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Abstract-- This paper presents an optimal multi-loop control
structure for uninterruptible power supply (UPS) applications
which use voltage source inverter (VSI) coupled with LC filter.
A resonant controller ensures tracking of sinusoidal voltage
reference and rejection of sinusoidal current disturbance with
no steady-state error if the loop remains stable. The challenges
are reduction of output total harmonic distortion (THD),
improving damping of the LC resonance frequency and
preventing generation of fast closed-loop modes which go
beyond the frequency range of inverter with limited switching
frequency. An extension of the classic linear quadratic
regulator (LQR) is proposed which addresses the optimal
tracking problem. The paper also presents an improved
controller to further reduce the voltage distortions for highly
accurate applications. The designed controller is simulated and
also experimentally built and the results are presented to
confirm analytical derivations.

Index Terms— UPS inverter, optimal tracking, LQR, LC filter,
resonance frequency, multi-loop design.

1. INTRODUCTION

Uninterruptiblepower supply (UPS) systems are used to
provide continuous high quality power to critical loads
such as medical equipment. In a UPS, the inverter output is
connected to the load through a low-pass LC filter which
filters the high frequency switching pulses and provides a
smooth signal at the linear or nonlinear loads terminal. The
output voltage control objective is to track a sinusoidal input
reference voltage with low THD and regulated voltage RMS
for all range of load variations.

The LC filter has a resonance frequency which
corresponds to a pair of poorly damped poles in the system
transfer function. Such phenomenon can lead to undesired
oscillations or even instability if not properly addressed. The
damping can be improved either passively by adding
appropriate resistors or actively by using suitable controls [1-
2]. It is challenging to provide enough damping to those
poles with an output feedback alone [3]. Thus, multi-loop
strategies have been widely used which use inverter current
or capacitor current as feedback signal in addition to the load
voltage. Some methods also use load current feed-forward as
well as time-derivatives of the reference signal to achieve
better performance [4].
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The conventional multi-loop techniques use proportional
(P) and proportional-integrating (PI) type of controller for
single-phase systems which are not suitable [5]. The resonant
controller has the advantage of nullifying the steady-state
error and also rejecting the sinusoidal disturbances [6]. In the
UPS model, the load current can be envisaged as such a
disturbance where the resonant controller can ensure desired
steady-state operation for linear loads. When the load draws
distorted current, however, multiple resonant units can be
employed within the controller structure for high level of
THD reduction.

This paper proposes a new method for designing the
resonant controllers within a multi-loop control system. The
proposed method is based on extending of the classical LQR
of optimal control theory to address the tracking problem
involved in the UPS inverter system. The formulation
presented in this paper provides an easy, yet powerful,
method of tuning the controller gains no matter how
numerous they are. This advantage is used to design a multi-
resonant controller to reduce the output voltage THD level.

Several control methods for UPS inverters have been
reported in the literature. Those include robust, deadbeat,
repetitive, sliding mode, neural networks, adaptive, optimal
control etc [5,7-9]. A multi-loop scheme with resonant
controller is used in [10] where the controller gains are
adjusted using the characteristic ratio assignment (CRA). It
is concluded in [10] that THD levels are not satisfied for a
nonlinear load. Method of [8] uses the LQR technique to
adjust a multi-loop scheme. That scheme is however
dependent on the LC filter parameters and also needs
measurement of the load current. The LQR technique is also
used in [9] to adjust a multi-loop scheme which is based on
PI controller and time-derivative of the reference signal in a
set of parallel inverters. Reference [11] uses the LQR
technique in combination with the deadbeat control to
improve damping of an LCL filter used to connect a three-
phase source to the grid. A similar approach is presented in
[12].

In this paper, UPS inverter power and control stages are
outlined in Section II. A novel, advanced and unified method
is introduced in Section III. Improvement of the controller to
reduce the THD level for highly accurate applications is
discussed in Section IV. Simulation and experimental results
are presented in Section V and VL.

II. UPS INVERTER SYSTEM

This section provides the basic materials related to the
UPS inverter power and control systems.
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Fig. 2. Single-loop UPS inverter control system.

A. UPS Inverter Mathematical Model

Figure 1 shows the power stage of a single-phase inverter
which includes an IGBT half-bridge configuration and an LC
is thus filter. The differential equations that describe the
dynamic behavior of this converter are

dip, Vi .

G- YTV Nl
where u is the control variable which can take values of 1, 0
or —1 depending on the state of switches S; and S,.

Taking average from (1) over one switching frequency,
one can find the plant state-space equations as:

Xp = Apxy + Byu+ Byw  y, = Cpxp + Dyu 2)

dv,
ic=C dto=iL—io (1)
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B. UPS Inverter Control System

A single-loop control strategy is shown in Fig. 2. The
control objectives in this system are to achieve (i) output
voltage regulation which means low RMS steady-state error,
(ii) fast transient response, and (iii) low total harmonic
distortion (THD), for all variations of the load and system
parameters' changes and uncertainties such as the DC
voltage, the inductor and capacitor of the LC filter,
resistances.

Note that the command waveform and also the disturbance
signal are both sinusoids at the fundamental frequency. A so-
called proportional-resonant (PR) controller given by

6(s) = K +K35+K4

T w2 )
= P(Controller) + R(Contraller)
is thus suitable for the system shown in Fig. 2 where w, is
the system frequency.
The LC filter has a poorly damped resonant frequency at

w, = 1/VLC having a damping ratio equal to { = %L,/C/L.
This generates undesired high-frequency oscillations at the
output voltage if not properly controlled. A PR controller of

the form (4) cannot provide enough damping of the LC-filter

Fig. 3. Conventional multi-loop UPS control structure using inverter current
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Fig. 4. Modified multi-loop UPS control structure using inverter current

resonant frequency. Thus, the controller must be equipped
with further terms such as appropriate lead compensators
C(s) = Gpr(5)GLoaqa(s). Proper design of the lead
compensator is also challenging. Alternative method is to use
a multi-loop structure such as what is shown in Fig. 3.

A salient advantage of using a multi-loop control structure
is the possibility of using state-feedback techniques such as
the LQR method. In Fig. 4, notice that the P controller is
moved from the PR into the inner loop for convenience of
design. The PR controller adds two zeros to the system while
the R controller adds only one zero. This also has the
advantage of introducing -20 dB/dec in the magnitude curve
for high frequencies which lowers the bandwidth and makes
the loop more robust to high frequency noises. A state-space
representation for this transfer function of R compensator is
given by X, = Acx. + B.e where e = v, — ¥, and

[0 —w, n
1=, 0l =1l ®)
The control signal can now conveniently be written as
X
wu=—lky ky ks kil [xf] = —Kx (6)

By augmenting the inverter and the R controller variables,

and assuming U, =0, the following state-space
representation is obtained for the closed-loop system.
X =Ax+ Bu u=—Kx @)
where
o L 0 o [ , ]
~ Vin
a5 B=|z
A=|— L o 0 [ 0 J (8)
L L 0
[_1 0 0 —w,? |
0 0 1 0 u=—[ky; kiz kiz kilx

This is a regulation problem and the LQR method can be
used to obtain the vector K Matrix @ is a diagonal 4 X 4.
The closed-loop system is surely stable (for every positive
semi-definite matrix Q) but its transient response depends on
matrix Q. We are particularly interested in a solution which
results in desired tracking response. Such a constraint is not
formulated within the LQR structure.

III. DIRECT SOLUTION TO OPTIMAL TRACKING PROBLEM

The LQR which can only solve a “regulation” problem
while in this section shows that the LQR concept can be
extended to directly address the optimal tracking problem
[13-14]. Using this method, the admissible g;'s are obtained
with less effort and with a more transparent view on the
problem. Moreover, the method is applicable to higher-order
controllers without excessive complexity.
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A. Mathematical Formulation

The tracking problem can generally be put in the
following framework. Assume that y* is the command signal
and y is the output signal. The direct tracking can be defined
as follows: Derive the controller u such that the following
index is minimized

Jw) = foo(he2 +v?)dt 9)
0

where e =y*—1y is the tracking error, v =A(u) is a
transformed input and h > 0 is the weight of tracking term
in the cost function. The new (or transformed or pseudo)
input v must be properly defined to ensure that the cost
function is well-defined that means the cost function is
convergent.

In the case of the UPS inverter system, the command
signal y* is a pure sinusoidal signal at frequency w,. This
means that all signals will be sinusoids at frequency w, at
steady-state. Thus, they (including y*, y and u) all satisfy the
equation d + w2a = 0. Thus, let's define

M=v=i+w?u=0 (10)

In the steady-state, v = 0, but during the transient-time,
this equation is not held. Thus, v in (10) is an index of how
far the signal is from the desired value at time instant t.

Now to formulate a solution to this problem, it is possible
to redefine the state variables in this system in order to
transform the tracking problem into a regulation problem as
follows. The
augmented vector of state variables is x =[x, x7].
Define z = % + w?2x. Considering the definition of x,, z can
be written in the form of z = [¥, + wjx, € wye]”. Then
it is straightforward to show that z satisfies the following
state-space representation

2 =Az+ Bv v =—Kz (11)
where A=[k; k, ks k4]. Definitions for matrices A and
B remain unchanged. Also notice that the index function can
be rewritten as

Jw) = f (he? +v3)dt = f (zTQz +v?)dt (12)
0 0
where
Q: = diag{q., 2, 93,94} = diag{0,0,0, h/ w5} (13)
This means that the tracking problem has been

transformed to a regulation problem with the Q; matrix in
(13) and can now directly be addressed by the LQR
technique.

B. Selecting Q Matrix

Significance of the proposed method is that it reduces design
of the controller gains to the design of LQR gains matrix Q.
For example, in the tracking index, the parameter h which is
equal to w2q, directly controls the tracking error. Increasing
this parameter reduces the tracking error. Then, g3 controls
rate of change of tracking error and can thus smoothen
undesired fast oscillations on the response. The coefficients
q, and q, provide further control on voltage and current
signals. Having said this, a design can be reached by
subsequently increasing ¢;'s and observing their impacts on
the response. The characteristics which are of importance in
the UPS inverter application are as follows.

Settling-time (ns)

Location of Resonant Controller Zevo

Closed-loop Bandwidih (Hz)

Time-constant of the Fastest Mode (ps)

4y
Fig. 5. Monitoring the closed-loop characteristics when q, varies and
q1 = q; = q3=0: (a) settling time in ms (b) overshoot in percentage (c)
THD in percentage (d) damping of LC resonance mode (e) damping of R
controller mode (f) system's zero (g) time-constant of the system's fastest
mode in us.

TABLEI
PARAMETERS OF THE UPS INVERTER POWER STAGE

L=08mH, r, =010, C=40uF, V, =760V, f, = 20 kHz,
f, =50 Hz, V, = 220 Vs, Load (10 1KVA PF = 0.8)

1) Speed is represented by the settling-time of the response to a
change in load or in reference signal.

2) Overshoot shows the excessive increase in the response in
percentage of its amplitude.

3) Voltage THD is caused by nonlinearities in the system mainly
those caused by the nonlinear loads.

4) Damping of LC resonance mode shows how far the controller
can avoid undesired oscillations caused by the LC resonance
mode.

5) Damping of R controller mode shows whether the R controller
modes have adequate damping.

6) System's zero which is generated by the R controller and is
preferred to remain minimum-phase with adequate distance
from origin.

7) Closed-loop bandwidth must be large enough to ensure strength
of control signal and low enough to avoid excessive sensor
noise propagation.

8) PWM switching frequency poses limitation on the PWM
generated signal. A highly fast changing control signal cannot
be generated by a low switching frequency. This means that
the loop must not have fast modes beyond the capacity
supported by the switching frequency.

Using UPS inverter power stage parameters of table I, the
design begins with increasing q, and which has the most
significant impact on the tracking error. Figure 5 shows the
above eight characteristics of the system versus q,. Figure
5(a) shows that the settling-time of the response decreases
from 30 ms to about 15 ms when g, is increased to 500. The
overshoot remains within a range of 45 to 55%, part (b). The
output THD gradually decreases from 3.7% to 3.2% as
shown in (c). The THD is calculated for a highly nonlinear
load which draws a current with THD of about 50%. The
damping of the LC-filter resonance mode is gradually
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Damping of LC-filter Resonance Freguency

Fig. 6. Monitoring the closed-loop characteristics when q; varies and
q, = q, =0, g, = 350: (a) settling time in ms (b) overshoot in percentage
(c) THD in percentage (d) damping of LC resonance mode (e) damping of R
controller mode (f) system’s zero (g) time-constant of the system’s fastest
mode in ys.
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Fig. 7. Loci of the closed-loop poles and zero versus (a) 50 < g, < 500,
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increasing from 0.02 to 0.045. Damping of the R controller
mode is also gradually increasing as shown in (e). The
system's zero is shown in part (f) which exhibits movement
towards left hand side of the complex plane. The closed-loop
bandwidth grows to about 1000 Hz which is just above the
open-loop resonance frequency as shown in (g). Part (h)
shows the time-constant of the fastest mode in the closed-
loop system. This mode is important to be observed carefully
because the PWM cannot generate fast changing control
signals due to limitation in the switching frequency. A
switching frequency of 20 KHz corresponds to a switching
time of 50 us. A rule-of-thumb consideration is that several

switching cycles must be placed within the time-constant of
the fastest mode in order to be generated successfully. This
means that the fastest time-constant must not go below, say,
300 us.

At this stage, q, can be selected for example at 350 and
the same procedure is repeated for q;. Results are shown in
Fig. 6. It is observed that increasing q; has the following
desired results: reduction in settling-time, reduction in
overshoot, and reduction in output THD, increase in the
damping of LC-filter mode. The trade-off is in increase of
system’s zero, increase in bandwidth, and reduction in the
time—constant of the system’s fastest mode. A value of
gz = 30 is desired.

The loci of closed-loop system poles and zero provides
much insight into the design process. Such a locus when q,
varies from 50 to 500 is shown in Fig. 7(a) and when g5
varies from 5 to 50 is shown in part (b). These graphs
confirm results exhibited in Fig. 5 and 6.

At this stage of design where q, and gs; have been
selected, the closed-loop characteristics are as follows:
settling time about 5 ms, overshoot about 35%, THD just
below 2% for a highly nonlinear current, damping of the LC-
resonance mode about 0.15, and time-constant of the fastest
mode about 750 us. Next step is to adjust g,. The system
characteristics versus g, and g; can be performed similar to
q, and g5 to figure out related results like Fig. 5-6. The
desired impacts of increasing q, are as follows: reduction in
overshoot, reduction in THD, tremendous increase in
damping of the LC resonance mode. The trade-offs are
gradual decrease in speed, movement of zero towards origin,
decrease in bandwidth and decrease in the time-constant of
the fastest mode. A value of q, = 107> seems desirable and
is chosen here. No considerable improvement is achieved by
increasing q, and thus, it is set at zero. The loci of poles and
zero of the closed-loop system is shown in Fig. 7(c) and the
closed-loop poles and zero loci is shown in Fig. 7(d). The

controller gains eventually settle to about
K=[0.0167 0.0027 -9.4 -17.1].
IV. IMPROVED CONTROLLER FOR REDUCING THD

An attractive feature of the control strategy shown in Fig.
4 is the possibility of upgrading it to highly reduce the output
voltage THD if desired. The harmonics at the output voltage
are mainly due to the nonlinear loads which draw a distorted
current. Since the current is considered as a disturbance
signal, the controller may be improved as

C(S) — Z K3n5 + K4n(nwo)

SZ + TLZ (‘)02 (]4)
neH

where H is the set of harmonics which are present. Such a
controller completely removes all the harmonics in the set H.
The controller structure becomes complicated as H becomes
larger. Typically, H ={1,3,5,7,9} is adequate for most
applications and this significantly reduces the voltage THD
to comply with the Standards.

A main challenge with a high order controller such as that
of (14) is appropriate tuning of its gains [15]. The proposed
technique of Section IV can easily be extended to address
such a challenge. To show that, write the controller state-
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Fig. 8. A load is switched from full-load to no-load and again to full-load at
times 25ms - 45ms and 45ms - 65ms for linear (a-b) and nonlinear (c-d)
loads, respectively. (a, ¢) load voltage and current (b, d) tracking error.

TABLEII
REDUCTION OF OUTPUT VOLTAGE THD
THD
[0.0167 0.0027 -9.4 -17.066 0 0 0 0 0 0 0 0] 3.6
[0.02 0.004 -15.9 -11.25 -2.85 -19.28 0 0 0 0 0 0] 2.8
[0.0236 0.0054 -17.35 -8.88 -13.1 -14.45 1.27 -19.45 0 0 0 0] 2.3

[0.027 0.007 -17.95 -7.6 -16.15 -10.9 -10.4 -16.5 3.6 -19.15 0 0] 1.8

[0.03 0.009 -18.28 -6.8 -17.6 -8.5 -14.5 -13 -6.4 -18.4 -3.1 -19.3] 1.32

space representation as X, = A.x. + B.e where
A; = blockdiag{A.,,A.,, .., Acy},  Bc = [BE, ... BLI"
. [0 —now, et
In which 4., = [n(uo 0 ], B, = [O]
The plant and controller, when augmented, will have the
following state-space representation

X = Ax + Bu+ B1Vyes (15)
where
A 0 B 0
— p — —
A‘L&@ A, B =] B“{&] (16)

Similar to what was developed in Section IV, define
x=[x;, x{]" and z=3%+ w,’x. Then obviously,
z=[(E, + wix,)" € woe z;]T where z; shows the
states related to harmonic controllers. Also define v = i +
wZu. With this new set of state variables and input, the
whole system's state-apace representation is zZ = Az + Bv
where A and B are defined above. Moreover, v = —Kz
which shows a regulation problem. The matrix Q is now
having the form

Q = diag{q1, 92 -, Gak-1, G2} Nyarmonic order = 2k

The controller gains are conveniently obtained by similar
approach according to Subsection III forq,, g3, g, and q;.
Furthermore, the other pair elements of  matrix such as
qs — qe> 97 — Qqg, --- and qux_1 — g are achieved similar to
predetermined elements of q; — q, to reject undesired output
voltage harmonics by appropriate adjust of corresponding
resonant controller coefficients.

V.SIMULATION RESULTS

To verify performances of the proposed controllers in a
realistic scenario, the UPS inverter system by Table I power

stage parameters and tuned controllers' gains with the
proposed control algorithms are simulated using
EMTDC/PSCAD simulation software. The UPS inverter
supplies both linear and nonlinear loads in compliant with
IEC 62040-3 standard for class-I UPS. Figure 8 shows the
case where the load switching occurs from full-load to no-
load and again to full-load at times 25ms - 45 ms and 45ms
- 65 ms for linear and nonlinear loads, respectively. The load
voltage, the load current and the tracking error signals are
shown. The controller exhibits desired responses.

Another simulation verifies effectiveness of the multiple
resonant controllers in reducing the voltage THD. Five cases
are considered: one resonant controller at fundamental
frequency, two resonant controllers at fundamental and third
harmonic, three resonant controllers at fundamental, third
and fifth harmonics, four resonant controllers at
fundamental, third, fifth and seventh harmonics, and five
resonant controllers at fundamental, third, fifth, seventh and
ninth harmonics. The output voltage THD for these five
cases is summarized in Table II with the controller gains of
vector K.

VI. EXPERIMENTAL RESULTS

Based on Table I power stage parameters, a 1kVA-UPS
inverter is built and tested to experimentally verify the
performance of the proposed control method. The control
logic is realized and implemented using TMS320F2808, 32-
bit fixed-point 100-MHz Digital Signal Processor (DSP)
from Texas Instruments (TI). The control signal is applied by
Pulse-Width-Modulated (PWM) approach using the DSP
PWM block. The proposed controller is developed by C** in
Code Composer Studio (CCS) V3.3 environment (supplied
by TI). Then, the program is compiled and transmitted by
XDS510LC emulator into DSP Flash with USB protocol. A
photograph of the experimental setup is shown in Fig. 9
which has two UPS inverters and only used one of them in
this study.

First, experimental test is performed by supplying a linear
load with a power factor of 0.8. Figure 10 shows the start-up
transient of the UPS inverter output voltage and current
connected to the linear load. Response shows a fast and
smooth behavior with a THD as low as 0.5%. Next, Fig. 11
shows the UPS inverter output voltage and current when
connected to the non-linear load compliant with IEC 62040-
3 standard for class I UPS. The effectiveness of multiple
resonant controllers in reducing the THD is experimentally
verified through Fig. 13 where the resonant controllers at the
third, fifth, seventh and ninth harmonics are placed within
controller. The total THD is reduced to about 1%. This
closely matches what was already obtained by computer
simulations.

VII. CONCLUSION

The paper presented a multi-loop control structure and
introduced an efficient method of optimally designing its
gains for UPS inverter applications. Unlike conventional
methods, we extended the LQR technique from regulation to
the tracking problem. The controller removes the steady-
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Fig. 9. Picture of the UPS inverter experimental setup
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Fig. 10. Start-up transient of the UPS to linear load (Ch-1: Output Voltage
waveforms, Y axis: 100V/div, Ch-2: Output Current waveform, Y axis:
5A/div, X axis: Sms/div)
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Fig. 11. Elimination of the third, fifth, seventh and the ninth harmonics
(Ch-1: Voltage waveforms, Y axis: 200V/div, Ch-2: Current waveform, Y
axis: 25A/div, X axis: Sms/div MATH: Load voltage frequency spectrum, X
axis: 250Hz/div, Y axis: 20dB/div)

state error, provides fast and smooth response to load
changes, is robust to uncertainties in system parameters and
improves damping of the resonance frequency. The
controller is further improved for reduction of output voltage
distortions. It is simple to apply and avoids complicated
classical Bode diagrams and/or root-locus design techniques
without any stability concerns while offering an optimal
solution with adequate gain and phase margins. Consistent
results obtained from simulations and experimental tests
confirm validity of the analytical results.
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