BACKGROUND AND PRELIMINARIES

Invertibility of switched system (1) requires each sub-
system to be invertible and the identification of the active
mode [1]. To check the former property, i.e., invertibility of
a subsystem, one uses Silverman’s structure algorithm [4],
[5]; this paper, however, uses the notations developed in a
terse version of the structure algorithm given in [1]. If a
subsystem is invertible, the structure algorithm leads to the
construction of an inverse subsystem that reconstructs the
original input using the state and the output values. For mode
identification in (1), we first develop a relationship between
the output and the state for each subsystem and then utilize it
to determine the active subsystem at each time instant. This
relationship is characterized by the range theorem [5] and the
characterization uses certain operators L, and W,, which
are obtained by applying the structure algorithm to each
subsystem I',. The formula for L, in terms of system data
appears in [1], whereas the expression for W), is developed



in the Appendix. The exact expressions of these operators
are not required in the understanding of this paper, and we
refer the reader to [1] and the Appendix if such formulae
are sought. The following example helps illustrate how these
operators show up in computations:

Example 1: Consider a non-switched linear SISO system

Iy:{a=[71]2+[%]uand y = [0 0.5z
y

Clearly, y and y are independent of the input, that is, (y)
[ 2 8312, or equivalently [Iax2 O2x1]Y = [ % 93] 2, where
Y := col(y, 9, §)- So, we let Wi := [Iax2 O2x1], and Ly :
[ O-2] and the relation W1Y (t) = Lqz(t) holds V¢ >
tp. Computing the expression for ¢, solving it for w, and
plugging the resultant back into the original dynamics yields

the corresponding inverse system,

rits{a=[7P e+ Bliu=1[0 —4i+4j. <

For the sake of clear presentation, we introduce the fol-
lowing assumptions to state a simplified version of the range
theorem in Proposition 1 which characterizes the relationship
between the output and the state for a subsystem I,

Assumption 1: Throughout the paper, it is assumed that:

1) each subsystem I'j,, p € P, is invertible;

2) and the inputs are such that the output produced by

each subsystem is n-times differentiable (i.e., C™).

Proposition 1: Consider system (1) with initial state x.
If Assumption 1 holds and y € C"([to,t1), R™), then there
exists an input w such that y = ngo(u) if and only if
WpY S CO([to,tl),Rm) and WpY(tQ) = Lp,To. <

It is also noted from the structure algorithm that regardless
of what the input is, the output and the state are related by
the equation W,Y (t) = Lyx(t), for all ¢ > t, when ') is
active, and not just at the initial time ¢,. When dealing with
the switched systems, this is the fundamental idea employed
in mode detection and it also leads to the following concept
of switch-singular pairs [1].

Definition 2: Let zp € R™ and y € C™ be an R""-valued
function on some time interval. The pair (zg, y) is a switch-
singular pair of the two subsystems I'j,, I'; if there exist
u1, ug such that ngo(ul[twﬁe)) = Fgmn(uQ[toﬁtﬁe)) =
Ylto,to+e)» 1Or some € > 0. <
Essentially, if a state and an output (the time domain can be
arbitrary) form a switch-singular pair, then there exist inputs
for the two subsystems to produce that same output starting
from that same initial state. Under Assumption 1, it follows
from Definition 2 and Proposition 1 that (zq,y) is a switch-
singular pair for I',,, I, if, and only if,

quy(tO) = qu,To, (2)

where W, = col(W,,W,), Lpq := col(Ly, Lg), xo =
x(to), and tq is the initial time of y. This condition for ver-
ifying the existence of switch-singular pairs can be checked
easily for a certain class of outputs using a rank condition.
According to [1, Lemma 3], if y is such that W,,Y () # 0,
for any ¢t > tg, then there exist no switch-singular pairs
(x0,y) between subsystems I',, and I'y if, and only if,

rank [Ly, W] = rank L, + rank W,.

3)
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If £,, and W, denote the range spaces of the matrices L,
and W,,, respectively, then geometrically, condition (3) is
equivalent to saying that £,, N Wy, = {0}.

Next, let ) be the set of piecewise smooth functions such
that if y € ), then W, Y (o) # 0 for all p # ¢, p,q € P. Tt
has been shown in [1] that, for the output set Y, a switched
system is invertible if and only if all subsystems are invertible
and subsystem dynamics are such that there exist no switch-
singular pairs among them. So, if Assumption 1 and (3) hold
then the switched system is invertible for the output set ).

In case a switched system is invertible, a switched inverse
system can be constructed to recover the input and the
switching signal o from the given output and the initial
state. Towards that end, define the index-inversion function
f_l ‘R" xY — P as:

Y(z0,y) = {p: W, Y (to) = Lywo}- )

Having determined the mode using (4), the corresponding
inverse system is activated to recover the input. Thus, an
inverse switched system 1";1, with initial condition g, is
implemented as follows:

5

=1

o(t) = X (‘T(t)ay[t,tJre))u (5a)

y /Ta(t)CC + Ea(t)Y, (5b)

u = a,(t):v + ﬁg(t)y (5¢)

where A, = (A — BD,, Ca)s. B, := (BD, V),.

C, = (—ﬁ;léa)g, and D, = (ﬁ;l\/)g. The matrices
Ca,D,,V are defined for each subsystem through the
structure algorithm; formulae for Umﬁa are given in [1],
and the expression for V' is developed in the Appendix.

III. INVERSION UNDER UNCERTAINTIES

In the problem setup, it is assumed that xy and Y are
unknown, End we work with their respective estimates &y €
R+, and Y. So, instead of (5), the following equations are
utilized, with the initial condition &y, to get an estimate of the
actual state trajectory and the input appearing in (1), which
are now denoted by & and 4 respectively.

i = A,+B,Y, (6a)
@ = O,2+D,Y. (6b)

In (6), the switching signal o remains unknown and the
remainder of this section concentrates on recovering the
switching signal using R, and Y. In §III-A, we use the
concept of reachable sets to compute o; in §III-B, simpler
computations are devised to reconstruct o for the case Ry, =
Bs,(Zo) and some known dp; and §III-C quantifies the error
between the actual input v and its estimate .

A. Switching Signal Recovery using Reachable Sets

In the presence of uncertainties in the output and the state
values, the most natural extension of the mode identification
method described in the previous section is to compute the
set that contains x(t) and look at the intersection of the
image of this set under the map L, with W,(B,(Y (¢))).



The subsystem I',, is declared active if the corresponding
intersection is non-empty. In the sequel, we formalize this
argument to show how the switching signal can be recovered
using that approach.

1) Reachable Sets: It follows from Fillipov’s theorem for
linear time varying systems [6] that if the initial condition
lies in a compact and convex set, then the reachable set
Ry, = {z(t1) : z(t) solves (6a) with ¢ € [to, t1],z(to) €
R, } is compact, convex and varies continuously with ¢;.
Several methods for computing the set R; are available in
literature [7] and we assume that R; can be computed. Note
that the operator L,, obtained from the structure algorithm is
linear and continuous. Since R; is a compact and convex set
at each time ¢, the set L,(R;) is also compact and convex.

2) Index Matching Function $-1: To compute the value
of the switching signal o (t) using the index-inversion func-
tion (4), we find p for which WY (¢t) = Lpz(t), or
alternatively |W,Y (¢) — L,z (t)] = 0. Since Y (¢) and x(t)
are no longer available, this condition cannot be verified
anymore. A new function, that recovers the value of the
switching signal is computed using the following proposition.

Proposition 3: For system (1), if there exists an input u
such that 9, (u) =y over an interval [to,t1), and |Y'(¢) —

Y(t)| < o, then |Lpx(t) — WY (t)| < ||[Wplle, for each
te [to, tl)

Proof: Since ', (u) = y over the interval [to, t;) for
some input u, it follows from Proposition 1 that Lp:c( )

W,Y (t) for each t € [tg,1). So that |Lpz(t) = WY (t)| =
— WAt + WY (¢) — ()l—lW(()
Y < [Wll[Y(1) - Y (1) < HW llo- u

Note that, rather than the exact value of x(¢), it is only
known that z(t) € Re. If Z,(t) 1= Lp(R¢), we define the
distance between the set Z,(¢) and the vector W,Y (¢) to be:

dy(t) == min (WpY (t) — z|- )

The set Z,(t) is compact, convex and contains L,x(t), so
there exists a unique solution to this optimization problem
according to the projection theorem [8]. Use of Proposition 3
guarantees that if I', produces the output at time ¢, then
the distance between the set Z,(t) and W, Y() is less
than ||W,| ¢. This motivates us to introduce the following
definition of index-matching function:

ST (Re Gere) = {2l dp(t) < [Wplleh. @)

Next, in Proposition 4, it is shown that the distance func-
tion (7) is continuous locally in time and that the value of
the index-matching function (8) coincides with the original
switching signal. The proof uses continuity of reachable sets
and has been omitted due to space constraints.

Proposition 4: Consider the switched system (1) with
initial condition contained in a compact, convex set R+, and
measured output § over some time interval. Assume that:

1) there is a unique p € P such that d,(to) < ||[Wp] 0,

2) for all q # b, dq(tO) > 3||Wq|| o, =R
then there exists p > 0 such that o(t) = X7 (Ry, it e4e))
for all t € [to,to + p), where S~ is defined in (8). N
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Proposition 4 also suggests that there exists a lower bound
on the time interval for which the switching signal can
be recovered. If the conditions of this proposition are also
satisfied at time ty + p, then there exists p > 0 such
that the switching signal can be recovered over the interval
[to,to + p + p). Thus, larger intervals can be obtained by
applying Proposition 4 inductively. The switching signal a(+)
is recovered by letting o(t) = X7Y(Ry, Jj,11)) and this
definition leads to the recovery of switching signal over
an interval [tg,T), where T := min{t > to|3p,q €
P st dp(t) < [[Wplle and dg(t) < [|[W,]lo}. We now
illustrate this result with an example.

Example 2: Consider a switched system with two modes,
ie., P = {1,2}; where subsystem I'; and its inverse are
defined in Example 1, I's and its inverse are given below:

1 —1

-1 1 2 3 4| A &
e R IS T
y=1[0 1]« a=[3 Flé+3i
For this example W1 = W =[xz 02x1]; L1 = [% §:2]

and Ly := [1 _0. 5] I'y, 'y are invertible and the conditions
in Proposition 4 hold for ¢ = 0.25 and Ry = {z : (z —
10) T (2 — 10) = 1)} for an arbitrarily chosen output .
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Fig. 2. The sets Z1(t), Z2(t), and the output trajectory in (y,y) space.

Fig. 1 shows the corresponding distance functions; and the
switching signal obtained by comparing these two distance
functions. It can be seen that o(t) = p,p = 1,2, when d),(?)
is near zero. Fig. 2 gives an insight into the values of these
distance functions by plotting the sets Z,(t) := L,R;,p =
1,2, and the output trajectory in (y, ¢)-plane. <

B. Approximate Reachable Sets

In the previous section, we recovered the switching signal
using the index-matching function $-1, whose arguments
were the measured output and the reachable set at each



point in time, and furthermore the evaluation of this function
involved the solution to an optimization problem at each
instant in time. Clearly, this approach is computationally
very expensive. In this section, we let Ry, = Bjs,(Zo) and
derive an alternative simpler formula for the recovery of
switching signal with the help of certain approximations,
which relieves the computational burden enormously. The
drawback, however, is that the interval over which the
switching signal is recovered is smaller. We start off with
the definition of (R, g) switch-singular pair:

Definition 5: Let xg = z(ty) be contained in a compact
set R C R", and y be an R"-valued function over some
time interval with Yy := Y (¢p). We say that (xq,y) forms
an (R, o) switch-singular pair for subsystems I',, I’y if for
the given p > 0, there exist x1,z2 € R and Y1, Y5 € B,(Y))
such that L,zy = W)Y and Lozo = W, Y5, <
In the sequel, we will also refer to (R, o) switch-singular
pair as the weak switch-singular pair when R and p need
not be specified.

1) Gap between Subspaces: To study the existence of
weak switch-singular pairs, we introduce the notion of min-
imal gap between the subspaces.

Definition 6: Let M, N be two subspaces of an Euclidean
space. The minimal gap a(M, N') is defined as:

a(M,N) = aN, M) := min{a(M,N),a(N, M)}

where a(M,N) := minj; =1 zer d(z,N). <
The notion of minimum gap between subspaces has ap-
peared in [9], [10] for spaces other than Euclidean spaces.
Proposition 7 (Computation of &(M,N)): Let Tl de-
note the orthogonal projection on N and matrix M be such
that its columns are orthonormal vectors that span M, then
min
|=1

aMN)? = 1 MdQ(x,J\/):1—||HNMH2 ®

Proof: Using the projection theorem [8], the square of the
distance between a point x and a subspace A is given by
|z|2 — [Iarz|?. The desired expression can now be derived:

min  d*(z,N)= min z|? — |Hpyz|?

|z|=1,2eM ( ) |x|:1,x€M{| | | N | }

=1—- max |[Oyzf*=1- max [T M 2 |?
|z|=1,zeM | M z|

=1 —max|HNMz|2 =1- ||HNMH2 [ ]

|z|=1
Note that a(M,N) = 0 if and only if M NN # {0}, and
a(M,N) = 1if and only if M and N are mutually orthog-
onal to each other. Roughly speaking, (M, ) measures
the sine of minimum angle between M and N.

Corollary 8: Suppose M, N are two subspaces such that
Mﬂ/\/z {0}. Given z € M, z € N, |z — z| < € only if
|z <

Proof i:‘or x # 0, x € M can be written as © = cy
where y € M has unit norm, and ¢ € R. Note that |z| = |c|.
Using the reverse triangle inequality, we obtain:

z
e> |o = 2| 2 llol = [2ll 2 Iel 1yl - || = leld(y, )

> el inf d(y,N) = [c|la(M,N) > |e|a(M,N),
ly|=1,yeM
whence the desired result follows. |
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2) Necessary Conditions for Weak Switch-Singular Pairs:
If f(g a giAven :%OAand 7, there exist xog € Bs,(Zo) and Yy €
BQ(YQ), Yy = Y(to), such that pro = WpYQ, ie., Fp
produces the output y with initial condition x, then

|Lyio = Wy Yo < |Lydo — Lywo| + | Lyze—H5 Yol
+ [WpYo — Wy Yol < [|Lpl|do + [[Wp|le-
In particular, if (&g, §) forms an (Bs,(Z0), 0) switch-singular
pair then,
WoaYol < [Lpio — W, Yol + | Ledo — W, Y|

(oIl + 1 LqNdo + (Wl + [Wall)e

0
K’pq'

|quj70 -

IN

This leads to the following necessary conditions for weak
switch-singular pairs.
Proposition 9: If L, N Wpq = {0}, then (&, ) forms
a (Bs,(Z0), 0) switch-singular pair for subsystems I',, and

Ly, p,q € P only if |Lpgdo| < W and |quY0| <

Fpg
a(Lpq;Wpq)* L. .
Proof: This is a straightforward consequence of Corol-

lary 8 applied with M := L,,; and N := W,,,. [ |
The above proposition, thus, gives two necessary conditions
under which subsystems I',,, I'y, p,q € P, may form weak
switch-singular pairs.

Example 3: Consider the second order SISO switched
system given in Example 2. The columns of Wi, :=
col(Wy,Ws) and Lqo := col(Lq, Ly) span two dimensional
subspaces of R* and it can be verified that their intersection
is the null vector. In terms of orthonormal basis, we can write

Wig = span {col(% 0, %,0) col(O,%,O,L)} ;L1 =

span {col(\/i57 0, \2[ 0), col(\f \1[ \2[ f) . Since both
Wio and Lis comprise linearly independent columns, they
are left-invertible and the orthogonal projection can be writ-
ten in terms of the left-pseudo inverse (denoted by ), that
is, Iz, = LioLl, = Lio(L]yL1s) 'L],, and Ty, =
WquTQ = Wia(W5Wi2)~1W,}. From these matrices we
can now compute the gap between L2 and W2 using (9):

a(W127 £12) = a(le, £12) = a(ﬁlg, ng) =0.1368.

With ¢ = 6y = 0.25, we get k{5 = 1.0224. Considering the
data of Example 1 at initial t1me to with &9 = col(10, 10), w

have |qu}/0| =11.45> W =1. 02 and |qu(E0|
11.18. Both necessary conditions are violated, so there are
no weak switch-singular pairs at time #¢. <
3) Spherical Approximation and Elimination of Switch-
Singular Pairs over an Interval: Proposition 9 provides nec-
essary conditions for the existence of weak switch-singular
pairs at time instant ¢y when the uncertainty in the initial
state is given by a ball of radius Jy. Our goal now is to
determine whether, under certain conditions, it is possible
to rule out the existence of weak switch-singular pairs over
some time interval. Note that, even though the output is
changing with time, there is a constant upper bound on the
uncertainties in the output g, whereas the uncertainty in the



state variable, denoted by §(t), is a function of time. The
value of 4(t) is basically obtained from the norm of the error
vector £ = z — &, the dynamics for which are obtained as a
difference of (5b) and (6a),

#(t) = Ao(t) + Bowl(t),

where w(t) := Y (t) — Y(t), and |w(t)| < o for each t >
to. With |Z(to)| < o := (to), an upper bound on 0(¢) is
obtained by solving (10) analytically for . To guarantee that
the state Z(t) does not form (Bj()((t)), o) switch-singular
pairs with the output §(t), one must verify that, at time ¢,
the following inequality holds:

|Lpg®(t) — (11)
t

where wl, = (| Lyl + [ Lgl)3(t) + (IWll + [Woll)e.
The lower bound on ¢, for which (11) holds, is given in
Theorem 10 as it specifies the length of a time interval
during which the output and the state do not form the
weak switch-singular pairs. Avoiding the details due to space
constraints, we introduce some notation to state the result
only. For each p € P, there exists A\, # 0,a, € R such
that || exp (Apt)|| < el ™20 Define A := maxyep Ap,
a := maxyep ap, b := maxyep || By, and

(Lpg; Wpa)B — (IWal + [Wall)o

~

A, 7 (10)

quY(t) | > “;q

) := max (12)
PaEP (IZpll + 1 Lqll)
Theorem 10: Consider switched system (1), and let

|Y( ) =Y (t)| < o for each ¢t > to. Moreover, assume that
1) condition (3) holds (i.e., L,qNWpe = {0}), Vp,q € P,
2) mlnt>t0 W, Y(t)| > 8 > o for each p € P.

If §p < m, and xz(tg) € Bs, (& (to)), then (Z(t), y(t)) do

not form a (R, o) switch-singular pair for any ¢ € [tg,T),

where

and k is the number of switches over the interval [tg, T). <
Based on the result of Theorem 10, one can formulate an
alternative index-matching function =1 as follows:

AQ + elatkalp,
Adg + bo

(k+1)a
A

;o (13)

1
T<t0—|—Xlog<

STHEW, Yinero) = {p ¢ [Lpd() =W, Y ()] < ||Lp|\5(t)+||Wp||

If we compare the two functions S 1in (8) and ¥ lin (14)

then it is observed that the mode detection through St
requires the computation of minimum distance between the
reachable sets and the measured output at each instant in
time whereas the function ¥ ! only requires coarse spherical
approximation of the reachable set which can be obtained
analytically. The interval over which the switching signal can
be constructed is, in general, larger with £~ than with 1.

To obtain larger time interval for reconstruction of sw1tch1ng
signal with light computation, one may combine the index-
matching function ¥~' in (14) with the computation of
tightly approximated reachable sets. This can be done by
resetting the value of §(¢), at regular intervals, to a number
that tightly approximates the radius of reachable sets.

o}.
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C. Input Recovery

The input reconstructed using the measured output is given
by (6b). Using the exact expression for u in (5¢), the input
estimation error, 4 := u — 4, iS given by

_ —1 N —1 S
u(t) = (=Dy Ca)owZ(t) + (D Ve (Y (t) = Y ().
Using the notation, d.. := maxpyep H(ﬁ;léa)pﬂ and d, :=

——1 . .
maxpep || (D, V)pll, the maximal error in the reconstruc-
tion of u at any time ¢ is given by

la(t)] < deo(t) + dyo.

IV. MINIMUM PHASE SYSTEMS

5)

In the previous section, the results were stated for a general
class of linear systems without any stability assumptions. In
classical linear systems theory, the stability of the inverse
system 1is closely related to the minimum phase property of
the system. This idea is now employed to derive conditions
for recovering the switching signal over the interval [tg, c0).

For each subsystem I',, the matrix L, has r, rows and
rank 7,. So, there exists an (n —r,) x n matrix T, such that
T, : JT} and LT3 = Iy, xr, O x(nr,))- The matrix
T, defines a coordinate transformation for the subsystem
I', and the transformed matrices are: A; = TpApr_l,
B, Tp,B,, Cp = C,,Tp_l, Dy Dy, and Lj
[Ir,xr Op,x(n—r,)]- Apply the structure algorithm in the
new coordinates, and let F}, be the matrix forrned from the
last n — r), rows and columns of (A; — Bj D, C’ L) let
G,, be the matrix formed from the ﬁrst rp columns and the
BD o s andletG2 be

LIt

_ | L

last (n — rp) rows of (A —

the matrix formed by the last (n — rp) rows of B D
zp := T,z denotes the new state variable, then

[(Zp)la"' 7(Zp)rp]—r = ag;rp—l]

and for the remaining (n—r,) state variables denoted by 212,,
the dynamical equation is:

zzlj:: [QOT,...

z = F,z22 +G1z1+G2y%

Let %, be an estimate of z,, and let Z,(t) := 2,(t) — 2,(¢)
denote the error between the actual state trajectory and the
simulated one, then |Z}| < ¢ and using Yo, = VY,

2 _ 32
z, = Fpz, + Gpw,

where G, =[G, G2V,] and |w| < .

Definition 11 (Minimum phase system): The subsystem
I', is called minimum-phase if F}, is Hurwitz. <
Under minimum-phase assumption on each subsystem, we
first show that there is a uniform bound on maximal uncer-
tainty in the reachable sets at all times under the dwell-time
assumption. To see this, note that if I';, is minimum-phase,
then there exists an (n —r,) X (n — ) matrix P, such that
Vp : R™ — R defined as V,,(2) = 227 P,z2 is a Lyapunov
2 and there exists a positive definite matrix

function for z;
. 2P Goll
Qp such that F,] P, + P,F}, = —Q,. With ©,, := T (@)

and ¢ > 0 small enough, the inequality |Z2| > ©,0(1 + ¢)



implies V, < —|22| Amin(Qp) O, 0¢. Introducing some more

notation, define ﬁp = 16 2 ] for each p € P; also let
p ~

© = minyep O,; ¢ := min{p,Op(1 +¢)}, and § := ﬁ,
where ||T'|| :== maxpep ||Tp||. Let 74 be defined as:
(M) = 10 + (1 + ) (KMo N(P)0F = N(P)©3)
p,qEP @3@2(1 + 6))\min(Qq)€

(16)
where My, = Hq 'P qu , qu is an upper triangular
matrix satisfying T,,P,T,, = Hy Hyp, Top = T,T,7%,

and \(M) denotes the maximum elgenvalue of a matrix M.
The uniform bound for the state trajectories, under the slow-
switching assumption with dwell-time 74, comes out to be:

A := max M
Pa€P Apin(Py)

Proposition 12: Consider system (1) and assume that I,
is minimum phase for each p € P, and ¢ > 0 is such that
Y (t) — Y(t)] < o for each t. Then z(t) € Ba(2(t)) for
all t > tg, provided the initial state z(tg) € Bs(zp) and
tiy1 —t; > 74, for every switching instant ¢;. <
The result conceptually relates to the incremental input-
to-state stability property of the system (10), which has
been studied in [12] for homogenous systems. But here,
the formulation takes into account the disturbances due to
measurement uncertainties and the bounds on input-to-state
gains are also computed. The proof uses the level sets of
Lyapunov functions to derive bounds on system trajectories,
similar to [11, Chapter 5]; and in the process, following
lemma is employed to make the bounds tighter.

Lemma 13: Given two positive definite functions V;
x" Py, and Vs T Pyx with P and P, symmetric
positive definite matrices, the minimal level set of V5 that
contains the set {z|Vi(z) < ¢} is given by {z|Va(z) <
)\max(H_lTPgH_l)c}, where the matrix H is an upper
triangular matrix that satisfies P, = H ' H.

Proof: The matrix P; admits Cholesky decomposition
givenby P, = H' H, where H is an upper triangular matrix.
It follows that H—' P,H~! = I. Let 2 = Hz; in the new
coordinates defined by z, the level sets of V; are spheres of
dimension n — 1, with radius c. Consider the region R :=
{2|2TH VY PyH 2 < Anax(H™2 PLH )} I |22 <
¢, then z € R. Moreover, if z is in the span of eigenvector
corresponding t0 Amax(H ! P,H~1) with |22 = ¢, then
z is also on the boundary of R implying that the bounding
region R wraps the level sets of V; tightly. Applying the
transformation, z = H 'z gives the desired result. [ ]

Using the bound in Proposition 12, a result parallel to
Theorem 10 is now stated.

Theorem 14: For system (1), if each subsystem I', is
minimum phase and moreover,

1) condition (3) holds (i.e., L,qNWpe = {0}), Vp,q € P,

2) the  measured output g is  such  that
ming>y, |WpY( )| > B> pforeachpe P,
the inequality A < ) holds, where A is given in (17),
and Q in (12),

(0*+ Amax (Pp)©20% (1+¢€)?). (17)

3)

446

4) the dwell-time of o is given by 74 in (16).
Then o(t) = {p : |Lyi(t) — W, ¥ (O] < | L,]1A + [|Wy o}
for all ¢ > to. Moreover, ||i]/cc = dcA + dyo0. <
The proof uses the bound in Proposition 12 that z(t) €
Ba(2(t)). Condition 3 of the theorem statement implies
that the inequality (11) is violated for all times and this in

, turn implies that (2(t),7(t)) does not form a (Ba(2(t)), o)

switch-singular pair for any ¢ > ¢(. Thus, the index-matching
function of (14) is well-defined and it reconstructs the
original switching signal. The uniform upper bound on
is obtained from (15).

APPENDIX

In the construction of inverse systems via the structure
algorithm given in [1], there are two differential operators
acting on the output 3, which are denoted by N, and N.
Below we seek a simpler representation so that Ny and
Nay can be written as a matrix (with real coefficients)
times a vector (comprising of output and its derivatives),

, Ny WY and N,y = VY, for some matrices
W and V. Following the notation of [1, Page 952-953],
let G = col (SQK 1, l,SlKQ IR Sﬁ_lKﬁ_g)l), Gj =

SaKaij, 0<i<p-1,0<j<a K_19=1,and
Kjr=0Vk > j + 2, Vj. We can then write

d , ~ d ~
Ny =: Goy + — (Gly tot o (Gp—2y + EGB—ly))a
d — d—
Noy =: Goy + — (Gly +ooF = (Gaay + 2 Gay)).
We now deﬁne the desired matrices NW and V as,
W = [ Go Gs1 Gg G, ] and V :=
[ 60 Go Gor1 G, |, where G; = 0 for
B <i and G; =0fora+1<i<n.
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