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Adjustable Navigation Functions for Unknown Sphere Worlds

Ioannis Filippidis and Kostas J. Kyriakopoulos

Abstract— This paper introduces an algorithm for automati-
cally tuning analytic navigation functions for sphere worlds. The
tuning parameter must satisfy a lower bound to ensure collision
avoidance and convergence. Until now analytic navigation
functions have been manually tuned, although existence of
a lower bound had been proved. A theoretical improvement
on this lower bound is provided and the method is extended
to unbounded manifolds. Then the required formulas are
derived and algorithm described. So the lower bound is here
evaluated in terms of sphere world centers and radii. Automated
tuning enables completely unattended solution of any navigation
problem in unknown sphere worlds and a priori known worlds
which belong to the sphere world diffeomorphism class.

I. INTRODUCTION

A fundamental problem of robotics is motion planning. A
great variety of manifestations exists and equally numerous
different solution approaches. Among them we may mention
sampling-based, combinatorial and feedback methods for
continuous spaces.

A motion planning problem is defined over continuous
space as finding a path for an agent leading it to the desired
destination while avoiding collisions with obstacles. It can
be abstracted from the geometric to a topological viewpoint,
remaining in the same connected component. The path can
be first generated in a convenient space which captures the
problem’s topological structure. As a second step, geometric
detail is introduced, diffeomorphically transforming the path
from the geometrically convenient topological to real space.
This procedure enables integration of trajectory generation
and trajectory tracking, leading to closed-loop feedback
motion planning.

Artificial Potential Fields were introduced by Khatib [1] as
a closed-loop obstacle avoidance navigation method. A scalar
potential is constructed over the workspace. Obstacles repel
the agent, while the goal configuration attracts it. Following
the potential negative gradient, the agent is safely led to
its destination. Arisal of local minima in certain obstacle
arrangements can prevent convergence.

Navigation Functions (NF) have been proposed by Rimon
and Koditschek [2] to overcome the problem of local minima.
After showing that complete disappearance of stationary
points is unobtainable, they defined an almost globally
asymptotically stable potential field. Subject to conditions,
only a subset of zero measure traps the agent in a finite set
of remaining saddle points, which are unstable equilibria.

Toannis Filippidis and Kostas J. Kyriakopoulos are with the Control Sys-
tems Lab, Department of Mechanical Engineering, National Technical Uni-
versity of Athens, 9 Heroon Polytechniou Street, Zografou 15780, Greece.
E-mail: jfilippidis@gmail.com, kkyria@mail.ntua.gr

978-1-61284-799-3/11/$26.00 ©2011 IEEE

The NF potential is defined on a sphere world and diffeo-
morphically mapped to real space.

Global knowledge is needed in the original navigation
function formulation. This requirement is relaxed in [3], [4]
by defining polynomial NFs and in [5] by implementing C
switches for multi-agent systems with finite sensing radii.

Tuning hinders implementation. The NF field is shaped
by a parameter. As proved in [6] there exists a lower bound
on this tuning parameter which clears the field of local
minima other than the destination. They become saddles
and the potential a NF. In addition to existence, calculation
of this lower bound is outlined, but no explicit formula
is provided. In consequence, using NFs until now required
manual adjustment of the tuning parameter, also for multi-
agent systems.

We provide an algorithm to calculate the tuning parameter
for theoretically guaranteed navigation. The lower bound
used is improved compared to the original formulation.
The improvement is offered by cancellation of terms with
equivalent effects. Direct substitution of sphere centers and
radii suffices to find the desired bound.

The above algorithm enables safe tuning globally. We have
rearranged computation to efficiently update for discovered
obstacles. Initializing constraints for a new obstacle has time
computational complexity O(M,), where M, the number
of until then known obstacles. Updating those constraints
related to already known obstacles upon discovering new ob-
stacles can as well be arranged to require ©(M ). Moreover,
there is the option to apply these calculated constraints only
when necessary. This is also implemented here and allows
for provably correct locally oriented tuning, for finite number
of obstacles.

The rest of this paper is organized as following: the
problem is defined in § II and NFs in § III, the new lower
bound is proved in § IV, the algorithm for updatable tuning
is presented in § V and simulation case studies follow in § VI
to support our results. Concluding remarks are summarized
in § VII where future research is considered.

II. PROBLEM DEFINITION

A compact connected subset of n-dimensional Euclidean
space E™ whose boundary is formed by the disjoint union
of a finite number of (n — 1)-dimensional spheres is defined
as a sphere world. Let M + 1, M € N be their number.

The whole sphere world is bounded by a sphere defining
the workspace # £ {q € E" : ||¢||* < p}, po > 0. Spheres
bound the internal obstacles &; 2 {q € E" : |l¢ — ¢;||” <
p?},pj >0,j €I, £{1,2,...,M}. The zero™ obstacle
is defined as 0y = E™ \ # and the free space .7 = # \
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Fig. 1. Sets defined on a sphere world and sample NF for k& = 2.

U. el O; remains after removing all internal obstacles from
W.Let Iy 2 {0,1,...,M}.

We consider a holonomic agent whose state x is governed
by the control law @ = —V where ¢ is a NF on % as
defined later. As proved in [6] this solves the motion planning
problem in Z.

We are interested in an algorithm to tune the analytic
potential field ¢ to make it a NF while exploring unknown
sphere worlds. It is also desirable to reduce the effect on ¢ of
obstacles distant to the agent, in a provably correct way. This
scheme should be also applicable to a priori known worlds
diffeomorphic [6], [4], [7] to sphere worlds.

III. NAVIGATION FUNCTIONS
A. Definition

A NF on a compact connected analytic manifold with
boundary &% C E" is defined as a map ¢ : # — [0,1]
which is (p € C%[Z,[0,1]] suffices in 1)

1) Analytic on .%: locally convergent power series exists,

2) Polar on .%#: unique minimum at ¢ € .7,

3) Morse on .%: all critical points are non-degenerate,

4) Admissible on .%: uniformly maximal on 0.7,

and can solve the motion planning problem for .% [6].

When .# is a valid sphere world there exists an N such
that Yk > N the following is a NF on .#

pLojooop=—T0 (1)

(vE+B)*

where oq(z) £ a¥,0(z) 2 wil,gb 2 3 and 7,8
F = [O oo) are defined as v = 'yd,k € N\ {0,1}, 4
Hq_qcl” £ H]EIQ ﬂwﬁz - HJGIO\Zﬁj 2 0 60

— llql® ,63 Llg—ql® - p2ich,qe Z.

> 1> ..

B. Sphere World subsets

The following sets are used and illustrated in Fig. 1:
1) Destination point .Zy £ {qd}
2)  Free space boundary 0.7 £ 3~1(0 ) Uier, B;10)
3) “Near” internal obstacles .7 (c1,) = U,c;, %i (€:)
\{qa}, Bi (i) = {g € E": 0 < Bi < &3},
4)  Set “near” workspace boundary .7 (e1,) =
#o(e0) \ ({aa} U Fo (e1,)),
5) Set “away” from obstacles .F» (¢7,) =
F\ ({aa} V0T U Fo (e1,) U F (€1,)),

A A .
where €1, = {€;}ier,, e, = {€i}ier,. We define €;, €5y, €
/ "o 1 A .
Io,€io,€io,5i27€i27€isj>5¢3 = mlnjelo\i{EiSj}7Z €1 as

€ 1=0
0<€i<€i“é O.U’ / "o " .
min{ely, ey, €, €l €03}, 1 € I1
With this notation €; applies to annulus %; of obstacle ;.
These differ from [6] where €1 applies to %By(¢1) and where
sets are functions of a single parameter £ = min;er,{e;}.
Here the sets are functions of A/ 41 parameters €, defined as
B (61') 1 € Iy, o (611) s F1 (8]0) s Ty (EIO). The condition
Fo(er,) C F , since gy = 0 € E™, is equivalent to
£ g;35,V7 € I\ i,Vi € .

2
< (lai = gll = p3)” =

Hereafter sets .%; are denoted omitting their arguments.

IV. NAVIGATION FUNCTION TUNING

A. Proof overview

Quite informally the proof can be summarized as follow-
ing. Show that £ can be linked to obstacle neighbourhood
widths €7, so that changing 7, no critical points escape
“away” from obstacles. Any critical points are now trapped
near obstacles. Then shrink €7, until the obstacle neighbour-
hoods are so tight around them that no minima or degenerate
points arise.

B. Tuning parameter lower bound

Proposition 3.4 [6]: For every set £, there exists a positive
integer N (e7,) such that if kK > N (e1,) then there are no
critical points of ¢ in %5. A sufficient inequality for this to

be true is %w < k,¥q € F5 and an upper bound on

the left side is %,/ Dicls (M) This has been origi-

nally bounded by § 1 maxy {\/Ja} >;c;, maxy {|VEi},
since 3; > ¢;, Vi € Io,Vq € Z5. Here a new improved bound
is proposed, taking into consideration that 3; appears also in

[V Boll = 2v/p3 — Bo and ||V B;| = 2+/Bi + p?, so that
> ( vﬁ”) =23 Qi(B) <2 Qu

i€l i€ly i€lp

k\D
)
S
=
&
>

where Qg (z) =

Zé +2,Qi = Qi(e),i € Ir. Then Qi (Bi(g)) <
Qii,Vqg € Fo,¥i € Iy since 0 < ¢ < B;,Vq €
Fo and 0 < gy < fo,Vg € F» and also ﬁg C
v/ :> maxgz, {Bo} < maxy {Bo} = pi. Let
N(er,) 2 (po+ llgall) Zie g, Qui- Noting that Fo € #\
{003 U By (e9)} = maxz, {\/%} < maxy {\/%} =
po + |lgall leads to Q\F”V;H < N(eyp,), so by setting
k > N(eg,) we ensure that all critical points are “pushed” to
the set “near” obstacles ({¢q} U 0.% U .%o U .%#1). The proof
that g4 is a non-degenerate local minimum and no critical
points exist on boundary 0.% remains same with the original,
enabling us to work with ¢ since o400 is a diffeomorphism.
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C. Upper bounds on lower bound

1) No critical points near world boundary: The squared
“width” &g of %y(go) will be determined to clear the 0"
obstacle neighbourhood % (g¢) of critical points.

This is proved by Proposition 3.7 [6]: If &k > N (gg,),
then there exists an €q,, such that ¢ has no critical points on
Z1, as long as €9 < €q,. This Proposition still holds for the
changed lower bound N (¢;,) on k since for £, 2 p2—||qall”

1VBo-Vya _ 1[[Vhl vra (/31 )
i B 2 B *ﬁ; IV
< (po + llgal)) Y Qii < N(er,) < k,Vg € #1

el
because ¢; < B;(q),Vq € F1,Vi € I.

2) No degenerate points near internal obstacles: Non-
degenracy of critical points is ensured by Proposition 3.9
[6]. its proof requires existence of at least one negative
eigenvalue § IV-C.3 combined with a positive eigenvalue due
to positive definiteness along Vj3;. The latter is assured by

bounds ¢,, €%, on €; equal to

1/)2 1 mmm{\/gﬂvﬁiﬂ}
2 4maxm{ |UTD2/8iU|}
respectively, according to the original formulation, where
||[0] = 1. This corresponds to non-degeneracy of critical
points in .%; (near internal obstacles), which are the only
remaining critical points of ¢. Let 93 = min{aﬂ,szg}.
Note that €; < e}, should be satisfied to derive 7, and
€; < ¢g;3 allows for available expressions of extrema for
Bi, 74 to be substituted.

Observe that §; and D?3; arise in nominator and de-
nominator, respectively. This leads to the same problem
as in § IV-B. Terms j3;, D?f3; both contain j3;,j # i. So
we have the same ; in both nominator and denominator.
After manipulation we end up dividing ming——— {B;} by
maxz {B;} which results in an ill valued constraint.
Here improved bounds are derived. A detailed derivation can
be found in [8].

We can cancel 3; by dividing both numerator and denom-
inator by ;. But this should be done before applying min{}
and max{}. So we return to a previous step of the original
proof requiring that

(1 B 1)@- IVB* = B |7 D?Bits| = 28.: > 0
( ;)Buvmﬁm@}

=3
+3 A<1>ﬂq VA2 - 52 >0

where 7; H§B:H We refer to the first term (%) and
second (xx). If we require that k& > 2 (k = 1 —
det(D?p)(qa)) = 0) then % <1-1 < 1 therefore
the term (x) is greater than 3 (3) B; |VBi|?> — 288 A
sufficient condition to ensure that term (%) be positive is

ATD251T1

3i>0,Yq€ Bi(e:
PROLELED) 5 < p? so here

7 2
0 < B [1 V67 - 28]
we select €l, £ p? i € I; which is slightly improved.
o) A
Let Bjigag0 = ier\ (1 oy B
Let us now examine term (%) which is greater than

1B; IV 8i]]> — B22R; for k > 2, where

IHEY (ﬁij+ >

Jj€Io\i lelo\{i,j}

The inequality |6 D?3;%| < R; is proved in Appendix B.2
[6] for any unit vector U, hence holds also for 7;. A sufficient
condition for term () to be positive is 0 < 13; IV 8:|I° —
2B7Ri,Yq € B;(e;). Now we d1V1de both nominator and
denominator by f;, noting that ||V 3;||* = (Bi + p2)

(Bijt 1V 5]l ||V/3l|)>

151’ IVBi||” — 282R; = ; |:ﬂi +pi—

ry (e ¥ an)]

jelo\i N7 1elo\ {45}

To make this expression positive

Bi + p?
+4Q; () X
lelo\{i,j}
Vg 62 Bi(ei). Let fR" £ ming {8}, Qu =
(Bmm) T}ax7le Qj( Inln) and S]nce /81’11111 = O
then a sufficient condition on ¢; for the inequality to hold is
N Pi

2 Y (mw+4Qu 2

76[0\2 ]l lEIQ\{i,j}
>e; > (3;,Vq € B; (Ei) Vi e 1.

>y (& o)

JE€Io\s

1
€2

Qui)

3) No local mmlma near internal obstacles This is
ensured by ¢, €%y, originally |lgq — all? - p? and
mlnm{Q |V,L' q |Bz }
=
58:VBi- Vv }
max_——— . 2 == = =1 -
Bi(ely) { +’yd1}T [(1 — %) ngV,B;F - /BZDZBZ] (%
respectively, where v;(q) = iVB; - Vyg — 4 =
—12(a —aa)] - [2(¢—9a)] = —3V7ala:) - V7a(q). For

detailed derivation see [8]. There are two primary concerns.
Firstly in the original formulation minm{\yi(q)\} =
2\=30

%o). This can
be avoided by redefining &y 2 Xy, (|lqa — ¢l — p? ) where

0 because €}, places g4 on the boundary of %; (e

Ao € (0,1) is a scaling factor of our choice. Selecting A},
close to 1 leads to |v;(q)| — 07 = &; — 07, an undesired
behaviour. If X, is selected too small the same.

The second relates to division of minima by maxima of
B; within %; (¢;), as was the case also in § IV-B and § IV-
C.2. Here we divide both nominator and denominator of ¢,
by 7432 before applying the min, max operators. The new
nominator is

_2 vi(q) _y Vya(a) — Vvale) _ 2% cosf = f(r,0)

va(0) V@l [IVya(g)ll

4278



where r £ [lg — qall ;7 = ll¢i — qall ,0 = (¢i — g4, ¢ — qa)-
Finding a lower bound on the nominator reduces to a 2-
dimensional problem due to sphere symmetry. Using La-
grange multipliers the nominator minimum over the annulus
centered at ¢; with inner radius p; and outer radius pl, <
r; can be found to be minj ez {—2,’;;((?1))} = f(r; +
P, 0) = 25— > 1 since pjy <1y, see [8].
The new denomlnator will be

1Vg; 3, VI  D? ;
LG Y Kl_> VB VAT Bz} o
2 B k) Bi Bi Bi
where ¢; £ HVﬁ T Since D?B; = 21, fiT D;B" t; equals
VB, \5i N
(g (650
4 'E;\ BJ le]\z{‘ P 5 61
i 0 %J}

( S tTVﬁjwthi)
6] /8_] 1€To\{i,j} Bl
Substitution in (2) and grouping of terms leads to
o1 [v6: VBT ¢
) t; [ /f "B ti 1
iTvp;valris -2 Z B
> ﬂi 2 ’ }J’z : J€lo\i fi
jelo\i \ 7 1€Do\{i.5}
The first term above is referred as A;, the second
B —i. We want to find maxzr——- {A — B;} Biz0
max———— 603){A} mlngg(gm {B} Let G; AA B;.
We need not impose the constraint &; < el if G; < 0.
Instead of checking G;’s sign we can check some cases when
G; < 0.1If |A;| < B; then G; < 0. In such a case it suffices
for that particular obstacle i, to require just €; < &}, and
not also ¢; < &f,. This reduces unnecessary constraints.
Continuing with the case |A;| > B;, for which we still
do not know the sign of G;, we seek an upper bound on
maxz-— {A;} and proceed by bounding |A;| from above
using the trlangular inequality

1 V5 ar
< p %2 Tl |- D) [V,
2 B Yd Bi B
1 tIvB;VaLt;
+ Z il Z i Yy YL T
jEI\i Bi lelo\{i,j} 2

Individual upper bound for the three terms are now found.
By the triangular and Schwarz inequalities

LV V| _ 1 (ﬂiv,.w>
‘2 Bi  7a 2 je;o\i B;Bi b Vd
1 (|Vﬁj|| ||V%z||>
<=z Q; (B5)
2j§‘3\i i vd Jg\l )
By |f)Ta
VB VBE VB
(-3 [ o] < R

= (2 > Q; (ﬂj))

jEIo\i

since 1 — % < 1. Also

1 t5V B,V | < IV5l VBl
Bi lelg{:i,j} B B lefg{:m} b
T . T,
— |y <1 3 t;y VB; VB, t>’
jetmi N e b
<43 (QiB) Y. QiB)
j€Io\i lelo\{4,5}

. A . i A
Let " = ming——s{f;} for QoiQji» Vg~ =

ming {74}, substitution leads to upper bound
" oA 1
gi0 = 91 > Q“+(2 > Q")2+
At j€Io\i " JGIO\'L o
+4 Y Qi X Qu)-2 X guw
jeI()\i l€I(]\{i,j} jGI()\Z

>g; > Bi,Vq € B; (El) Vi e I.
D. Case of unknown zero™ obstacle O,

So far automatically tuning a NF for a sphere world with
internal obstacles was analyzed, but initially no obstacle is
known. Any unknown obstacles must be disjoint spheres.
An internal &;,i # 0 may be discovered before &y, so
meanwhile the workspace is unbounded 0y = ) = # =
E™. This is not covered by the original NF formulation. We
now extend NFs to unbounded worlds with internal spheres.

Propositions 2.7, 3.2, 3.3 [6] still hold, so we can work
with ¢. In case of a single internal obstacle 0;,7 # 0
Propositions 3.6 and 3.9 [6] hold for ¢; < min{e)),el,}
(ely, ey not needed, £;3,2¢, undefined). If more internal
obstacles are only present &; < min{e;o3,&,Ei23, 5}
applies (undefined €y, ).

When at least one new obstacle is discovered at t,,, m €
N\ 0 = N* the NF is updated, increasing the number M, €
N*,z € N* of currently known internal obstacles. Note that
no or several new obstacles may be sensed at ¢, so m # z.
Let imin = 1 if Oy remalns unknown, zmm = O otherwise,
L2 {ign, ..., M.}, I, 2 1.\ 0,73 2 ]_[l

Let a, = ¢, (x(t;,)) be the updated NF potentlal at the
agent’s position z(t,,) after the update. For all new obstacles
discovered at t,, their €;, are calculated and ¢;, of already
known obstacles recursively updated, then %, is updated.

If updating occurs only when the agent is within % \ 0.%
then z(tn,) € Z \ 0.F (WOF) = 0) then a, < 1.
Since z is a gradient system it cannot overcome «, be-
fore the next NF update at ¢,,,;. Let the closed &2, =
{¢ € .Z : ¢, (q) < a,} which is positive invariant until the
next NF update (convergence is guaranteed by the finite total
number of unknown obstacles by Theorem 1). By definition
Z(tm) € P, 0. (qa) =0< a, = qq € Z,.

To ensure <2, is bounded select k, > M, —
lim g 00 ©- (¢) = 1. Hence there exists a sphere 2. (p;) =
{a€ E":|lg — qall < po} such that ¢ (q) > a.,Vq ¢ 2.
implying &, C 2,. The closed and bounded &, is
compact. The following provides an upper bound on /74
in reachable &2,
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Proposition 1: If \/T > maXz{HQz*QdH} and

v4(q) > al"*al’* where a; = as 2 va(z(tm))
0,a1 <1 a2<1
A ) >
e {;wh >1 o2 {M +1 then ¢ ¢

Z,.

Proof: Since ky, > M, +<— k, > ]\412 +1 it
follows that 5 € (0,i] = a;’“ > 7= and
1 M.+
20 2

=

] = a)? >a 2(’“2 ) Vk, > M.,.

ks
2(kz—l\/lz)
ag

WE(

Q(kZ_ZVIZ)

Hence +/va(q) > ai"a3? > ag

Y k2 (ot .
’Ysz Me(g) > 41‘15((95((%))))4% vé‘ (@) >

A(2(tm)) (4va(q))™*. The triangular inequality yields

Bi(a) = lla —all < llg—aall + ll9a — @ll = V7vala) +
lg: — qal| and for \/~v4(q) > max; {||¢i — qall}, as required
by hypothesis, it follows that 3;(q) < 4v4(q),Vi € I, =
*B(g) < (4ya(q))™=. Substituting 7} (q) > @(x(tm))*B(q)
and since .7 N &, = () we can examine only the interior
F\0.Z where *(q) > 0 and there the previous is equivalent
to ¢(q) > @(x(tm)). Since o4 0 o is strictly increasing this
implies ¢ (¢) > ¢ (z(tn)) = ¢ ¢ Z-. u

Let ¢ € 2. and suppose /vi(q) > pa =
max{max; {||¢; — q4l|},a7" a5?}. By Prop. 1 ¢ ¢ &, a
contradiction, hence /v4(q) < pa,Vq € £..

Let Z.(pa) = {g€ E": l¢ = qall < pa} s0 P, C Z..
Substituting the upper bound on /74 in %, in the inequality
maxzz_{\/Va} th Qi < k. to find a lower bound for &,
within the positive invariant set &2, leads to p, > 1. Qi <
k.. This prevents critical points arising “away” from obsta-
cles in &,, where the agent is confined. For unknown &

k. > max {p, Zieh Qii, M.} = N(er.) (3)

Local minima may arise outside %, 2 &, but the agent
cannot reach them before either it converges to g4 or the NF
is again updated at time ¢,,, ;. A detailed proof can be found
in [8].

=
=

V. TUNING UPDATING
A. Algorithm description

Let .7 (t) the agent’s open sensing set at time ¢. Sens-
ing occurs in discrete time t,,4+1 = t,, + Ts. Provided
P (tm) N z(tm+1) # O the agent does not venture into
unknown territory, ensured by a small enough 7. To ensure
constraints remain valid, k., is nondecreasing. Initially no
obstacle is known, so Izkzo =0, = 1,k,—g = 2 and
V =¢(2(t)) = 0400 0 L does not contain any obstacles.

Next two alternatives exist. Either the system converges to
qq without sensing any obstacles, or an obstacle is discov-
ered, either &y or 0. If only a single internal obstacle is
known, ¢; < min{e},el,} in (3). If more internal obstacles
are only known &; < min{e;o3, €y, €123, €lp } in (3).

When & is discovered previous ¢; constraints are updated
as described later, and N(er,) < k, as defined in § IV-B
instead of (3). If only &y is known g9 < £, in N(er.).
When any new internal obstacle &; is discovered calculation

of €, %), €la, €5y, €43 can be performed in time O (M), § V-
B. A high level overview of the updating scheme follows.

1: procedure NEW z + 1™ DISCOVERED 0,

2 if n # 0 then

3 if M, == 0 and 7,,;, == 1 then

4: €1y < min{e), els}, NEW &1

5: else if M, == 1 and i,;, == 1 then
6 NEW €y, €5, €0 Enas Erns €43, €4, Vi € {1, 2}
7 else

8 NEW Enuy €n0s Er0s Enay Eras End, En
9: UPDATE €;y, €5, €1, i3,1 # N

10: end if

11: else

12: Eou < 03— ||gall*, NEW &9

13: if M, > 0 then

14 UPDATE &;y,,% # 0

15: else if M, == 0 then

16: NEW €14, €h0: €0, €h2s €12, €13, €1
17: end if

18: end if

19: k,+1 < UPDATE k,
20: end procedure

1: procedure UPDATE k,

2 fori=1: M, do

3 if ¢;, < e&; then > See §V-C for “and 3; < &;”
4: e e & Aeiu, A € (0,1)
5 old — f( old)’ Qnew — f(gz)
6 AQ’VL — Qnew -

7 E Qu «— Z Qu + AQii

8 end if

9: end for

10: if i,;, == 0 then

1: ki < (po + llqall) >° Qii

12: else

13: k‘lb<—1—|—max{pazhz Qis, Mz}
14: end if

15: kZJrl <— max {2, k., klb}

16: end procedure

B. Computational complexity

! "
€n2sEnayEn3 are

already known

When a new 0, is discovered e/,, e/,
initialized. Also €03, €}, €i23, €y Oof M,
obstacles are affected and need update.
For initialization, .only t.erm Qjn ZZE Lesi\{n.j) Q. ap-
pears not to be linear in M.y, but if arranged as
2 . .
(QJ'" Zlelz \n Qm) - (an) it becomes linear by com-
puting first » ;- \n Qi and then multiplying by Q;; and
subtracting Q for M, obstacles in the outer summation.
The update can be performed in O(M,) because of
two reasons. Firstly, €}y, ¢l,,4 # n of previous obstacles
remain unchanged. Changes in €}5 can only be caused
if the new g;3, < £%9. So ;3 can only decrease. Hence

B (e36y) C B, ( %g) (same for €;03), therefore ﬁm%gw <
ji

L L > L new < Qold 5o previous

min,old y gMax,new max,old 7 ii = it
B Bj; .. J J

bounds remain valid and need not be recalculated. Secondly,
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updating Qj; Y ;¢ LA{i} @i can be arranged recursively as

@ Y ez Y @
JEL 41 \i lel1\{3,5} JEIL\i

+ 3@t > e,

JEILNG lel:\{i,j}

similarly for other updated quantities.

C. Locally oriented tuning of analytic Navigation Functions

Not all constraints need to become effective for provably
correct navigation. When an obstacle is discovered, an ¢; can
be arbitrarily selected. If used in N (g1, ), then critical points
remain only within %; (¢;). As long as the agent does not
enter %; (&;), although updated, €}, €}, €55, €55, €i3 need not
be applied. This is equivalent to adding “and 3; < €;” to line
3 of UPDATE k,.

If for arbitrary &; local minima remain within %; (&;)
and attract the agent, it will eventually enter %, (¢;). We
check this entrance and then apply the calculated constraint
€; < €y, ensuring those local minima within %; (&;) become
saddles.

D. Convergence

Theorem 1: Let .# be a valid sphere world with initially
unknown &;. Let .#(t,,) the agent’s sensing set at time
t,, and assume T, small enough for the agent to remain
in {J,,, /(tm). If a NF can be found for each intermediate
space as obstacles are discovered, then the agent converges
to the destination gg.

The proof can be found in [8] and relies on the finite
number of unknown obstacles, ensuring finite many switches,
and that each NF leads almost any initial condition to q4.

VI. SIMULATION RESULTS

In Fig. 2 navigation in an unknown 2d sphere world with
automatic k, is compared to manually selected constant k =
2 (top) and k = 10 (middle). As & and internal obstacles are
gradually discovered, the NF is updated. While a constant &
leads to failure, updating k, results in a shorter path, but with
high k. which repels only close to obstacles. A 3d unknown
sphere world Fig. 3 illustrates applicability to any dimension,
a strong advantage of NF. Due to high numerical values of k
we use the normalized gradient to avoid exponentiation. Gra-
dient trajectories (integral lines) 1remain unaffected, Lemma
7 [9]. Because Vo = (7% + 5)_E_1 (BVya— 3LV ), exact
BVya— 2V

o : . 18V v
The simulation integration step is selected less than minimum

distance to any obstacle and sensing radius.

cancellation of k powers is possible ngﬂ =

VII. CONCLUSIONS AND FUTURE WORK

An algorithm for automated, constantly updating NF tun-
ing for provably correct collision avoidance and convergence
to destination has been provided for worlds comprised of
unknown disjoint spheres. Provided an updatable diffeomor-
phism links the sphere world with real world, the present
method can be extended to general unknown worlds.

.é%&iﬁlﬂ%

= Sl
e S Y,
b

Fig. 2. Navigation in unknown 2-dimensional sphere world succeeds using
automatic k. (bottom), but fails with constant & = 2,10 (top, middle).
Green: sensed, Blue: unsensed obstacles, Red: sensing set.

Fig. 3. Adjustable exploration of unknown 3-dimensional sphere world
(2 viewpoints) with constant k& = 2 and updating k.. Green: discovered
obstacles (auto k), Blue: unsensed obstacles (auto k), Red: sensing set.

REFERENCES

[1] O. Khatib, “Real-time obstacle avoidance for manipulators and mobile
robots,” Int. J. of Robotics Research, vol. 5, no. 1, pp. 90-98, 1986.

[2] E. Rimon and D. Koditschek, “Exact robot navigation using artificial
potential functions,” IEEE Trans. on Robotics and Automation, vol. 8,
no. 5, pp. 501-518, 1992.

[3] G. Lionis, X. Papageorgiou, and K. J. Kyriakopoulos, “Locally com-
putable navigation functions for sphere worlds,” in Proc. of the IEEE
Int. Conf. on Robotics and Automation, 2007, pp. 1998-2003.

, “Towards locally computable polynomial navigation functions
for convex obstacle workspaces,” in Proc. of the IEEE Int. Conf. on
Robotics and Automation, 2008, pp. 3725 -3730.

[5] G. Roussos and K. Kyriakopoulos, “Completely decentralised naviga-
tion of multiple unicycle agents with prioritization and fault tolerance,”
in 49" IEEE Conf. on Decision and Control, Atlanta, USA, 2010.

[6] D. E. Koditschek and E. Rimon, “Robot navigation functions on
manifolds with boundary,” Adv. in Applied Mathematics, vol. 11, pp.
412442, 1990.

[7] E. Rimon and D. Koditschek, “The construction of analytic diffeo-
morphisms for exact robot navigation on star worlds,” Trans. of the
American Mathematical Society, vol. 327, no. 1, pp. 71-116, 1991.

[8] I. Filippidis, “Navigation functions for unkown sphere worlds, general
geometries, their inverse problem and combination with formal meth-
ods,” Diploma Thesis, Department of Mechanical Engineering, National
Technical University of Athens, 2011.

[9] D. E. Koditschek, “Adaptive techniques for mechanical systems,
Yale Work. on Applications of Adaptive Systems Theory, pp. 259-265,
1987.

(4]

” 5th

4281



