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Observability and reachability of grid graphs via reduction and symmetries

Giuseppe Notarstefano

Abstract—1In this paper we investigate the observability
and reachability properties of a network system, running
a Laplacian based average consensus algorithm, when the
communication graph is a grid. More in detail, we characterize
the structure of the grid eigenvectors by means of suitable
decompositions of the graph. For each eigenvalue, based on its
multiplicity and on suitable symmetries of the corresponding
eigenvectors, we provide necessary and sufficient conditions to
characterize all and only the nodes from which the network sys-
tem is observable (reachable). We discuss the proposed criteria
and show, through suitable examples, how such criteria reduce
the complexity of the observability (respectively reachability)
analysis of the grid.

I. INTRODUCTION

Distributed computation in network control systems has
received great attention in the last years. One of the most
studied problems is average consensus. Given a network of
processors, the objective is to compute the average of the
initial states by performing local computation and exchang-
ing local information. A survey on these algorithms and their
performance may be found e.g. in [1] and references therein.
We are interested in studying reachability and observability
of a network system running average consensus, when only a
subset of nodes is controlled by an external input or measured
by an external sensor.

In this paper we will concentrate on a network system with
fixed undirected communication graph topology running a
Laplacian based average consensus algorithm. The dynam-
ical system arising from a consensus network with fixed
topology is a linear time-invariant system and the problem
of understanding if the network state may be reconstructed
is an observability problem. Observability and reachability
are dual problems in linear systems theory and can be
studied using the same tools. However, in the literature the
reachability (controllability) point of view is the one that has
received more attention.

The reachability (controllability) problem for a leader-
follower network was introduced in [2] for a single control
node. Intensive simulations were provided showing that it
is “unlikely” for a Laplacian based consensus network to
be completely controllable. In [3], see also [4], “necessary
and sufficient” conditions were provided to characterize the
reachability and observability of path and cycle graphs in
terms of simple rules from number theory. In [5] and [6],
see also [7], necessary conditions for controllability, based
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on suitable properties of the graph, have been provided. Other
contributions on the controllability of network systems can
be found in [8], [9], [10]. Observability has been studied for
the first time in [11], where necessary conditions for observ-
ability, as in the dual reachability setting investigated in [5]
and [6], were provided. A parallel research line investigates
a slightly different property called structural observability
[12]. Here, the objective is to choose the nonzero entries of
the consensus matrix (i.e. the state matrix of the resulting
network system) in order to obtain observability from a
given set of nodes. It is worth noting that observability and
reachability of a network system are necessary structural
properties in many network problems as estimation, intrusion
detection and formation problems, [12], [13], [14], [15].

In this paper we extend partial results provided in [16]
on the observability and reachability of grid graphs. In
[16] we analyzed simple grids, i.e. grids whose eigenvalues
have multiplicity one. Here we study arbitrary grids. The
contribution of the paper is twofold. First, we characterize
the structure of the Laplacian eigenvectors of a grid. Namely,
we show that, on the basis of a prime number factorization
of the grid dimensions, the eigenvector components present
symmetries related to suitable subgrid partitions of the main
grid. Also, in each subgrid, the eigenvector components show
different symmetries depending on the symmetries of the
path eigenvectors that generate the eigenspace.

Second, we provide necessary and sufficient conditions
that completely characterize the observability (reachability)
of grid graphs. More in detail, on the basis of the node labels,
suitable polynomial evaluations and eigenvector symmetries,
we are able to: (i) identify all and only the observable
(reachable) nodes of the graph, (ii) say if the graph is
observable (reachable) from a given set of nodes and (iii)
construct a set of observation (leader) nodes from which the
graph is observable (reachable).

The paper is organized as follows. In Section II we
introduce some preliminary definitions and properties of
undirected graphs, describe the network model used in the
paper and set up the observability and reachability problems.
In Section III we investigate suitable symmetries of the
path eigenvectors that are at the basis of the new results
on grid graphs. In Section IV we analyze the symmetries
in the structure of the grid graph eigenvectors and, on this
basis, we provide necessary and sufficient conditions for the
observability (reachability) of the graph. For space constrains
all proofs are omitted in this paper and will be provided in
a forthcoming document.

Notation: We let N, Ny, the Ry and R>( denote the
natural numbers, the non-negative integer numbers, positive
real numbers and the non-negative real numbers, respectively.
We denote 04, d € N, the vector of dimension d with
zero components and Og, xq4,, d1,d2 € N, the matrix with
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dy rows and ds columns with zero entries. For 7 € N
we let e; be the i-th element of the canonical basis, e.g.
er = [1 0 ... 0]7. For a matrix A € R®*% we denote
[A];; the (4, j)th element and [A]; the ith column of A. For
a vector v € R? we denote (v); the ith component of v
so that v = [(v)1...(v)gq]?. Also, we denote II € R4*4
the permutation matrix reversing all the components of v
so that Iy = [(v)4...(v)1]T (the j-th column of II is
[M1]; = en—jt1)-
II. PRELIMINARIES AND PROBLEM SET-UP

In this section we present some preliminary terminology
on graph theory, introduce the network model, set up the
observability problem and provide some standard results on
observability of linear systems that will be useful to prove
the main results of the paper.

A. Preliminaries on graph theory

Let G = (I, E) be a static undirected graph with set of
nodes I = {1,...,n} and set of edges F C I x I. We
denote N; the set of neighbors of agent i, that is, N; = {j €
I'|(i,j) € E}, andd; =3, . 1 the degree of node i. The
maximum degree of the graph is defined as A = max;¢7 d;.
The degree matrix D of the graph G is the diagonal matrix
defined as [D];; = d;. The adjacency matrix A € R"*"
associated to the graph G is defined as

4] = 1 if (i,§) € E
10 otherwise.

The Laplacian L of G is defined as L = D — A. The
Laplacian is a symmetric positive semidefinite matrix with
k eigenvalues in 0, where k is the number of connected
components of G. If the graph is connected the eigenvector
associated to the eigenvalue 0 is the vector 1 = [1 ... 1]7.

Next, we introduce the notion of cartesian product of
graphs. Let G = (I, FE) and G’ = (I, E’) be two undirected
graphs. The cartesian product GG’ is a graph with vertex
set I x I’ (i.e. the cartesian product of the two vertex sets)
and edge set defined as follows. Nodes [i,7'] € I x I’ and
[k, k'] € I x I are adjacent in GO G’ if either ¢ = k and
(i k') € E' ori' = k' and (i, k) € E. The cartesian product
is commutative and associative. Thus, a d € N dimensional
product graph, H‘Z:l Gy, is constructed by combining the
above definition with the associative property.

We introduce the special graphs that will be of interest in
the rest of the paper. A path graph is a graph in which there
are only nodes of degree two except for two nodes of degree
one. The nodes of degree one are called external nodes, while
the other are called internal nodes. From now on, without loss
of generality, we will label the external nodes with 1 and n,
and the internal nodes so that the edge set is E = {(4,7 +
1) |4 €{1,...,n—1}}. Since it will be extensively used in
the rest of the paper, we provide the explicit expression of
the path Laplacian, L,

1 -1 0 ... 0
102 -1 ... 0
L,=|: (1)
0 102 4
0 0 -1 1

A d-dimensional grid graph is the cartesian product of
d paths (of possibly different length). In a grid graphs the
nodes have degree from d up to 2d. We call the nodes with
degree d corner nodes. Corner nodes are obtained from the
product of external nodes in the paths.

B. Observability and reachability in a network of agents
running average consensus

We consider a collection of agents labeled by a set of
identifiers I = {1,...,n}, where n € N is the number of
agents. We assume that the agents communicate according
to a time-invariant undirected communication graph G =
(I,E), where E = {(i,j) € I x I |4 and j communicate}.
The agents run a consensus algorithm based on a Laplacian
control law (see e.g. [1] for a survey). The dynamics of the
agents evolve in continuous time (f € R>() and are given
by

Bi(t) = — Y (@i(t) —x;(t), i € {1,...,n}.

JEN;
Using a compact notation the dynamics may be written as
.’1?(1:') = —LZC(t), te RZ()’

where © = [(2)1...(2),]T = [21...2,]7 is the vector of
the agents’ states and L is the graph Laplacian.

Remark 2.1 (Discrete time system): The observability
analysis performed in the paper can be easily extended to
suitable discrete time versions of the above continuous time
model, see, e.g., [4].

Next, we describe the scenario that motivates our observ-
ability analysis. We imagine that an external processor (not
running the consensus algorithm) collects information from
some nodes in the network. We call these nodes observation
nodes. In particular, we assume that the external processor
may read the state of each observation node. Equivalently,
we can think of one or more observation nodes, running
the consensus algorithm, that have to reconstruct the state
of the network by processing only their own state. We can
model these two scenarios with the following mathematical
framework. For each observation node ¢ € I, we have the
following output

T

Therefore the output matrix is C; = [e] |

i |-

If the set of observation nodes I, in the network has cardi-

nality greater than one, say I, = {i1,...,4,} C {1,...,n},
then the output is yy, (t) = [z, (t) 24, (t) T, (t)]T.
Therefore, the output matrix is C7, = [e;, | ... |e;,]

It is a well known result in linear systems theory that the
observability properties of the pair (L, C,) correspond to the
controllability properties of the pair (L*,CT ) = (L,CT).
The associated dual network system is

i(t) = —Lz(t) + CL u(t), )

where © € RP is the input vector. It follows easily that
each component (u), fully controls the dynamics of the 7,-th
node, so that this turns to be the model of a leader-follower
network. Thus, our results apply also to the controllability
problem in a leader-follower network, where the observation
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nodes correspond to the leader nodes. For the sake of space,
from now on we will concentrate on the observability.
Remark 2.2: Straightforward results from linear system
theory can be also used to prove that the controllability
problem studied in [5] and [6] and the dual observability
problem studied in [11] can be equivalently formulated in
our set up. ]

C. Standard results on observability of linear systems

The observability problem consists of looking for nonzero
values of z(0) that produce an identically zero output y(¢).

An important result on the reachability (observability) of
time-invariant linear systems is the Popov-Belevich-Hautus
(PBH) lemma, e.g. [18].

Combining the PBH lemma with the fact that the state
matrix is symmetric (and therefore diagonalizable) the fol-
lowing corollary may be proven.

Corollary 2.3: Let X,, be the unobservable subspace
associated to the pair (L, C'), where L is a symmetric matrix.
Then X, is spanned by vectors v; satisfying, for A € R,

CUZ = Op
L’Ul = )\1}1.
In the rest of the paper we will call unobservable eigen-

values and eigenvectors the eigenvalues and eigenvectors for
which (2.3) is satisfied.

III. SYMMETRIES OF THE PATH LAPLACIAN
EIGENVECTORS

In this section we provide results on the structure and
symmetries of the Laplacian eigenvectors of a path graph
that will be used to study the observability of grid graphs
via suitable, symmetry based, subgrid partition. Next lemma
characterizes the symmetry of the path Laplacian eigenvec-
tors.

Lemma 3.1 (Symmetry of the path Laplacian eigenvectors):
Any eigenvector v of the Laplacian of a path graph satisfies
either v IIv or v —ITv, where II is the usual
permutation matrix.

In the rest of the paper we will denote S (respectively
S7) the set of vectors satisfying v = Ilv (respectively v =
—TIIv). An important property of St and S~ is that each one
is the orthogonal complement of the other, i.e. (ST)* = S~.

Next lemma relates the eigenstructure of a given path P
to the eigenstructure of any path with length multiple of the
length of P.

Lemma 3.2 (Laplacian eigenstructure of P, and Pjy):
Let A1,..., A, be the eigenvalues of the Laplacian L,, of
length » and wvp,...,v, the corresponding eigenvectors.
Then any path of length kn, for some k € N, with Laplacian
matrix Ly, satisfies:

(1) A1,..., A, are eigenvalues of Ly,;

(ii) each eigenvector w; € R*™ of Ly, associated to \;,

i €{1,...,n}, has the form

Vi
Hvi

Wi = | v;

Exploiting the result in the above lemma by using
the result in Lemma 3.1, it follows easily that w;

[vT T DT }T for v = Ilv (and thus w; = Ilw;)
and w; = [vT —oT T }T for v = —IIv (and thus

IV. OBSERVABILITY OF GRID GRAPHS

In this section we give the main results of the paper on
the observability (reachability) of grid graphs.

First, we introduce some useful notation. Given a d-
dimensional grid graph G = P;00... P;, we denote i =
[(4)1,...,(?)q] a node of G, where the component (%),
identifies the position of the node on the xth path. Also, given
a Laplacian eigenvector of G, w € R™ "4 we say “the
component [(4)1,...,(i)q] of W’ meaning “the component
(z)l(nlngnd)—l—(z)g(ngnd)—i—(@)d of w”.

For the sake of clarity we provide the analysis and results
for two dimensional grids (d = 2). The results for higher
dimensions are based on similar arguments and are omitted
for the sake of space.

A. Laplacian eigenstructure of cartesian-product graphs

An important property of graphs obtained as the cartesian
product of other graphs is that the Laplacian can be obtained
from the Laplacian of their constitutive graphs by using the
Kronecker sum of two matrices, see [17]. Given two matrices
A e R and B € R, with [A];; := a;;, their Kronecker
product A ® B € R¥x4 is defined as

a11B  a12B a14B
a1 B agB azaB

A ® B - . . 9
annB a12B aqaB

and their Kronecker sum as
A B=AL+1;®B.

Given the cartesian product of the graphs Gi,...,Gy
with Laplacian matrices Lq,..., Ly, the Laplacian Lo of
G, 0O...0Gq is given by Lg = L1 @ ... @ Lg. This
structure on the Laplacian induces a structure also on its
eigenvalues and eigenvectors. We state it in the next lemma,
see [17].

Lemma 4.1: (Laplacian eigenstructure of cartesian prod-
uct graphs) Let Gi1,...,G4 be d € N undirected graphs
and G G10...0G, their cartesian product. Let
AT,...,An  be the Laplacian eigenvalues of the graphs G
and vf,...,v; the corresponding eigenvectors for k €
{1,...,d}. The Laplacian eigenvalues and their correspond-
ing eigenvectors of G are

)\i1+)\i2+---+)\id and Viy @ Vjy ... QR V4,

fori; e {1,...,n1},...,iqa € {1,...,nq}. O
Next, we define a simple cartesian product graph.
Definition 4.2 (Simple cartesian-product graphs): Let G

and G’ be two undirected graphs and let {\q,...,\;} and

{A\],..., AL} be the sets of distinct eigenvalues among all

the Laplacian eigenvalues of respectively G' and G’. We

say that the graph Go = GOG’ is simple if the set

N+ XN, |ied{l,...,k},a € {1,...,k}} contains only

distinct eigenvalues. O
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B. Symmetries of the grid eigenvectors

Next, we provide tools to recognize symmetries in the grid
eigenvectors, based on the graph structure, which will play
a key role in the observability analysis.

Without loss of generality, let A = A1 + Mo = ... =
Ap,1+Au 2 be an eigenvalue of geometric multiplicity p € N,
with Ay 1,..., A, 1 (respectively Aio,...,A,2) eigenval-
ues of P (respectively P») and corresponding eigenvec-
tors vy, ...v, (respectively wq,...,w,). The corresponding
eigenspace V) is given by

M
Vai={v eR™"™[p =) ai(v; ®w;),c; ER}.  (3)

i=1

Before stating the main results of this section, we need to
introduce some useful notation. Given a path P, of length
n €N, for {i,j} C {1,...,n}, i < j, we denote P;; the
sub-path of P, with node set {i,...,j} (e.g., Pa.4 is the
sub-path with node set {2,3,4}). Let G = Py.,,, Py, With
Py, of dimension [ - n; and P,,.,, of dimension m - ns.
We call Gij = P(i—1)n1+1)s(in) DE(G- Do+ 1):(jna)- fOr i €
{1,...,1} and j € {1,...,m}, an ny X ny subgrid of G, see
Figure 1.

1 2 m
1 G11 Gu Glm
l Ggl ng GZm

Fig. 1: Partition of a grid into subgrids

Let v € Ri™M™mn2 pe g vector of G, we call the
subvector of v associated to G;; the vector v;; € R™ "2 with
components (v;;), ¢, ¥ € {1,...,n1} and £ € {1,...,no},
given by (vi;)i, ] = (V)[(6-1)n14v, (-1)na+l]-

Informally, the subvector v;; of v is constructed by select-
ing the components of v that fall into the subgrid G;;.

Next, given a grid G = P,,UP,,, with P,,, and P,, paths
of length n; and no respectively, we introduce two useful
operators that flip the components of a vector v associated
to a grid G. Formally, consider the matrices

_Ong X Mg On2><n2 Onz X Mg ]n2 ]

O’I’L2 X Mo Ong XMo e Ing Ongxng
(Hnl ® In2) =

O'IL2 XMng IYLQ 0”2 Xno 0”2 XMng

L Ing 0’(7,2)(712 On2 XMo 0n2><n2_

and
I an 0n2><n2 Ong X1no On2><n2_
0712 XMNo Hng 01’L2 X1no Ong XMNo
(Im @y, ) =
0n2 X Mo Ong Xno Hn2 On2 X no
_077,2 XMNo OTL2 XNo Ong X1No Hn2 h

Given a vector v € R™ "2 associated to the grid G, with
components (v), g, ¥ € {1,...,n1} and £ € {1,...,na},
let v; = (II,,, ® Ipp,)v and ve = (I, ® II,,,)v. The vectors
v1 and vy are related to v by

VD), g = (V)i —v+1, 4,
and
(v2)1, ) = (V) [, na—e+1]5

for v € {1,...,n1} and ¢ € {1,...,n2}. Finally, the
composition of the two operators satisfies (IL,,, ® I,, ) (I, ®
11,,) = (II,,, ® I1,,,). Thus, when applied to a vector v, the
composed operator flips both components. That is, denoting
vy = (I, ® I,,)v, we have

(03)[% 0 = (v)[nl—u-i-l, no—~L+1]5

forve{l,...,ni}and £ € {1,...,na}.

Lemma 4.3: Let Gy = P,,0F,, with P,,, and P,, paths
of length respectively n; and ne. Any eigenvalue A\ of the
Laplacian Lo of Gy is an eigenvalue of the Laplacian L of
G = P;.,,0P,,.,, for any [ € N and m € N.

We are now ready to characterize the eigenvector symme-
tries by suitable subgrid partitions.

Theorem 4.4: Let Gy = P,,,00P,, be a grid of dimension
ny X ng with P, and P,,, paths of dimension respectively
ny and ng. Take any grid G = P.,,0P,,.,, of dimension
In1 x mny and let Gy;, ¢ € {1,...,l} and j € {1,...,m},
be a partition into subgrids of dimension 11 X no.

Then for each eigenvalue (possibly non-simple) common
to L and Lo, any associated eigevector v of L can be
decomposed into subvectors v;; relative to the subgrids G;;
where

Vij = (Hnl ® IHQ)(i_l)(Iﬂl ®Hn2)(j_1)1}0

fori € {1,...,n1} and j € {1,...,n2}, where vy is an
eigenvector of Ly associated to .

The above theorem has a nice and intuitive graphical
interpretation, as shown in Figure 2. Given a grid G and
an eigenvector v associated to an eigenvalue A\, we can
associate a symbol to each node depending on the value
of the eigenvector component. Next, we partition the grid G
into subgrids of dimension n; X ns. Given the symbols in the
subgrid G'1, the symbols in a subgrid G; ;, fori € {1,...,1}
and j € {2,...,m}, are obtained by a reflection of the
subgrid G; ;1 with respect to the horizontal axis, while
the symbols in a subgrid G;;, for i« € {2,...,l} and
j€{l1,...,m}, are obtained by a reflection of the subrgid
G;_1,; with respect of the vertical axis.

Next, we analyze the eigenvector components of a subgrid
whose dimensions are prime, or equivalently the components
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Fig. 2: Graphical interpretation of Theorem 4.4

of eigenvectors associated to eigenvalues that are not eigen-
values of smaller subgrids.

Proposition 4.5: Let Gy = P,,00P,, be a grid of dimen-
sion n1 X ny. For any eigenvalue ), let V), be the associated
eigenspace, with structure as in equation (3). Then, each
eigenvector of the basis, (v; ® w;), satisfies one of the four
relations:

(view)= I)(v,ew)= II)(v;®w,;)
(vi@w;) = (III)(v; ®w;) = —(I @1II)(v; ® w;)
(vi@w;) =—I)(v; @w;) = (I @ID)(v; @ w;)

In the following we denote the set of vectors satisfying
each one of the four relations in the proposition respectively
as ST+, §T—, St and S~

The result in Proposition 4.5 can be easily explained
by using a graphical interpretation. We associate a symbol
to each node depending on the value of the eigenvector
component. Also, we denote with the same symbol but
different colors, nodes that have components of opposite
sign. Each of the four cases in the proposition correspond to
a scheme in Figure 3.

®® e |©® O:0)
&® &9
o $0| |&® ©®
&® 0| |[®® &®
(a) symmetry class St (b) symmetry class ST~

®® OO 6O ®>®
®® f >®
6® ©0| |96 H®
&6 >0 |[®® H®

(c) symmetry class S~ (d) symmetry class S~

Fig. 3: Graphical interpretation of Proposition 4.5

This proposition has an important impact on the sym-
metries of general eigenvectors belonging to the same

eigenspace, when the dimensions n; and ny are prime num-
bers (and thus for each subgrid of a general grid). Clearly,
any eigenvector of V) can be written as a linear combination
of the basis vectors, and thus, using the proposition, by the
sum of at most four vectors each one having one of the
four symmetries. Thus, in order to identify the symmetries
of a general vector, we just need to identify nodes with the
same symbol and color in different classes. If basis vectors
of at least three different classes are present, by inspection
in Figure 3, no symmetries are present. On the contrary,
if all basis vectors belong to the same class, then also the
linear combination does. Interesting symmetries arise from
the linear combination of basis vectors belonging to two of
the four classes. Namely, a general eigenvector v satisfies:
* V) = V(ny—v+1,e) if the two classes share the first
symbol (e.g., ST and ST7);
* U0y = V(v,no—t+1) if the two classes share the second
symbol (e.g., ST and S~71);
* V) = V(ny—v+1ns—t+1) il the two classes do not
share any symbol (e.g., ST and S~7);

C. Observability analysis

In this section we provide necessary and sufficient condi-
tion to characterize all and only the nodes from which the
network system is observable. First, we need a well known
result in linear systems theory, see, e.g., [18].

Lemma 4.6: If a state matrix A € R"*", n € N, has an
eigenvalue with geometric multiplicity p > p, then for any
C € RP*™ the pair (A, C) is unobservable. O
The previous lemma applied to the grid Laplacian says that,
in case the grid is non simple with maximum eigenvalue
multiplicity p, then the grid is not observable from a set of
observation nodes of cardinality less than .

Using Corollary 2.3, it follows straight that we can study
the observability properties of the grid separately for each
eigenvalue. Namely, to guarantee observability, we need to
show that for each eigenvalue of the grid Laplacian L, there
does not exists any eigenvector satisfying the condition in
(2.3), i.e. having zero in some components.

If X is simple, the corresponding eigenspace V) in (3)
is given by V) = {v € R™"™2 |y = ay(v1 @ w1), a1 € R}.
Thus, finding the zeros of any eigenvector in V), is equivalent
to finding the zeros of the eigenvectors v; and w; and
replicate them according to the Kronecker product structure.
Clearly, with this observation in hand, the analysis of any
simple eigenvalue can be performed by using the tools for
simple grid graphs developed in [16].

For eigenvalues with multiplicity greater than one, next
two considerations are important. First, not all the eigenvec-
tors of A\ have the structure of a Kronecker product. Second,
consistently with Lemma 4.6, it is always possible to find
an eigenvector v € V) with an arbitrary component equal
to zero, for a suitable choice of the coefficients «; in (3).
Thus, the observability analysis does not depend only on the
zero components of the path eigenvectors, but also on the
symmetries in the grid eigenvector components. That is, for
the eigenvalue under investigation, we want to answer to the
following question. If we find an eigenvector with zero in an
arbitrary component ¢, what are the other components that
are zero in the chosen eigenvector? We provide the analysis
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for non-simple eigenvalues of multiplicity two, leaving the
generalization to a discussion.

On the basis of the eigenvector symmetries identified
in Theorem 4.4, we can study the observability of a sub-
grid with prime dimensions. In particular, we concentrate
our analysis on the sector of components [v,f] with v €
{1,...,m}and € € {1,..., 221},

Next lemma provides useful properties of the eigenvector
components in a subgrid with prime length dimensions.

Lemma 4.7: Let Gy = P,,00P,, be a grid of dimension
n1 X ne. Then, any Laplacian eigenvector © = v ® w of the
grid, with v and w respectively eigenvectors of P,, and P,,
associated to eigenvalues A, and A\, has components Uly,0]»
ve{l,...,ni} and £ € {1,...,ny} satisfying

@) up,g = pv(M) -Pe(Aw)- (v)1-(w)1, where p,.(s) is the

polynomial of degree (r — 1) defined as pa(s) =1—s
for r = 2 and, denoting p;(s) = 1, by the recursion

“4)

pT(S) = (2 - 5)]97-—1(3) - p7'—2(3)
for r > 3;
(ii) if ny and ng prime, then p,(A,) # 0 and pe(A\,) # 0O
forany v € {1,...,™~} and £ € {1,..., 2271}

Next theorem gives necessary and sufficient conditions for
two eigenvector components to be both zero in a subgrid with
prime dimensions.

Theorem 4.8: Let Gy = P,,0P,, be a grid of dimension
ny X ng with ny and ny prime. Let A = A1 + A2 =
A2,1 + A22 be an eigenvalue of multiplicity two, with Ay ;
and A2 1 (A1 2 and Xg 2) eigenvalues of P, (P,,). Let V) be
the associated eigenspace. Then there exists an eigenvector
v € V), with zero components [v1,¢1] and [va, {s], V1,12 €
{1,...,m=1} and ¢1,45 € {1,..., 221}, if and only if

sz (S) . pb (S) —
pl’l(s) s=A11 pf1(5) 8=A1,2

_ Duy(s) Py (5)
Pvy (S) s=X21 P 1(8) Sz)\227
TS

where p,.(s) is the polynomial of degree r — 1 defined by
the recursion in equation (4).

Next, we show a graphical interpretation of the of the
observability results obtained by combining the results of
Theorem 4.4, Proposition 4.5 and Theorem 4.8. We present it
through an example. In Figure 4 we show a two dimensional
grid of length 4 x 6. It can be easily tested that this grid
has two non-simple eigenvalues of multiplicity two, namely
A1 = 2 and Ao = 3. We partition the grid into subgrids
of dimensions 2 x 2 and 2 x 3. The eigenvalue A\; = 2
(respectively Ao = 3) is an eigenvalue of multiplicity two
in the subgrid 2 x 2 (2 x 3). The eigenvectors generating
Vy, (Va,) belong to ST~ and St (ST and S~ ), which
gives the symmetries in Figure 4 (a) according to Proposi-
tion 4.5 and subsequent discussion. Replicating the subgrid
symbols according to Theorem 4.4 we get the structure in
Figure 4 (b). Given a set of observation nodes, the grid is
observable if and only if the nodes do not have any symbol
in common. If, for example, the observation nodes share the
top symbol, then the eigenvalue A\ = 2 (of the subgrid 2 x 2)
is unobservable.

V. CONCLUSIONS

In this paper we have characterized the observability (by
duality the reachability) of grid graphs in terms of suitable

o0
Bl

(a) subgrids 2x2 & 2x3

(b) subgrid partition

Fig. 4: Graphical interpretation of the observability analysis.

graph decompositions, symmetries in the structure of the grid
eigenvectors and simple rules from number theory. In partic-
ular, we have shown what are all and only the unobservable
set of nodes and provided simple routines to choose a set of
observation nodes that guarantee observability.
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