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Abstract— This paper presents an application of linear-
Parameter-Varying (LPV) control to solve the torque vectoring
problem of a through-the-road hybrid electric vehicle (TtR-
HEY). To achieve high performance both in reference tracking
and disturbance rejection, a two-degree-of-freedom LPV self-
scheduled controller is synthesized by using mixed sensitivity
loop shaping. The controller is based on a single Lyapunov func-
tion and guarantees stability and a level of control performance
for all admissible trajectories of varying parameters. Moreover,
an anti-windup control scheme is derived by employing a two-
step design procedure. Finally the designed controller is tested
in various driving maneuvers and compared with a flatness-
based controller.

I. INTRODUCTION

Hybrid electric vehicles (HEV) are developed to achieve
either better fuel economy or better performance, compared
to conventional vehicles. Control schemes have been focused
on the dual-axle propulsion system. The front-wheel axle and
rear-wheel axle are separately driven, where one is propelled
by a hybrid power train and the other one is driven by electric
motors [1]. Moreover, regenerative braking on individual
wheels can significantly improve the vehicle fuel efficiency
and hence the fuel economy.

To overcome the conflict between stability and agility of
the conventional vehicles, one emerging technique called
torque vectoring is used in both pure electric and hybrid
electric vehicles. Its benefits become more obvious, when the
vehicle is commanded to drive along a curve, particularly
at high vehicle speed. Due to the response time, that the
vehicle takes to build up lateral forces on wheels, the
vehicle responds slower than the expectations of drivers.
Meanwhile, after a relatively long response time, the vehicle
yaw movement, e.g. the yaw rate, presents overshoot and
oscillation before settling on a steady state [7]. Conventional
vehicle suspensions are tuned through bump steering, static
settings, etc, to guarantee system stability at the expense of
vehicle agility.

Adopting torque vectoring technique in a hybrid or pure
electric vehicle enables independent control of each wheel.
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When the vehicle is cornering, the torques applied on the
outside wheels are increased, while the inside wheels are
effectively braked. Such a solution eliminates the need to
compromise between response and stability.

Currently, torque vectoring receives enormous attention
from car manufacturers for their next generation vehicles.
In [7], an inverse model of the complex vehicle system
is employed as the feedforward control part. Assuming the
inverse model is an accurate representation of the actual sys-
tem, it plays a significant role in the whole control scheme,
where the feedback part is complementary to account for the
external disturbances. However, this control concept lacks
of generality, for it is not easy or even not possible to
create a highly realistic model that represents the inverse
of a complex non-linear vehicle. In [6], a combination of
flat feedforward and LQG feedback controller is proposed
in the application of torque vectoring. Its performance is
demonstrated under extreme driving situations for reference
tracking. Nevertheless, the construction of the flat nonlin-
ear model involves the differentiation of measured signals
[10], which may amplify measurement noise. An adaptive
feedback linearization technique is proposed in [9] for an
active front steering and rear torque vectoring vehicle in the
presence of parameter uncertainties.

This paper presents a novel LPV self-scheduled control
scheme to solve the torque vectoring problem of a through-
the-road hybrid electric vehicle. A two-degree-of-freedom
(2-DOF) controller is synthesized to realize the feedfor-
ward and feedback control simultaneously. It guarantees
performance and stability for all admissible trajectories of
varying parameters. Moreover, the feedforward and feedback
controllers are synthesized in one optimization step.

In section 2 some facts about TtR-HEV are introduced
for basic understanding. A single-track model to analyze
vehicle lateral dynamics serves as the starting point before
controller design. Section 3 focuses on the LPV model
realization and self-scheduled controller synthesis. In section
4, the performance of the designed controllers is tested in
different driving maneuvers in simulation, and compared
with a controller proposed in [6]. Finally, conclusions are
drawn in section 5.

II. THROUGH-THE-ROAD HYBRID ELECTRIC VEHICLE

To implement a hybrid power train, a natural way is to
mount an electric drive train to an existing combustion engine
driven propulsion system. Such an implementation is called
through-the-road hybrid electric vehicle (TtR-HEV) [2]. The
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conventional combustion engine drives one axle, while the
other one is equipped with electric components, including
an electric energy storage and electric motors. Therefore,
by assembling an internal combustion engine (ICE) driven
vehicle with electric parts, together with necessary control
units, a TtR-HEV is realized as in Fig. 1.
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Fig. 1.

Basic design of a TtR-HEV

This paper considers the electric drive designed in the
way that two electric motors with their own controllers
are mounted inside the wheels as hub motors. With the
equipment of two motors, the size of the electric drive train is
reduced and the final drive becomes unnecessary. Moreover,
two independent motors make it possible, that torques are
distributed to left and right wheels individually and in an
optimal way.

A. Single-Track Model

Instead of working on complex vehicle models, consider-
able insight into the basic aspects of vehicle handling and
stability can also be gained by taking a simplified model
of a vehicle that runs at a constant speed over an even
horizontal road. One well-known simplified vehicle model to
be employed in this paper is a single-track model [8]. The
second-order linearized vehicle lateral dynamics are written
as follows:
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Here the side slip angle 5 and yaw rate 1 are chosen as states
for a state space realization. The driver’s wish is described
by the steering angle 6 and longitudinal velocity v,, both
of which can be estimated or measured online. M, is the
generated yaw torque to turn the vehicle around the vertical
axis, and is regarded as an input. C¢,C,,af,a,,m, I, are
constant vehicle parameters and stand for the cornering
stiffness of front wheel and rear wheel, distance from the
center of gravity to the front axle and rear axle, vehicle mass,
moment of inertia around the vertical axis, respectively (see
Table I).

III. TORQUE VECTORING
A. LPV Model
An LPV state space model has the form:

Gw%:{izAwm+me

y=C(0)x + D(0)u
where © € R™ is the state vector, u € R™ the input
vector, y € R! the output vector. The mappings A(6), B(6),
C(0), D(#) are affine functions of 6(¢). The measurable
parameter vector (¢) represents a time-varying parameter
vector referred to as scheduling signal vector, which is
assumed to be confined to a compact set:

3)
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This section presents an LPV model of the vehicle lateral
dynamics in the form of G(9).

The time-varying parameter 6 varies in a polytope & with
vertices wj, wa, ..., w,. An LPV model is called polytopic
if it can be presented by a convex combination of a finite
number of state space matrices of the LPV model at vertices
of A(t). A matrix polytope is defined as a convex hull of
these matrices [3], as

] i = 1,2,...r}

ERIREE
ERARED e

where C'o denotes the convex combination among systems
at vertices.

Here, the state space matrices of the vehicle lateral dy-
namics can be regarded as fixed functions of two varying
parameters which depend on the vehicle velocity v, (t):

T
1 1
0t) = |— ——| .
-l
B. 2-DOF LPV Controller Synthesis

In order to maintain stability and high performance along
all trajectories of 6(t), the controller needs to be capable of
adjusting to the variations in the plant dynamics. LPV gain
scheduling is employed in this paper to synthesize the con-
troller. With the existence of a quadratic Lyapunov function
for all &2, the designed controller guarantees stability and a
level of control performance along all admissible trajectories.
The synthesis problem reduces to solve a system of linear
matrix inequalities (LMIs), see [3].

We choose the yaw rate v as the measured output y, two
states z = [3 1/]T, and the steering angle § as an exogenous
input w, yaw torque M, as the control input u. The controller
is synthesized by shaping mixed sensitivities: sensitivity S
and control sensitivity K.S are designed to achieve desired
properties of the closed-loop transfer function from the
desired yaw movement 1 to the fictitious output vector
z = [zs 2)T [11]. The design is carried out by choosing
suitable weighting filters W, and Wj. The generalized plant
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P(s) is shown in Fig. 2. Its state space representation is
given as:

A(0)z + B1(0)w + Ba(0)u
& (9)1‘ + Dll(ﬁ)w + Dlg(ﬂ)u 4)
02(9)1‘ + Dgl(ﬁ)w + DQQ(G)U

&
z
Yy
In order to be able to use the design techniques in [3], a
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Fig. 2. Generalized plant with 2 DOF

prefilter is added to remove the parameter dependence of
By (0).

Here, to fulfill requirements of both reference tracking
and disturbance rejection, a 2-DOF synthesis structure is
employed. The controller K () has the form:

&y = Ap(0)xr + Bre(0)e + Bis(68)6 ©)
u = Cy(0)zr + De(0)e + Dis(0)5 (6)

It has two inputs: steering angle J as the reference, and the
difference e between desired and measured yaw rate. The
control output is the yaw moment M, . The controller K (6)
can be decomposed into two parts: a feedforward controller
Ky¢(0) to track the reference, and a feedback controller
K4(0) to reduce the errors due to disturbances and uncer-
tainties. The two controllers are synthesized simultaneously
in one optimization step.

C. Torque Distribution

The control output M, is the torque needed at the center
of gravity to generate yaw movement of the vehicle and
has to be calculated for individual wheels. For this purpose,
the dynamics of a dual track vehicle model is applied. Two
variables ¢ and p are defined to relate the force requests of
front and rear wheels F, r, F, r and axis-force differences
AFy p, AFy R as:

Fx,R = JFx,F (7)
AFr,R = pAFr,F (8)

Depending on o, it is possible to drive purely by ICE (o =
0) or purely by electric motor (¢ = co0) or a combination.
Setting p — o0, no torque difference at the front axle is
required. Thus ICE driven wheels are in use.

So the resulting force on each wheel is expressed as [6]

Forr=For—AF, F 9)
R M,
T 2(1+20)  wp+pwr
Ferr=F,r+AF,Fp (10)
R M,
C 2(14+20)  wr+pwr
Forp =Fpr— AFp R (1D
_ Fo pM,
T 2(1420)  wp+ pwr
Ferr=F,r+AF,Fp (12)
_ Fo pM,
C 2(14+20)  wr+pwr

D. Anti-Windup Control Scheme

An important design issue is actuator saturation, when the
actuator capacity is limited by inherent physical constraints
and limitations of the actuator. In this work, the maximum
torque applied to each wheel is bounded either by the
maximum applicable torque Tep;o: or by the maximum
power Pe.psot, see Table L.

An anti-windup control scheme proposed in [4] is adopted
here for the feedback control loop. The anti-windup scheme
is constructed after the LPV self-scheduled controller is
synthesized. The prerequisite to apply such a scheme is that,
the matrix Dy, () is invertible VO(t) € &?. The feedback
controller has the form:

Ere = Ap(0)xre + Bre(0)e
Ue = Ck(é)xke + Dke(e)e

13)
(14)

where ug. and xy. are the output and states of the decom-
posed feedback controller, respectively.

By multiplying (14) with a matrix H () and substracting
from (13), we obtain

ftke Z(Ak(g) - H(@)Ck (0))xke (15)
+ (Be(0) — H(0) Dy (0))e + H(0)u,
ue = Cj, (H)xke + Dke(ﬂ)e. (16)

Selecting H() = By.(0)D;.'(0) and replacing the con-
troller output u. with the saturated plant input ., the state
space model of the controller can be written as follows.

ike =(Ar(0) — Bre(0) Dy, (0)Cr(0))xre  (17)
+ Be (Q)Dl;el (e)de
te = Cr(0)xge + Die(0)e (18)

The new structure of the feedback controller is shown in Fig.
3.

IV. SIMULATION RESULTS

A 14-DOF vehicle model is employed for simulation use,
see [6]. Among them, 6-DOF come from the center of gravity
moving and rotating in all directions. 4-DOF are reserved
for the suspension of the vehicle, the other 4-DOF for the
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Fig. 3. Feedback control scheme with anti windup

TABLE I
PARAMETERS OF THE SIMULATION MODEL

af 1.24 distance from front axle to COG in m

ar 1.228 distance from rear axle to COG in m

Cy 78972 | Cornering stiffness of the front wheel in N/rad

C 79918 Cornering stiffness of the rear wheel in N/rad

wrE 1.4450 width of the front axle in m

WR 1.4510 width of the rear axle in m

m 1500 mass of the vehicle in kg - m?

I. 3263 moment of inertia around vertical axis in kg
Teriot 775 maximal torque of one electric motor in Nm
Peonrot 50 maximal power of one electric motor in Kw

o 1 adhesion coefficient between wheel and road

angular movement of the wheels. The tire characteristics are
approximated by a modified Dugoff model [5]. Moreover, o
and p are chosen to be zero. The vehicle is rear-wheel-driven
by an ICE, while two electric motors are installed on front
wheels. The vehicle parameters used for simulation are listed
in Table L.

A. Reference Generation

The yaw rate is one of the important state variables
that describe the lateral motion of a vehicle. In this paper,
the desired yaw rate 14 is chosen as the reference input
according to inputs given by the driver: vehicle velocity v,
and steering wheel angle that is directly related with steering
angle at wheels § by a steering ratio. The reference input is
generated by an observer, see [6].

B. Implementation of the 2-DOF LPV Controller

There are two dependently varying parameters 6 =
[1/v.(t) 1/v2(t)]T. Given the varying range of vehicle
velocity Vymin = 1m/s and vypmas = 35m/s, they form
a parameter box with 4 vertices w1, ws, ws and w4, where:

1 Vxmin 1 Vrmazx
)

]-/U:rmin :| |: ]-/U:rmaw :|
w3z = , Wy 1= .
|: 1/vgmaw 1/vgmaw

However, this parameter box with four vertices introduces
conservatism into the design: Among four vertices, it can be
easily seen that, wo is not reachable for any value of v,.
Hence, the polytope & is reduced to a triangle with vertices
w1, ws and wy shown in Fig. 4, though there still remains
some conservativeness on the polytope [12]. By solving the
LMIs using Robust Control Toolbox of Matlab, a polytopic

LPV controller is synthesized. W5 and Wj are filters to

1
vl

Fig. 4. Polytope of 8

shape the sensitivity and control sensitivity, respectively. By
taking bandwidth, steady state error and control effort into
consideration, the two filters are tuned as:

3 x 106 _ 1100s + 10°

10%s 4+ 1’ 50005 + 5 x 109

The resulting LPV controller has an order of five.

Wez k

C. Implementation of a Flat Feedforward and LQG Feed-
back Controller

The LPV controller is compared with a flatness-based con-
troller in [6], where a flat feedforward control in combination
with a PID and a Linear Quadratic Gaussian (LQG) feedback
control for a TtR-HEV via torque vectoring is proposed to
generate the desired force F) in longitudinal direction and
the desired yaw moment M. The longitudinal force F) is
needed to fulfill the prerequisites to construct a flat system.
Apart from flat feedforward control, the feedback part is
realized by combining PID and LQG. The input of the PID
controller is the difference between desired and measured
vehicle velocity v,; the output is the longitudinal force F;,.
The LQG controller corrects the error of the yaw rate ¥, Its
structure is shown in Fig. 5. It stabilizes the vehicle response
in tracking tests.

& i Fx
N desired flat >
value —> feed 4
areq| generater | Vxdes [ foward [y, torque | Ti,wheel
Ba es distribution »  vehicle
Wdes 05 Fx | unit
&PID > Vx real
controller Mz B real
Yereal
Fig. 5. Flatness-based control scheme

D. Comparison

To compare the performance of the two control schemes,

several driving maneuvers are designed for testing.

i) Constant reference velocity with sinusoidal steering:
In this driving maneuver, the reference vehicle ve-
locity maintains 80 Kph. The sinusoidal steering has
an amplitude of 120° and frequency 0.7 Hz. At the
valley of the sinusoidal curve, the steering wheel is
held constant for 0.5 seconds before completing the
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Fig.

steering wheel angle(deg)
(=]

period. The simulation results are plotted in Fig. 6. Fig.
7 refers to the generated torque by feedforward and
feedback controllers, respectively. The control input M,
is calculated as the sum of both torques.
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Fig. 7. Generated torque by flatness-based and LPV controllers respectively

i) Normal driving behavior: Apart from above extreme

iif)

driving situation, vehicles drive within the linear range
most of the time. To test the performance of both
controllers, some measured driver inputs are used to
represent normal driving behavior. As shown in Fig.
8, first two rows are vehicle velocity and steering
wheel angles given by the driver, the third row is the
comparison between the desired yaw rate generated
by the observer and the simulated yaw rate controlled
by two controllers. Fig. 9 shows enlarged parts of the
comparison for better visualization.

Step steering with disturbance rejection: The foregoing
two driving maneuvers demonstrate the performance
of both controllers in reference tracking. To test their
performance in disturbance rejection, we let the friction
coefficient between the road and tires be subject to
noise. The foregoing maneuvers are implemented under
the assumption that vehicles drive on an ideal dry
asphalt road, which indicates the friction coefficient 1.
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Fig. 9. Enlarged yaw rate comparison

The driving maneuver is defined as: a step steering
of 80° at 100 Kph. Meanwhile, measurement noise,
simulated by an additive white Gaussian noise, is in-
troduced along the whole driving, as shown in Fig. 10.
The controller is expected to guarantee stability and
accuracy against errors.

friction coefficient

L
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
time(s)

Fig. 10. noisy friction coefficient with Gaussian noise



Fig. 11 shows the comparison of vehicle responses by
means of the LPV control and flatness-based control.
Torques generated by feedforward and feedback con-
trollers are shown in Fig. 12.
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Fig. 11. The yaw rate comparison under disturbance
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E. Assessment of Simulation Results

Driving maneuver i) tests the performance of controllers
in an extreme driving situation, where the vehicle drives at a
relative high velocity and an abrupt change of steering may
lead the vehicle out of control. It needs to be emphasized that
both controllers are synthesized based on a simple linearized
vehicle model and implemented to a more complex and
realistic nonlinear model. Even though the vehicle handling
largely violates the assumption of the single-track model,
the stability of the closed-loop system is still guaranteed
by both LPV and flatness-based controllers. Compared to
the flatness-based controller, the LPV controller outperforms
with smaller overshoot.

Both driving maneuvers i) and ii) are implemented for
reference-tracking test. By taking external disturbance and
simulation error into consideration, driving maneuver iii) is
aimed at testing the robustness of the two controllers. As

depicted in Fig. 11, the 2-DOF LPV controller achieves much
smaller overshoot and steady state error with the presence of
noise. Its feedforward and feedback controllers work together
in an optimal way to realize high performance in both
reference tracking and disturbance rejection tests. Moreover,
the 2-DOF LPV controller is derived, by tuning one filter
for sensitivity and one filter for control sensitivity, instead of
tuning both filters for feedforward and feedback controllers
separately. This control scheme can be easily and efficiently
tuned and implemented.

V. CONCLUSIONS AND FUTURE WORK

This paper presents a successful application of a 2-DOF
LPV self-scheduled controller design of a TtR-HEV via
torque vectoring. A feedforward and a feedback controller
are synthesized in one step to achieve good tracking and
high robustness against disturbances and modeling errors.
An anti-windup control scheme is adopted to avoid signifi-
cant performance degradation, when the actuator saturation
occurs. By testing the designed controller in different driving
maneuvers and comparing it with a flatness-based controller,
its high performance and robustness have been demonstrated
by simulation results. The controller designed in this paper
is based on a simplified vehicle model - single track model.
Further work can be implemented by adopting a more
realistic 2-track model.
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