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Abstract— In this work, the problem of nonlinear regulation
of an underactuated system is treated by means of sliding
mode continuous control actions combined with block control
technique. The sliding mode state feedback output regulator
based on the super twisting algorithm, is applied to the
Pendubot system. The transformation of the original system
to regular form and then block control technique are used to
design a sliding manifold with asymptotically stable motion.To
verify the effectiveness of the method, simulations are carried
out.

I. INTRODUCTION

The system Pendubot is an eletromechanical system whose
name comes from short for pendulum robot. The device
consists of two planar, rigid and rotational links of two
degrees of freedom. The Pendubot has an actuator local-
ized on the shoulder (first joint) controlled by mean of a
DC motor, while the second joint moves freely along the
first joint movement given by the coupling between both
joints. The main purpose of the pendulum is research and
education within the nonlinear systems framework. With the
Pendubot, concepts like nonlinear dynamics, linearization,
robotics and control systems design, can be achieved. Some
of the principal control problems for the Pendubot are swing-
up, stabilization and tracking.

In [1], a swing up and balancing control via model orbit
stabilization synthesis is proposed, a modified Van der Pol
oscillator is involved into a quasi-homogeneous synthesis as
a reference model combined with partial feedback lineariza-
tion and the so-called homogeneous twisting controller to
locally stabilize the Pendubot about the vertical.

In this work we will be centered in the problem of the sec-
ond link tracking of a sinusoidal shape signal. The trajectory
tracking problem plays a central role in output regulation
theory [2]. Therefore, it is of great interest the design of
output regulators for the Pendubot. In [3], it is presented
an approach to achieve trajectory tracking for nonlinear
systems, combining linear regulator theory with the Takagi-
Sugeno fuzzy methodology, and a real time application of
the Pendubot is discussed. In [4], the application of error
feedback sliding mode (SM) output regulation technique
is applied to the Pendubot, stabilizing the sliding mode
equation by means of Jacobian linearization of the complete
SM dynamics.

In this work, the Pendubot system model is first trans-
formed into regular form such that the SM equation is not
affected directly by the control input. Then the Block Control
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(BC) linearization technique [5] is applied to introduce
desired dynamics for a part of the SM equation. The rest
SM dynamics part, which coincides with zero dynamics, is
linearized via Jacobian linearization. A sliding manifold then
is formulated such that the equilibrium point of the complete
SM dynamics is locally asymptotically stable. To ensure
the designed sliding manifold be stable and eliminate the
chattering effect, the continuous SM super-twisting control
algorithm [6], is implemented. The effectiveness of the
proposed control scheme is verified via simulations. Note
the SM regulator problem has been considered in [7] for
a class of nonlinear systems with relative degree one only
while the control scheme proposed in the present paper can
be implemented for systems with arbitrary relative degree.

An important contribution of this work is to provide
an algorithm, simpler than the classical regulator theory
(based on the full information regulator since most of elec-
tromechanical rotational systems include encoders to sense
position and velocity of its joints), to permit increase the
region of attraction around the desired equilibrium of the
Pendubot, then perform a tracking reference signal about
its vertically upright position, using a continuous nonlinear
controller (to reduce the non desirable chattering issue) and
reducing the linearization error making use of the partial BC
linearization technique.

II. PENDUBOT MODEL

The Pendubot system consist of two links, the first has a
motor, and the second is like a simple pendulum. Consider
the system shown in Figure 1, where the generalized coor-
dinates needed to describe the motion of the system are the
angular displacement of the first and second link, ¢; and g2,
respectively. The motion equation can be described by the
general equation [8]

D(@)d+C(q,q) +G(a)+F(q) =T

where q = (qi1,q}) € R”?, q; € R™ represents the
actuated joints, and g2 € R~ ™ represents the unactuated
ones. D (q) is the n X n inertia matrix, C(q,q) is the
vector of Coriolis and centripetal torques, G (q) contains the
gravitational terms, F (q) is the vector of viscous frictional
terms, and 7 is the vector of input torques. For the Pendubot
system, the dynamic model is particularized as

(oo oo )()+(a)
(&) (R) - (%)



where D11 (q2) = mllfl + Mo (l% + 132 + 21110 cos qz) +
I + I3, D12 (g2) = D21 (g2) = ma (12, + lilea cos q2) + Iz,
Dy = mal2, + Iz, C1 (g2, 41, 42) = —2malileaide sin gz —

malileagisings,  Ca (g2, ¢1) = malile2d? sin go,
G1(q1,q2) = maglacosqi + maeglicosqr +
maglea cos (q1 + ¢2), G2 (q1,92) = maglea cos (g1 + q2) ,
Fi (1) = padr, Fa(42) = pago,

with m7 and mo as the mass of the first and second link of
the Pendubot respectively, /; and I are the length of the first
and second link respectively, I.; and l.o are the distance to
the center of mass of link one and two respectively, g is the
acceleration of gravity, /; and I are the moment of inertia
of the first and second link respectively about its centroids,
and pq and po are the viscous drag coefficients.

lea

Fig. 1: Schematic diagram of the Pendubot

Choosing variable x (361 To T3 X4 )T
( Q1 Q2 §1 G2 )T as the state vector, u = 7 as the
control input, and zo as the output, the description of the
system can be given in state space form as

ey
@)
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where h (x) = x2 is the system output,

N
PO = | h) || sspsto |
1(x) g4 (v2) pa (%)
0
g1 0
B g2 B Doy
glx) = g3(x2) | | D11 (22) Daa — D%, (22)
ga (z2) —Dqs $2
D11 (z2) Doy — D%, (x2)
0 = 220 () + G (a1,) + F (00)
—C (22,23, 04) — G1 (z1,22) — Fi (23),
pa(x) = Dlz)if?) (Ca (w2, 23) + G2 (w1, 2) + Fo (24))
—Cl ($g7$3,$4) — G1 (l’l,(L'Q) — F1 ((Eg) .

And, in a admissible region : (—% <zp < %)

|94(z2)| >0 3)

ITII. STATE FEEDBACK SLIDING MODE
REGULATOR PROBLEM

Consider the nonlinear system (1), with state x, defined
on a neighborhood X of the origin of R%, and v € R!, y €
RL. The vector f (x) and the columns of g (x) are smooth
vector fields of class C[Cfoo , and in addition, is assumed that
f(0) = 0 and h (0) = 0. The output tracking error e (x,w)
is defined as the difference between the output of the system,

y, and a reference signal, g (w), i.e.
4

where the reference signal, r (w), is generated by a given
exosystem described by

€2 =29 — 71 (W),

&)

with w = (w1, wg)T, and wo as the reference signal generated
by the known exosystem (5), with state w, defined on a
neighborhood W of the origin of R2. So, r (w) = ws. The
system 5 is characterized by the following assumption:

H1. The Jacobian matrix S = (dw)(o) at the equilibrium
point w = 0 has all eigenvalues on the imaginary axis

Thus,
s(w) = ( ) , a>0.

Provided that all states of the system are available for
measurement. In [2], it has been shown that the control action
to system (1) can be provided by a smooth state feedback

Qw9
— Qw1

u=a(x,w).

The solvability of the State Feedback Regulator Problem
(SFRP), under assumption H1, can be stated in terms of the
existence of a pair of mappings

(6)

x =7 (w) and u = ¢ (w),



with 7 (0) = 0 and ¢ (0) = 0, both defined in a neighborhood
We C W of the origin, which solve the partial differential
equation (Francis-Isidori-Byrnes equations)

O s () = £ (@) bl () e )
0=h(r(w),w). @)

Analogously to SFRP, we consider the State Feedback
Sliding Mode Regulation Problem (SFSMRP) which is de-
fined as the problem of finding a sliding manifold

; ®)

and a SM controller, in this case applying the super twisting
algorithm [6]

o(x,w) =0, 0(x)=(01.om)"

(C))
(10)

— My |o|"?sign (o) + uy,
—Mpysign (o), My >0, My >0,

u(x) =

121 (X) =

such that the following conditions hold:

o (SMS,y) (Sliding Mode Stability). The state of the
closed-loop system (1)-(2), with the controller (9)-(10),
converges to the manifold (8) in finite time;

e (Ssf). The equilibrium x = 0 of the sliding mode
dynamics

X = [f(x) + & (%) teq (%, )] 5 (6) =g -

is asymptotically stable, where u.q is the equivalent con-
trol derived from condition & = 0 [9];
o (Rss). There exists a neighborhood V' C X x W of
(0,0) such that, for each initial condition (xo,wp) €
V, the output tracking error (4) goes asymptotically to
zero,. i.e. tli)rgoe (t) =0.

IV. CONTROL DESIGN

A. Nonlinear systems in Regular Form

To design a SM controller for the nonlinear system (1), it
is more convenient to transform the system via a diffeomor-
¢1(x)

phism
g:(
P2 (x)

into so-called regular form [10], which consists of two
blocks. The first block not depend on control and the
dimension of the second block coincides with the dimension
of the control.

), o1 €R3, py €RY, (1)

Xll = f (X/17Xl2)> (12)
%, = £ ) +g (X)uy, (13)
where x' = (x’1,><’2)T7 x) = (2}, 2h,2%), x4 = (2)) and

det (g2 (x')) # 0.

The sliding mode control design for systems in the so-
called regular form (12) — (13) becomes simpler, since
the control input is not appeared in subsystem (12). As
result, calculation of the equivalent control u., to define
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SM equation, is not needed. The transformation (11) can

be obtained from the condition 8“"5—,&") g (x) =0, as follows
) x1
v | = e(x)= 2 :
sy w3—[g5 (2) 93 * (x2) ]z,
Ty = 2 (x) =, (14)

where g3 (12) g5 * (22) = Do D75’ (24), more details can be

found in [9]. Using (14) and (1), the regular form (12)—(13)
becomes
fi(x')
) = f2(x) [, 15)
fs (x')
Xy = fa(X')+ga(xy)u, (16)
with
f1(x') =3 DQ2D1721 (x5) )y
f f2 (X/) = 'Til
r= Dia(sy)  Du(ed)\ o |
f3 (X/) = Fél < Doy Du(zé)) F32
fo = fa(X)=ga(25)ps(a’),
/ _ D / —
and  F3; = Dn(z;)Df_D@(z;)’ F3y =
Oy (wh, 2 — Daa D7y (2h) @) + G (), 2h) + Fp ().

B. Nonlinear Block Control Linearization

In order to use the Block Control linearization, the system
(15) — (16) is represented as the Nonlinear Block Con-
trollable (NBC)-form S, consisting of two blocks, and the
residual dynamics Ss:

ih = al,
&{%=h&%wuwu {17
7l = fl (X/ ’
={42h "

Introducing

the zero output manifold 7' (w) =
T
(m (W), (@), 73 (W), 7y (W)

and the control error

€2 xh — 7 (w)
es | _ | @h—mi(w)
er || #-m(w) |”
es zy — my (W)

the system (17) — (18) is represented as

By (w)

és =eq+ 1) (W) — s(w), 19
{@—ﬁ<>+muauf%@<m,()
: :fl(x)_aﬂl(W) ( ) 20
Q{Q—Mﬂ %W<> @

Now, 7’ (w) will be calculated with respect to the system
(17) — (18), making use of its respective regulator equations



orh (w) o
?QW s(w) = m(w), 21
&gf”s@o - W) 22)
=Dy D3y (my (w)) my (w)
awgogw)s(w) - pPrmw) 1ng2 @) (23)
Dy (my (w))
Dy (7 (w)) " **
0 = m(w)—ws, 24
with
;o Dasy
B = Dll(ﬂ'g(w))D22 72 (mh (w))’
Fyp = Oy((m(w)), (5 (w ))

(
—Day Dy (mh (w)) () (w )
+G2 (1] (W) , (75 (w))) + F2 (7

From equation (24), one directly obtains

AGNE

mh (W) = wa.
Then, replacing 75 (w) in equation (21) yields to

™y (W) =
For calculating 7} (w) and 745 (w), the solution of equations
(22) and (23) is needed. This is in general a difficult task,
and it is commonly can be solved proposing an approxi-
mated solution as in [4]. Thus, one proposes the following
approximated solution for 7} (w) :

—QWwi.

! 2 2
m (W) = ao+ a1wi + awa + aswi + a4wi + aswiws

+a5w§ + agw:f + cwwfwg + agwlwg + agwg
4
+0 (Illlf) - (25)

where O(-) represents infinite number of terms resulting
from approximation proposed. Replacing (25) in (22) yields
the approximated solution for 7% (w)

’ 2 2
T (W) = « [alwg — Qw1 + 2a3wiwe + AW — QW7

—2a5wiws + 3a6wfw2 + 2a7w1w§ — aﬂuf
—l—agwg - 2a8w%w2 - 3a9w1w§

DD (ws)en] +0 (Jloll}) -

Performing a series Taylor expansion around the equilib-
rium point Xe, = (%,O,O,O)T
values a; (i = 0,...9).

It is important to mention that there is a natural steady-
state constraint for the Pendubot, as we can see in Figure 1,
i.e., the sum of two angles g1 and g2 equals 7/2

(26)

as in [4] one can find the

5= 7 (w) + 7h (w). 27

Using (27) one can obtain an alternate solution to steady-
state, 7}, (w) = 7/2 — 7} (w), and replacing 7}, (w) in
equation (22) yields to 7}, (w) = aw, the subindex a refers
an alternative zero output manifold.
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C. Sliding Manifold Design
Under the condition (21) the NBC form (17) reduces to
€4,

St { fa () + g1 () u

Following the BC design technique [5], we define first the
tracking error as

€2 = (28)
ey = - 2mg ().

2o = ey = 1o — Ty (W) . (29)
Then involving the desired dynamics for this error as
(—koz2), the virtual control ey in the first block of (28)
is chosen of the form

eq4 = —kazo + 24, k2 >0, (30)
where z4 is a new variable.
From (30), variable z4 can be obtained as
Z4:64+k222. (3])

Using the new variables z5 (29) and z4 (31), the system
S1 (28) is represented of the form

29 = —kozo + 24,
51 { fa= 4 (X w) + ga (2) u, 32)
where f; (x',w) = fi (x') — 2425 ().

Now, if we apply directly Block Control

D [(fa (X' sw) — kaza], ks >0,

u:g;1 (x

or SM control

U = Ueq (X', w) — kysign(s),

with the sliding variable s = z4 and the equivalent control
Ueq (X', w) = gt (oh) (fa (X',w), then the system S; (32)
becomes as a linear system with desired eigenvalues —ko
and —ky,

S, Zo = —kozo + 24,
24 = —kyzy,
or discontinuous one,
29 = —kozo + 24,

“|

respectively.

In both cases the tracking error z3(t) (29) asymptotically
tends to zero providing the zero dynamics Sy (20) on the
manifold zo = 0 and z4 = 0 be unstable.

It can be noted that the zero dynamics, in this case,
coincide with uncontrolled SM dynamics.

To ensure the SM dynamics be controllable that permits
to stabilize the system So, we define first

7;’4 = 7]6494 ($,2) sign(s),

21 e1 =12} — 7 (W), (33)

!/
1
23 = e3=1x4— T4 (w). (34)



Then, the system (32) and (18) is represented in the
variables z2 (29), 21 (33) and z3 (34) and z4 (31) of the
form

Zog = —kozo + 24,
21 = fl (Zaﬂ-/ (w)>w)a
23 = fi3(z,7 (w),w), (35)
2y fa(z, 7" (W), w) + g4 (2,7 (w)) u,
where z = (22, 21, 23, z4)T and
fEr@).) = A - 2 Pa ),
omy (w)

fa(z,m (w),w)
fa (2,7 (W), w)
94 (2, 7" (w))

s(w),

/
f3 (X )|x’=z+7‘r’(w) - Ow

f4 (X,7 w)|x’=z+7‘r’(w) ’

g4 (Xl) ‘x’:z+7‘r’(w) .

Now, we formulate the sliding variable o (8) as

o=u+3S(xn ). S=(kh k). (6

with k1 > 0 and k3 > 0.
Using (36) and (35), the projection motion on the sub-
space o can be written as

0= folz, 7" (W), w)+ g4 (2,7 (w),w)u, (37)

where fo(’) = f4 (Za u (w) 7w) + klfl (Za i (w) 7w) +
k3f3 (Za u (w) 7w) .

To enforce SM chattering-free motion on the manifold
o = 0 (36), we apply the super twisting algorithm (9)-(10).
Thus, the closed-loop system (37) and (9) becomes of the
following form:

fr — Migs (2,7 (w) ,w) |o|*? sign (o)
+g4 (Z: 7T/ (w) 70‘)) uy,
—Mjsign (o) .

g":

u =

In the admissible region €2

l94(z2)| < o,

if the controller gains M; and M, satisfy the following

conditions: 95
My > —
1 50 )

and
5 M169 + 4462

2 (M, —28)
then, the closed-loop system state converges to the manifold
(36) in finite time [11], ensuring the condition SM S,y is
hold.

My > Mido

The sliding mode motion on the manifold ¢ = 0 is
governed by the following reduced order system:
Z2 = —kaza + 24,
Z1 = fl (Z7 ’ (UJ) 7(*)) ) (38)
23 - f3 (Zvﬂ—l (w)7w)7
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where the desired stabilized dynamics (—k2z2) for the track-
ing error zo was already introduced by the BC design.

To achieve stability of the controlled now sliding mode
dynamics (38) , where z4 is considered as the virtual control
input, using the linearization of (38) at x.q = (%,0,0,0)"
and 7’ (w) = 0; the system (38) is represented as:

22 —kg 0 0 Z9
21 = A A Ags 21 (39)
Z3 Az Az Ass 23
1 0
+ 0 |zt | d1(z7 (W),w) |,
bs ¢3 (2,7 (W), w)
where
Tl
I 0z |._ v 024 |, _ N
3 xmxeq, 7(w)=0 x=Xeq, T()=0
i = 1,3, 7=1,2,3,

¢2 and ¢3 are the residual high order nonlinear terms
resulting from linear approximation over (38).

On the sliding manifold o = 0 (8), we have
Z4 = —klzl — k32’3. (40)

Now, substituting (40) into (39), the SM motion on this
manifold is governed by following linear perturbed system:

29 29 0
21| =A 21 |+ | d1(z7 (w),w) |, @1
%3 23 b3 (2,7 (W) ,w)
with
—ko —ky —k3
A= | A A —kibi Az —ksbs (42)
Az Aszz —kiby  Aszg — k3bs

Choosing adequate values of k1, ko and k3, we ensure
the matrix A (42) be Hurwitz. Now, considering that the
perturbation terms ¢; (z, 7' (w) ,w) and @3 (z, 7’ (w) ,w) are
continuous and therefore bounded in the admissible compact
set, then the equilibrium point z; = 0, ¢ = 1,2,3 of the
system (41) is locally asymptotically stable provided that the
condition S,y is also hold. Thus, by continuity, the output
tracking error (4) converges to zero, and condition (R,y)
holds too.

It is important to note that using combination of the BC
and SM control techniques permits to reduce the partial
differential equation (7) to the reduced order equation (21)
- (23) . Moreover, the calculation of the steady state control
c(w) (6), in this case, is not needed.

V. SIMULATIONS

In order to show the performance of the sliding mode
regulator, simulations are carried out. The initial condition
for the Pendubot is chosen near the equilibrium point as
follows: x1 (0) = 1.3, x2 (0) = 0.2. The constant o = 0.3,,
the signal reference amplitude of 1 radian (approximately
57.3 degrees) and M, —1, My = —1.5.The values
of the parameters are taken as follows: m; = 0.829 Kg,



mo = 0.340 Kg, [ = 0.203 m, I, = 0.384 m,/,; = 0.155 m,
leo = 0.164 m, g = 9.81 m/sec?, I; = 0.00545 Kg-m?,I, =

0.00047 Kg-m®. And the coefficients a; are calculated as
follows ay = 1.5708, a; = —2.5675 x 1074, ay =
—0.99828, a3 = 9.0455 x 1077, a4 = 1.7821 x 1078, a5 =
1.128 x 1074, ag = —1.9783 x 107°, ay = 2.7605 x
1073, ag = —2.4734 x 1077, ag = —8.9727 x 1074,

And k; = 45.131, ky = 39.517, ks = 9.5627 in
order to place the sliding mode equation (39) poles at

(=5, — 5, —5). The constrain (27) was used too for simu-
lation yielding the same results when using the approximated
manifold (25) and (26).

VI. CONCLUSIONS

In this work, the State Feedback Sliding Mode Output
Regulation Problem via the super-twisting control algorithm
has been addressed. The SM control allows straightforward
solution to be obtained, i.e., the FIB equation is reduced
and the steady-state control needs not to be calculated,
simplifying the control design, specially when compared
to the classical solutions of the state feedback regulator
problem. Additionally, the SM based controller achieves
robustness with respect to allowed uncertainties, combining
the super twisting algorithm provides the chattering-free
motion. The proposed transformation to regular form permits
to simplify the deriving of SM equation, since, in this case,
calculation of the equivalent control is not needed. Applying
the nonlinear block control linearization techniques permits
to assign desired stable dynamics for a part of the SM
equation while the rest reduced part is stabilized via Jacobian
linearization.

REFERENCES

[1] Orlov, Y.; Aguilar, L.T.; Acho, L.; Ortiz, A. Swing up and Balancing
Control of Pendubot via Model Orbit Stabilization: Algorithm Synthe-
sis and Experimental Verification. 45th IEEE Conference on Decision
and Control. pp.6138-6143, 13-15 Dec. 2006.

Isidori, A. and Byrnes, C.I. Output regulation of nonlinear systems,
IEEE Transactions on Automatic Control, vol. 35, No.2, 1990, pp.
131-140.

Ofelia Begovich, Edgar N. Sanchez, Marcos Maldonado. Takagi-
Sugeno Fuzzy Scheme for Real-Time Trajectory Tracking of an Un-
deractuated Robot. IEEE Transactions in Control Systems Technology,
vol. 10, No.1, 2002, pp. 14-20.

J. Rivera; A. Loukianov; B. Castillo-Toledo. Discontinuous Output
Regulation of the Pendubot. The 17th IFAC World Congress, vol. 17,
2008, pp 6027-6032.

Alexander G. Loukianov, B. Castillo-Toledo and Stephen Dodds.
Robust stabilization of a class of uncertain system via block decompo-
sition and VSC. Int. J. Robust Nonlinear Control. 2002, pp.1317-1338.
Fridman, L., Levant, A. Sliding Mode Control in Engineering. Marcel
Dekker, Inc, Cg. Higher order sliding modes, 2001, pp. 53-101.

C. Bonivento, L. Marconi, R. Zanasi. Output Regulation of Nonlinear
Systems by Sliding ModeAutomatica, Volume 37, No. 4, pp. 535-542,
April 2001

Spong, M. W and Vidyasagar, M. Robot Dynamics and Control. New
York: John Wiley and Sons, Inc. 1989.

V. Utkin, J. Guldner and J Shi. Sliding Mode Control in Electrome-
chanical Systems. Philadelphia, PA: Taylor & Francis, Inc. 1999.
Loukianov, A.G. and Utkin, V.I. Methods for reducing dynamic
systems to regular form, Automation and Remote Control, vol. 42,
No. 4 (P.1), 1981, pp. 413-420.

J. A. Moreno and M. Osorio. A Lyapunov approach to second-order
sliding mode controllers and observers. 47th IEEE Conference on
Decision and Control. Cancun, Dec 2008.

=
3

=
o

=
2

8
X X

[10]

[11]

8254

>
()
h=2
o
x
=
-
<
8
=
o
o

_60 ; ; h ; ;

5 10 15 20 25 30
Time (sec)
(a)

160

1401
— 1201
o
[
S
T 100}
E
-
8 8or
=
&

60
40

n
o

5 10 15 20 25 30
Time (sec)

(b)

Torque (N.m)

0 5 10 15 20 25 30

Time (sec)
©)
2
151
1
0.5
© 0
-0.5
-
-15
) 1 2 3 4 5
Time (sec)
(@

Fig. 2: a) Comparison of the output reference signal versus
the output of the Pendubot controlled by the sliding mode
regulator. b) The position angle of the first link. c) The sliding
mode control signal. d) The sliding manifold o.



