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Decentralized Identification for Errors-in-Variables Systems
Based on a Consensus Algorithm

Milos S. Stankovié, Srdjan S. Stankovi¢ and Dusan M. Stipanovié¢

Abstract—In this paper a new consensus based algorithm
for decentralized recursive estimation of parameters in linear
discrete-time stochastic errors-in-variables MIMO systems is
proposed. One starts from a multi-agent setting, in which an
agent has access only to a subset of noisy input-output variables.
The proposed algorithm consists of two stages. The first stage
is based on a combination of local stochastic approximation
algorithms for estimating input-output covariance functions
based on locally available measurements and a dynamic first
order consensus scheme. At the second stage each agent
utilizes a stochastic approximation algorithm with expanding
truncations for generating all system parameter estimates on
the basis of current estimates of the matrices in the modified
Yule-Walker equations obtained at the first stage. In the
given convergence analysis it is proved that the estimates of
the covariance functions and the overall parameter estimates
converge almost surely to their true values under appropriate
assumptions concerning system properties and the multi-agent
network topology.

I. INTRODUCTION

Theory and practice of complex and large scale systems
has been focused on decentralized methods for control and
estimation, e.g., [1], [2]. Considering a dynamic system as an
interconnection of subsystems, which may be either physical
entities of mathematical abstractions, it is possible to achieve
reduction of dimensionality in control and estimation prob-
lems, as well as to increase robustness and reliability (see,
e.g., [1]). In many real life situations designers of control
systems are faced with inherent decentralized information
structure constraints, leading to different types of decentral-
ized design or decentralized implementation.

A lot of attention has been paid recently to networked con-
trol systems, multi-agent systems and sensor networks, e.g.,
[3]. Many efficient methodologies have been theoretically
developed and applied in practice. It has been found that one
of very successful methodologies for getting efficient com-
promises between decentralization and global functioning of
large scale systems is based on dynamic consensus schemes,
e.g., [4]-[8]. Within the framework of decentralized methods
for large scale systems, consensus has been applied to state
estimation, optimization and control, e.g., [9]-[13].
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Decentralized identification of dynamic systems has not
been yet considered in the literature from a general stand-
point (to the best of the authors’ knowledge). The main
problem is the contradiction between decentralized data
acquisition implied by the information structure constraints,
on the one side, and the overall interconnectedness between
the model variables and functioning of the system as a whole,
on the other.

The concept of decentralized identification of a given
multivariable large scale system developed in this paper starts
from a multi-agent setting in which an agent has access
only to a subset of noisy input and output measurements, in
accordance with the given information structure constraints.
The task of every agent is to obtain estimates of the overall
system parameters in real time, without recurring to any type
of centralized strategy or fusion center. The contradiction
between the global nature of the task and local constraints is
resolved by introducing communications between the agents,
implementing a dynamic consensus strategy.

It will be assumed that the system to be identified is repre-
sented by a linear MIMO (multiple input - multiple output)
model with the input generated by a MIMO ARMA model
[14], [15]. The assumed measurement setting represents a
generalization of the basic errors-in-variables identification
problem [16], [17]. The starting point is to construct an
algorithm in which the agents recursively estimate a set
of input - output covariance functions using a dynamic
consensus scheme by algorithms of stochastic approximation
type, applying the methodology from [9]-[11], and extending
the idea presented in [18]. The obtained current covariance
estimates are then used within a stochastic approximation
scheme with expanding truncations in order to generate
recursively estimates of the overall system model parameters
using the modified Yule-Walker equations [14], [18], [19].

The paper is organized as follows. Section II contains the
problem formulation and the proposed algorithm definition,
while Section III is devoted to the convergence analysis.

II. PROBLEM DEFINITION AND ALGORITHM
FORMULATION

Consider a linear dynamic MIMO system described by
A(2)y(t) = B(z)u(t), 0))

where t is a discrete time instant, z stands for the backward
shift operator, y(t) € R™ and u(t) € R™ are the input
and output vectors, respectively, while A(z) = I + A1z +
-4+ Ay zY and B(z) = Byz + --- + B,, 2", where
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A, = d1ag{am ...,ag]}, i=1,...,vq and B;
i=1,....,vp,5=1,...;,n, k=1,....m

The input u(t) is assumed to be a MIMO ARMA process
generated by

- b,

P(2)u(t) = Q(2)(?), ()
where P(z) = I + Plz + -+ P, z”P and Q(z)
I+ Qiz+ -+ Qy2", dlag{p ..,pgf)]}, i =
1,...,vp, and QZ— [ jH] z—l,...,z/q,y =1,....,m k=
1,...,m. The sequence {e(t)} is assumed to be composed
of i.i.d. m-dimensional zero mean random vectors satisfying
E{e(t)e(t)T} = R. and E{|=(t)]"} < .
A compact representation of (1) and (2) is given by

A(z)i—B
G(2)2(t) = S(2)e(t), where G(z) = léZ)P(S)
I+Giz+---+G,z” and S(z) = [Q?z) =Sy+ S1z+
-+ 8,27, while v = max(vq, vs, vp, vq) [14], [15].

Set Yt — 1) = [yt — 1)+ (t — va)]T, Uglt — 1) =
[ur(t = 1) un(t — w)]", @;(t) = [Yi(0)":U(t)"
Un(t)"]", and

o7 — [—al! lip((U . ylalz 300 plely
o = [-pi - = o,
j = 1,...,n, kK = 1,...,m. Let, also, ®(t) =
diag{p1(t),...,on(t)}, U(¢ ) = dlag{Ul( ), ooy Un(t)},
0v = diag{67,...,0Y}, 0* = diag{0Y,...,0%}. From (1)

and (2) we have

where 6 = diag{6Y, 0"} is the parameter matrix and Z(t) =
diag{®(t), ¥(t)}.

Assume that N autonomous agents perform input-output
measurements in such a way that every agent has access
to a subset of input/output variables contaminated by local
additive measurement noises. Let the 1ndex sets S

(.. m m} c{1,....n}, 8§ = (¥ z%)} C

{1,...,m}, (oo O < m, afj) < n) determine the 1nd1ces of
the components of the vectors u(t) and y(t) accessible to the
i-th agent (the index sets can be overlapping). Accordingly,
define the vector z(¥)(t) (derived from z(t) in (3)), which
contains as its nonzero components the measurements ac-
quired by the -th agent, as

where { (t) and 77(Y)(t) are measurement noise vectors,
while IJ7(t) = diag{I\(t),...,Iyn(t)} and IV (t) =

diag{I.) (t ) ()}, where {I((t)} and {I\'}(1)},
7 =1,. k =1,...,m, are random binary sequences
independent from the system variables such that, for all ¢,

P{I0 (1) = 1} > 0 when j € S{" and P{I{'}(t) = 1} > 0
when k € SU; otherwise, P{I(l (t) = 1} = 0 and
P{If;k( ) = 1} = 0. Randomness of I\ (¢) and I\”(t)
is introduced in order to model intermittent measurements.

The input and output measurement noise vector se-
quences {n (1)} = {[n;" (6) - ()]} and {€(1)} =
(€9 - Py 0 = 1,...,N, are assumed to be
i.i.d. zero mean sequences mutually independent and in-
dependent from {e(t)}, satlsfylng E{§ OO )Ty =
R, EO @07}y = R, BYIE” (1)]|'} < oo and
E{|In{” ()]|*} < oo, for all t. _ _

According to (3), we introduce also Yj(z)(t), Ul (),
(1), @O (), ¥O(t) and ZO(t), i = 1,...,N, j =
1,...,n, k = 1,...,m as the "noisy” versions of Yj(t),
Uk(t), ;j(t), ®(t), ¥(t) and Z(t), respectively. Similarly,
we construct f’j(z) (1), 0,;) (t), (ﬁ‘gl) (t),_&)(i) (t). ¢ (t) and
Z(t) in the same way as Yj(z) (1), U,EZ) (1), cpy) (t), ®O(t),
T@O(t) and ZO(t), i = 1,...,N, j = 1,...,n, k =
1,...,m, but with Yj(z) t) = [yj(-z) (t)-- -yJ(-Z) (t — w)]* and
O () = [ul (8) - uf (¢—p)] " instead of Y, (1), UL (2),
respectively, where p is a selected integer.

We assume that A(z) and P(z) are stable matrices,

so that {z(t)} is a stationary and ergodic sequence with
E{]|z(t)]|*} < oo, and

B2 =)} = B0 = | puy ) o

R¥(r) R¥“(r) ] )

where RY(7) = [r/(T)]nxn = E{y(t)y(t — )"}
R () = [} (T)]nxm = E{y(t)u(t —7)"} and R*"(1) =
[r () mxm = E{u(t)u(t — 7)T}. Introduce A such that
i > A > vy, so that we obtain, after multiplying (3) with
Z(t —1 — )\) from the right and taking the mathematical
expectation, the following modified Yule-Walker equations

W =07G, (6)

where W = E{z(t)Z(t —1 — N7} and G = E{Z(t —
DZ(t —1 — X)T} [18], [19]. Solving (6) one obtains, in
general, = WG + 6y(I — GG™T), where 6 is any matrix
with appropriate dimensions; the necessary and sufficient
condition for uniquely defining 6 from (6) is non-degeneracy
of G (A" stands for the pseudoinverse of a matrix A), [18].

Based on the exposed formal setting we formulate the
problem of distributed identification of the system repre-
sented by (1) and (2) as the problem of estimating the
parameter matrix 6 in (3) in real time by all the agents
using only local measurements described in (4), by allowing
inter-agent communication of local (partial) identification
results (not of measurements themselves), without recurring
to any type of fusion center. The formulated problem belongs
to system identification problems of errors-in-variables type
(see, e.g., [16]); the problem is, however, specific, due to the
given information structure constraints.

Estimation of the correlation functions between the mea-
sured input-output variables represents a firm starting point

2952



for the formulated identification task, since it can be done
locally irrespective of the functioning of the rest of the
system (see also, e.g., [20]). By interchanging the local
correlation function estimates between the agents using the
available communication links one can circumvent the given
information structure constraints and get a model of the
system as a whole. Once an estimate of input/output correla-
tion functions is available to all the agents, they can locally
estimate all the system parameters by using, for example, the
above formulated modified Yule-Walker equations (6).

We propose the following distributed recursive algorithm
based on stochastic approximation for estimating the un-
known parameter matrix 6 in (3) by all N agents:

GOt =GVt —1)+
+ %[Z(i) t—1)ZDt-A-1DT -Gt -1)], ()

N
vec{GW (1)} = Z CE(t) vec{GY (1)}, (8)

1

WOty =wO it —1)+
+ ;[z(i)(t)Z(i) t-A=DT WOt -1)], ()

N
vec{W @ (1)} = ZCZ‘;V(t) vec{WW(t)}, (10)

Jj=1
0D () = 09 (t — V) Ijygor 1 1yj<m@ 1y, AD
0Ot —1) =00 (t 1)+
+ %G@ HWINT - @D H)TeD (¢ -1)),  (12)
o () = o (t = 1) + Iygo uny>me@ -y (13)

where:

- GW(t), WO(t) and ) (t) are the current estimates of
G, W and 6 in the model (3) generated by the i-th agent at
the instant ¢ (the initial values G (0), W (0) and 6 (0)
are arbitrary and finite almost surely),

- GW(t) and W(t) are obtained from G (t) and
W (t) by inserting zeros at those places where the elements
of ZW()Z®D(t —\)T and 2 (t +1)Z@(t — \)T, respec-
tively, are equal to zero, as a consequence of the fact that

the corresponding instantaneous values of the indices Iy;()

and 17%() are equal to zero (accessibility of measurements,
intermittent observations),

- vec{ A} denotes the column vector obtained by concate-
nating all the column vectors of A,

- I14) denotes the indicator of an w-set: Ij4) = 1ifw € A
and I[A] =0ifw ¢ A,

- M(c™(t)) is a monotonically increasing function to be
specified later;

- matrices Cicj (t) and CZ-‘;V (t), defining communications
between the agents, are assumed to be given by Cf; (t) =

Jij (t)@g(t) and C’ZV]V(t) = Jij(t)éizy(t), where C’g(t) and
CZ-‘;V (t) are diagonal matrices with positive elements (see,

e.g., [91-[11]), while J;;(t) = 1, i =1,..., N and {J;;(1)},

i,j =1,...,N, i # j, are scalar random binary sequences
satisfying P{.J;;(t) = 1} > 0 for (i,j) € £ C {1,...N} x
{1,..., N}, where the set £ specifies the communication

structure constraints, i.e., the existing communication links
between the agents (pair (i, j) denotes the directed link from
the agent j to the agent ¢); otherwise, P{J;;(t) = 1} = 0;

- Zivzl Cg(t) = I and Zivzl Ci‘;!/(t) =1 for all ¢ and 1.

The algorithm consists formally of two main parts, the first
consisting of two consensus based stochastic approximation
algorithms for estimating covariance matrices G and W in
(6) (algorithms (7) and (8)), and the second representing a
recursive algorithm for final estimation of the model parame-
ters 0 in (6) using the currently available covariance estimates
(algorithm (9)). The algorithm represents an extension to the
decentralized multi-agent case of the algorithm proposed in
[18] for centralized errors-in-variables identification.

In this way, the whole algorithm extends the idea of com-
bining recursive state and parameter estimation algorithms
with the first order consensus scheme (presented in [9]-[11])
to the problem of system identification. Recall that recursions
of stochastic approximation type with consensus have been
discussed from a general standpoint in [21], proposed for
distributed optimization in [4] and applied to parameter
estimation in linear static regression models in [11].

It will be adopted that the communication links between
the agents with positive communication probabilities are
represented by a directed graph G = {N, £}, where AV is the
node set, and £ the edge set. Correspondingly, it is possible
to compose the overall communication (consensus) matrix
cret(t) = [CE™(t). 4,5 = 1,...,N, where CSW (1) =
diag{Cg (t), Cj’}/ (t)}, which has zero blocks almost surely
for (i,j) € £ ={1,...N}x{1,...,N}—€. Matrices CS (t)
and C}Y(t) in CZ(t) and C}Y (t) are assumed to be such
that C™“(t) is a row stochastic matrix for any realization
of J;;(t), i,j = 1,...,N (concrete ways of generating
realizations of C"¢!(t) corresponding to the realizations of
the N x N binary matrix J(t) = [J;;(t)] are discussed in
[10]). Having in mind that (7) and (8) consist of independent
recursions for estimating elements of G and W in (6),
C™¢t(t) can be decomposed into the corresponding number
of N x N row stochastic consensus matrices.

III. CONVERGENCE ANALYSIS

The key arguments for the convergence of the proposed
identification algorithm are related to the estimation of the
correlation functions in the schemes generating matrices
G@(t) and W®(t) in (7) and (8). Our analysis will be
initially concentrated on one arbitrarily selected element
of either G or W; the obtained results can be directly
generalized to all the elements of G and W.

Assume that p(?) (t) represent the current estimate of, e.g.,
7 (T) generated by the i-th agent for some k and [, and 7
satisfying (6). Then, according to (7) and (8), we have for
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PO = p Ot = D)+ ;10 (= DI~ )
X[ (= Dy (6 =7 = 1) = oDt - 1),
i N =
P (t) = Zj:l Cij (t)p\9(t),

where c¢;;(t) are scalar coefficients of the form c¢;;(t) =
Jij (t)Ei;(t) satisfying Zjvzl ¢i;j(t) = 1 for all ¢, according
to (7) and (8). Properties of ¢;;(t) follow directly from the
properties of either C (t) or CIY (t).
For vector R(t) = [p(M(t) --- pN)(1)]T we have

R(t) =C()R(t — 1) + %O(t)r(t)

(14)
5)

x[YPt-1)Y({t—7—-1)-R(t—-1)], (16)
where C(t) = [c;(t)], 4,5 = LN, T@#) =
diag{I"(t — )1t — 7 —1),..., IVt — 1) 1™t -
T— 1)} YP() = diagly, (1), yp (6)} and Y () =
[yl(l)(t) . ~yl(N)(t)]T. The consensus matrix C(t) is a ran-

dom row-stochastic matrix for all ¢, while I'(¢) models the
availability of measurements.

We will analyze convergence of (16) under the following
assumptions:

A1) The set N* C N containing all the nodes of the graph
G which have the indices i corresponding to the condition
P{I,S) (t)}P{Il(l) (t)} > 0 is nonempty, and each node in N
is reachable from at least one node from N*.

A2) For all (i,j) € € and all ¢, P{J;;(t) = 1} = 1 for
some t € [t,t+T], T} < cc.

A3) For all i € N'* and all £, P{1\" ()" (F —
1 for some t € [t, t + T3], Ty < oo.

Remark 1: Assumption Al) ensures that the measure-
ments necessary for generating the estimates are available
to every agent. Assumption A2) defines an upper bound on
the intervals between two successive inter-agent communica-
tions, and Assumption A3) an upper bound on the intervals
between two successive measurements.

Lemma 1: Let Assumption Al) be satisfied. Then,
E{C(t)} is cogredient (amenable by permutation transfor-
mations) to

T)=1} =

Cy - 0
oo 0 Cy-v | an

0 - C. 0

Dl - DH C‘O
where Cy is an By X So matrix, 0 < BO < N, C; are
irreducible B; x (; matrices satisfying 0 < 5; < N, D;
are By x ; matrices, i = 1,...,k,and 1 < k < |./\/ | (.|

denotes cardinality of a given set).

The proof of the lemma can be derived by construction;
details can be found in [11]. One can easily see that
E{J(t)} has the same structure of positive elements as
C, ie., E{C(t)} ~ E{J(t)}. The number of irreducible
components x in C' and the dimension of Cy depend on the
adopted network topology. Consequently, the structure of C'

allows updating of the correlation coefficient estimates for
all the nodes. -

Lemma 2: Let the [-th power of C' in (17) be represented
as

ol [_dlag{Cl,...,C,lc}é 0 | (18)

where Dl = { D[” D[” } Then:

(a) for each j for which C; # 0 there exists an integer [;
such that for [ > [; the block matrix Dg-] contains at least
one row whose all elements are positive;

(b) there exists an integer I" such that for [ > [ each row
of D contains at least one entire row of some of the blocks
Dy], j€{1,...,k}, whose all elements are positive.

The proof of this lemma can be derived using the results
n [11].

Theorem 1: Let the Assumptions Al) — A3) be satisfied.

Then
[R(t) = i (M| = o(t™°)

with probability one, where 0 < § < 2 and 1= [1---1]{, .

Proof: Denoting R(t) = R(t)—rkl (r)1ande(t—1) =
YP(@t—-1)Y(t—7—1)—r!(r)1, we obtain from (16)

R(t)

— ) (I- %F(t))f%(t—1)+¥C(t)l“(t)e(t—1). (19)

After iterating back to the initial condition, one obtains

¢
= O(t, 7)R(T—1)+ Z

where ®(t,s) = C(t)(I — 1I(t))- -
t>s, with ®(¢t,t+1) = 1.

a) In order to analyze the first term at the right hand
side of (20), assume first, for the sake of simplicity, that
E{C(t)} can be represented by a matrix cogredient to
the structure (17), with x = 1 and Cy = 0, ie., that
E{C(t)} is irreducible and also primitive, having in mind
that it is aperiodic by positiveness of its diagonal elements
(by assumption, J;(t) = 1, ¢« = 1,...,N). In this case,
by Assumption A2), at almost every realization of the
sequence {C(t)}, for each ¢ large enough there exists such
am > 0that II(t,t — 7)) = C@t)---C(t —71) = 0
(A > 0 denotes that all the elements of a matrix A are
positive). This conclusion follows directly from the fact that
primitiveness of E{C(¢)} implies that there exists such a
positive integer [ that (E{C(¢)})! = 0, [22]. This essentially
structural property of nonnegative matrices is easily extended
to the products II(¢,¢ — 1) utilizing elementary properties
of products of realizations of matrices C(¢) which have
positive diagonals and positive elements located at some of
the places of positive elements in E{C(t)}. Coming back to
the definition of ®(¢,7), we immediately conclude that on
almost every realization of the sequence {C(t)}, for each ¢
large enough, there exists such a 75 > 0 that ®(¢,t — 72) =
c)I — %I‘(t))-uC(t — 1) — T2I‘(t)) > 0 (matrix
I—1T(t) is diagonal with positive elements at the diagonal).

D(t,j+1)

CHTGel=1),

(20)
C(s)(I — 1I(s)) for

m|»—t
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Moreover, Assumption A3) implies that for each ¢ large
enough there exists such a 75 > 0 that (at least one) element
Tii(s) = 1, where t < s < t — 15, for some node 7 defined
by the index set S . This, in turn, implies that for each ¢
large enough there exists such a 73 > 0 that (¢, ¢ —73) >~ 0
and, at the same time that ®(t,t — 73) < II(¢,t — 73) in
such a way that ®(¢,¢ — 73) is obtained after multiplying
at least one element in each row of II(t,t — 73) by the
term 1 — t— One such term corresponds to one node
having access to measurements; in the case of more nodes
having access to measurements, more elements of I1(¢, t—73)
become multiplied by analogous terms.

In the case of a general structure of E{C(¢)} which is
cogredient to (17) (Lemma 1), we can apply Lemma 2 and
conclude that at almost every realization of the sequence
{C(t)}, for each ¢ large enough there exists such a 74 > 0
that TI(t,t — 74) is cogredient to a matrix similar to C,
where C! is defined in (18), in which C! = 0,i=1,...,x
and Dg-l], Jj € {1,...,k} satisfy assertion b) of Lemma 2
(recall that matrices C; are primitive). The last statement
follows directly form the fact that Lemma 2 is concerned
with structural properties, rather than with particular values
of the elements of the matrices in (18), so that the properties
of the powers of E{C(t)} can be directly transferred to the
properties of similar matrices resulting from the products of
the realizations of C(t) (as above).

Coming back to the definition of ®(¢,7) in (20), we
immediately conclude that at almost every realization of the
sequence {C(t)}, for each ¢ large enough there exists such a
75 > 0 that (I)(t,t—Tg,) = C(t)(]— %F(t)) ce- C(t—T5)(I—
t_lTs (t — 75)) > 0. Having in mind general properties of
I'(t), we realize that there are at least k positive diagonal
elements of E{I'(t)} and that their indices are such that
at least one such element corresponds to each irreducible
component of ®(¢,t — 75). Having in mind the important
property from assertion b) in Lemma 2 applied to almost all
realizations of ®(¢, 1), one concludes that for ¢ large enough
there exists such a 7' > 0 that ®(¢,t — T') < II(¢,t — T'), in
such a way that at least one element in each row of II(¢, t—T)
becomes multiplied by the term 1 — ﬁ in order to generate
O(t,t—1T).

Consequently, we have that

ks k1 1k
S(1—3)“'(1—7)§6XP(—T;7)7
@D

where s = [L=X] and 0 < k; < 1,7 =1,...,s, so that we
conclude that lim;_, ||® (¢, 7)||cc = 0 almost surely for any
fixed 7, [23].

b) In order to analyze the second term at the right hand
side of (20), we will construct the following state model

[t 7)o

x(t) = Fa(t — 1)+ Le(t), =z(t) = Hz(t), (22)
~GyI---00

where F' = ,L=[ST---ST)" and H =
-G, 0---01
0 O- 0

[I:0:---:0].

Assuming, for the sake of clarity of presentation, that the
required measurements are always available, we have further
from (4) that y,(;) (t) = hiz(t) + {,(j) (t) where hy, k =
1,...,n, is the corresponding transformation derived from
(22) and {,(j) (t) the measurement noise. Consequently,

YPt-1)Y(t—7-1)=hgz(t — Dzt —7—1)hf1+

+ZOz(t)ThL + Ei(t — T)a(t — 1) TR+
+EP ()= (t — 1), (23)
where Zp(t) = [ (1) V@) and EP(1) =
diag{fl(l)(t) . -§I(N)(t)}. Furthermore, the term z(t)z(t —
7)T can be represented using [18], p. 1237, in the following
convenient form following from (22):
z(t)x(t —7)7 = Ft="a(r)z(0)TFT¢-7) 4
Zi 7(; 1 [t—s ( ) (S + 1)TLTFT(t—T—1—s)+
St X FTILe( + )%
(S+1)TLTFT(t T—1— s)+
ZZ 70' 1 Ft—T—1=s (7_ 414 S)I(S)TFT(tf‘rfs)_F
S VETS Le(r 4 s + 1)
(S 4 1)TLTFT(t—T—1—s)_

(24)

Using (24) we conclude that e(t—1) consists of several terms
involving the measurement noise on one side, and the input
noise on the other side, and that all these terms are in the
form of martingale difference sequences (except the one that
depends on the initial condition, see [18], [23]).

Having in mind that a detailed analysis of all terms
requires a lot of space and a very cumbersome notation, take,
for example, the most important part of the third term at the
right hand side of (24) containing only &(s + 1)e(s + 1)T,

s=0,...,t —7 — 1. In such a way we obtain the term
t—7—1
er(t—1)=hy[ Y F'"°LS(s+ 1)LTF =71 =9)p/1,
s=0

(25)
where S(s+1) = e(s+1)e(s+1)T — R., which represents a
part of e(t—1). Coming back to (20), we introduce e;(j—1)
in the second term from the right hand side and obtain

—r—1 : AT 4
aq (t) = Zi:o Zj =7+1+s i @(t,] + 1)0(])].—‘(])1
xhpFI75LS(s + 1) LTFTU=7=1=)pT  (26)
As {S(t)} is a zero mean i.i.d. sequence with E{||S(t)||?} <
oo according to the adopted assumptions, we can apply to
(26) Theorem B.6.1 from [23], dealing with weighted sums

of martingale difference sequences. We obtain that almost
surely

[ea ()] = 27
t—7—1 t 1 )
o( [ Y SR i+ DIPIFIP2) =
s=0 j=7+1+s

_)t~>oo 07
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w
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where ¢ > 0, having in mind that max; {|\;(F)|} < 1 (see
[23], Lemma 3.1.1).

We can proceed in a completely analogous way with the
analysis of the remaining components of e(t — 1).

Coming back to (20), we conclude that on almost all
sample paths lim,_,o || R(t)|| = 0.

c¢) The last part of the proof is devoted to the convergence
rate of the recursion (20). In order to prove the assertion of
the theorem, divide both sides of (19) by 9.6 > 0. Denoting
R(t)/t® as Rs(t), we obtain for ¢ large enough that

Ro(t) = CU)I— 1T (0) Ralt~1)+ 5 COT(D)elt—1),

(28)
where I's(t) = T'(t) — I, after using the representa-
tion (52)° = 1 — 2 4+ O(%). Using the same argu-

ments as above, one can directly show that ®;(t,s) =
C(t)(I—1Ts(t)) - -- C(s)(I—1Ts(s)) satisfies almost surely
[®°(t,s)| < exp(—cs> ;_; 3), where c5 > 0, provided
0 < 1. Furthermore, following the same line of thought as
above, one comes to the basic relation which holds almost
surely for 0 < 6 < 3

. 1 1
tlggo | Rs(t)|| < hm Z oTee 6) exp( q;Z Iz =
(29)

(see, for example, [23], Lemma 3.1.1). Thus, the result. W
Following the above line of thought one can easily prove
the following general result:

Theorem 2: Let Assumptions Al) - A3) be satisfied and

let
Ad) UM, (SY) x 8Py = {1,...,m} % {1,...,m};
UM, (S5 % 88y = {1,...,n} x {1,...,m}.
Then, forallt=1,..., N,
IGD(t) = G = o(t™?), (WO (t) = W) = o(t™),
(30)

almost surely, where 0 < § < 3

The proof is obtained in a straightforward way by applying
the procedure from Theorem 1 to all the estimated correlation
coefficients, elements of matrices G and W. It is to be
noted that the cross correlation functions between the outputs
need not to be estimated, due to the adopted form of the
polynomials A(z) and P(z) in (1) and (2), respectively. In
such a way, the number of the output correlation functions
needed for identifying the system is reduced at the expense
of an increased model order.

This result enables formulating the final convergence re-
sult.

Theorem 3: Assume that Assumptions Al)- A4) hold.
Then () (t) given by (9) converges almost surely, for all
i =1,..., N, to a limit belonging to the solution set of the
Yule-Walker equation (6).

Proof: The proof is based on the general convergence
theorem for stochastic approximation algorithms with ex-
panding truncations and, concretely, on the results presented
in [18], [23]. Namely, equations (30) obtained as the result of
the above analysis, enable choosing the function M (o (¢ —

1)) in (9) in such a way that M (¢ (¢t — 1)) < t7, where
0 < v < 4. Following [18], one obtains

>l

i i = 1
=GOVt -DI <D 5= < 00, G
= t=1
which 1mp11es S In0(t) < oo (as.), where n()(t) =
GO(t) WO ()= GO ()70 (¢ —1)]+GGTID (t—1) -
GWT is the equivalent noise term, i = 1,..., N. Hence the
result. |

~
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