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Derivative-Free Decentralized Adaptive Control of
Large-Scale Interconnected Uncertain Systems

Tansel Yucelen, Bong-Jun Yang, and Anthony J. Calise

Abstract— This paper presents a derivative-free decentralized
adaptive control architecture for large-scale interconnected sys-
tems with matched and unmatched time-varying uncertainties
and interconnections. The assumption of unknown constant
ideal weights is generalized to the existence of time-varying
weights without assuming the existence of their derivatives in a
time interval. As a result, the proposed approach is particularly
well suited for disturbance rejection, and for adaptation in
the presence of sudden change in each subsystem’s uncertain
dynamics, such as might be due to damage.

I. INTRODUCTION

A fundamental assumption in most decentralized adaptive
approaches is that an uncertainty is parameterized by un-
known constants [1]-[7]. As a result, the class of uncertain
systems that can be handled by adaptive control has been
limited to that of systems with time-invariant uncertainties.
In this paper, we show that the derivative-free approach
developed in Refs. 8§ and 9 can be extended to adaptive
control of large-scale interconnected systems, and therefore
both matched and unmatched time-varying uncertainties and
interconnections can be handled in a decentralized adaptive
control setting. A key element in this pursuit is that the
assumption of unknown constants is generalized to the exis-
tence of time-varying variables, such that fast and possibly
discontinuous variation in unknown parameters are allowed.
This generalization adds a dimension in the tuning process
such that the adaptive law uses the delayed weight estimates
and the information contained in current known system states
and errors.

Compared to the approach in Ref. 8, this paper shows how
the state predictor developed in Ref. 11 can be employed in
conjunction with the derivative-free adaptive law. In Ref. 11,
it is shown that the state predictor adds a low-pass filtering
effect to the weight update law and improves transient
responses of adaptive systems. The state predictor resembles
a reference model modified by an observer-like tracking error
mismatch term such that the original reference model is
recovered when the gain of the mismatch term is selected
to be zero. When communication between subsystems is
allowed, which renders the state of the state predictor avail-
able throughout all subsystems, it is shown that unknown
matched, time-varying interconnections can seamlessly be
handled by the proposed method. The proposed approach
is particularly well suited for adaptation in the presence of
sudden change in each subsystem’s uncertain dynamics, such
as might be due to damage. Boundedness of the error signals
is shown by using a Lyapunov-Krasovskii functional without
the need for modification terms in the adaptive law.
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The notation used in this paper is fairly standard. We
write R™ for n x 1 real column vectors, R} for the set
of nonnegative real numbers, R”*™ for the set of n x m
real matrices, (-)T for transpose, (-)~! for inverse, A\pin(A)
(resp., Amax(A)) for the minimum (resp., maximum) eigen-
value of A, | - | for the Euclidian vector norm, || - || for
the Frobenius matrix norm, vec(-) for the column stacking
operator, and diag[A, B] for a block diagonal matrix formed
with matrices A and B on the diagonal.

II. PROBLEM FORMULATION

We consider an uncertain system G consisting of N
interconnected subsystems G;, ¢ = 1,2,..., N. A subsystem
G; is described by

@i(t) = Aiwi (t) + Bi[ui(t) + Ai(t, )] +6:(¢, z(t), (1)

where z;(t) € R™ is the state of G;, u;(t) € R™ is
the control input applied to G;, and A4; € R™*™ and
B; € R™>*™i are known matrices. In addition, A; : Ry x
R™ — R™: represents matched uncertainty and 0; : Ry x
RmatnzttnNy R represents the possibly nonlinear and
time-varying interactions with the other subsystems where
2(t) 2 [2T(t), 22 (1), ..., 25 (t)] . Notice that 6, (t, z(t)) is
allowed to be unmatched. We assume that the pair (4;, B;)
is controllable and G; only has access to x;(t) and wu;(¢),
where w;(t) is restricted to the class of admissible controls
consisting of measurable functions. Hence, we consider the
strictly decentralized control problem.

Assumption 1. The matched uncertainty in (1) can be
linearly parameterized as

At z;) = WE()Bi(x:), i € Dai, 2

where W;(t) € R®*™ is an unknown time-varying ideal
weight matrix that satisfies |W;(¢)|| < w}, 5 : R" —
R® is a vector of known functions of the form [;(x;) =

[bi, ﬁli(xi)7 ﬁgi(l‘i)7 ce. 75(31.,1)2-(1‘1')]T€ R? with a bias
component b; > 0, and D,; is a sufficiently large compact
set D,; € R™.

Remark 1. Assumption 1 expands the class of uncertain-
ties that can be represented by a given set of basis functions.
That is, Assumption 1 encompasses broader classes of un-
certainties than those parameterized by

Ai(z;) = Wi Bi(w;) +e(wi), i € Dai, 3)

where W; is an unknown constant ideal weight matrix and
e(x;) is the residual error, due to the fact that time-variation
is allowed in the unknown ideal weight matrix. It also permits
an explicit dependence of the uncertainty on time.

Remark 2. Assumption 1 does not place any restriction
on the time derivative of the ideal weight matrix. However,
the degree of time dependence will depend on how (;(z;)
is chosen.

Remark 3. In Assumption 1, we introduced a bias com-
ponent b; > 0 in 3;(z;). This captures the effect of external
matched disturbances acting on subsystem G;.
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Assumption 2. The function §;(¢, z(t)) in (1) satisfies

N
it z(®)] < oY lzt)], >0 (4)
j=1

Remark 4. Assumption 2 is standard in the decentralized
adaptive control literature (see, for example, [6], [7], [10])
which implies that the system interconnections satisfy a
linear growth inequality.

III. ADAPTIVE CONTROL ARCHITECTURE

Let the feedback control law for subsystem G; be

ui(t) = uni(t) = vaqi(t), )
where uy;(t) is a nominal feedback control given by
uni(t) = —K1;3(1) + Koiri(t), (6)

where Ki; € R™i*™ and K, € R™i*" are nominal
control gains such that A,; £ A; — B;Ky; is Hurwitz,
Bumi £ B;Ko;, and u,q;(t) is the adaptive feedback control

given by A
Uadi (t) = Wi () Bi(i(t)), ©)

where W;(t) € R%*™i is an estimate of W;(t).

Consider the reference model for subsystem G;, character-
izing the desired closed-loop behavior when A; (¢, z;(t)) = 0
and d;(t, z(t)) = 0, given by

Tmi(t) = AmiTmi(t) + Bmiri(t), [ri(t)] < 7, ()
where z,;(t) € R™, r;(¢t) € R™, r; < m,, is a bounded
piecewise continuous reference input. Since r;(t) is bounded,
it follows that xp,;(¢) is upper bounded by Z,;(7;, &;) for all

Tmi(0) € Be & {a;(t) € R™ : ||z(t)]| < &}
Define the state predictor [11], as
2i(t) = Ami@i(t) + Buari(t) + Li[zi(t) — 35()],  (9)

where L; € R"*" ig chosen such that Ae; £ Ay; — L; is
Hurwitz. Note that the state predictor serves as a reference
model. Its dynamics are approximately same as the reference

model in (8) when &;(t) = z;(t) —;(t) is sufficiently small.

Next, consider the derivative-free weight update law for a
subsystem G; given by

Wl(t) = QliWi(t — Ti) + QQi(t), (10)

where 7; > 0, and Qq; € R%*% and Qgi R x R —
R%:*™i gatisfy

0< QL <k, 0<ky <1, (11)
Qoi(t) = KoiBi(w; (1)EF PiBy, ko >0,  (12)

with 7;(t) £ ;(t) — #;(t), and P; € R™*" satisfying the
algebraic Riccati equation given by

0= ALP, + P;Ae; — b7k2i P;B; B P; + Q;,

for any symmetric matrix @); > 0.

13)

L

Remark 5. We use Z;(t) in (12) instead of using e;(t) =
x;(t) — xm;(t) to estimate W;(¢). Note that for L; = 0,
(9) reduces to (8), hence, ;(t) becomes e;(t), if desired.
However, using Z;(t) in (12) instead of e;(t) adds a low-pass
filtering effect to the weight update law. Choosing the state
predictor dynamics faster than the reference model dynamics
(choosing the eigenvalues of Ag; larger than the eigenvalues
of Ay,;) aids in suppressing undesired transient behavior
[11].

IV. STABILITY ANALYSIS

This section presents a stability analysis for the derivative-
free decentralized adaptive control architecture in Section III.
Consider a parameter dependent Riccati equation [12], [13],
given by B

0 = AEHP(H + PoiAmi + Qoi7

Qoi = Qoi+ wiPoL;L] Py,
in which Qy; > 0 and p; > 0.

Remark 6. Let 0 < p; < j1; define the largest set within
which there is a positive-definite solution for P,;. Since
P,; > 0 for p; = 0 and P,; depends continuously on p;,
the existence of Pp;(1;) > 0 for 0 < u; < fi; is assured.

The next lemma shows that for p; < fi;, (14)—(15) can
reliably be solved for F,; > 0 using the Potter approach
given in Ref. 14. This also implies that i; can be determined
by searching for the boundary value that results in a failure
of the algorithm to converge. We employ the notation ric(-)
and dom(ric) as defined in Ref. 15.

Lemma 1. Let P,,; satisfy the parameter dependent Riccati
equation given by (14)—(15) and let the modified Hamiltonian

be given b
& Y Ami L LT
_Qoi _AEM' '
Then, forall 0 < p; < fi;, H; € dom(ric) and Py,; = ric(H).

Proof. The proof follows from Lemma 1 and Lemma 2 of
Ref. 15. O

Assumption 3. di; = Apin(Q;) — (3 4+ N)iAmax (P;) —
1/pi and da; 2 Amin(Qoi) — i N Amax(P;) are positive by
suitable selection of the design parameters.

Theorem 1. Consider the uncertain system G consisting of
N interconnected subsystems G; described by (1) subject to
Assumptions 1, 2, and 3. Consider, in addition, the subsystem
control laws given by (5), with the nominal controllers given

by (6), and with the adaptive controllers given by (7) along
with (9), (10) subject to the conditions in (11), (12). Then,

uniformly ultimately bounded (UUB) forall: =1,2,..., N.

Proof. We can write dynamics of é; using (8) and (9) as

éi(t) = Amiéi(t) + LiZs(t). (17)

(14)
5)

H;, = [ (16)

Consider
Vii(ei(t)) = & (1) Poiés(t), (18)

where F,; > 0 satisfies the parameter dependent Riccati
equation (14)—(15) with p; < f,;. The time derivative of
(18) along dynamics of é; (17) is given by

V() = —eF()Quiéi(t) + 26T (t) Poy Lizi(t).  (19)

Consider |aTh| < ~vaTa + bTb/4vy, v > 0, that follows
from Young’s inequality [16] extended to the vector case
for any vectors a and b. Applying this to the last term in
(19) produces

206X PoiLiii| < pié} PoiLi L} Poiés + &5 &/ pi. (20)
Using (15) and (20) in (19) results in
Vii(-) = —e] ()Qoiéi(t) + & ()F:(1)/ -
Next, we can write dynamics of Z; using (1) and (9) as
2i(t) = Aciis(t) + B;W (8)Bi(wi(8)) + 6i(t, x(t)).  (22)
Using (10) and defining

21
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where [|Q0;(t)|| < QF, QF = w; (14(Q14(t)]|), the dynamics
of W; can be written as

Wi(t) = QuWi(t —7) + Qai(t) — Qoi(t). (24
Using (24) in (22) under Assumption 1 we obtain
Ti(t) = Aa@i(t) + B [QuWi(t — 1) + Q2i(t)
()] Bilwi(t) + it 2(t)).  (25)

Consider R
Vi (7: (1), W) = &5 (8)Pidi(t)
t
+pi tr[/ WiT(s)Wi(s)ds], (26)
t—T1;

where p; > 0, and Wi represents Wi(t) over the time
interval ¢ — 7; to t. The time derivative of (26) along the
trajectories of (25) and (24) is given by

Voi()) = =& (6)Qidi(t) + 27 (t) P Bi [ QWi (t — 7))
x (i (1)) — 2&] (t)P;BiQ3, (1) Bi(wi(t))
+22] ()P, B, (1) Bi(i(1)) + pi tr[-& W (1)
xWi(t) + Wi (OWi(t) = W (t—7)

X Wit — ;)| +2&] Pidi(t, 2(t)), 27)
where 7, =14+ &;, § >0, and
Qi £ Q; — ko PiB; B P;. (28)

Using (24) to expand tr [, W' (¢t)W;(t)] in (27) produces
Voi(-) = =& ()Qii(t) + 2&;(t) P Bi[ 0 Wi(t — 7:)]"
x (i (1)) — 227 (t)P;BiQ3, (1) Bi(wi(t))
+23] ()P BiQg; (1) Bi(x:(1)) + pi tr[—fiWiT(t)
XWi(t) — WiT(t — )Wt —73)
+nWEE — )50 Wit — 1) + n:Q5(t)
x Qi (£) + 1725, (£) 0 (1) — 20,3 (£) Qs
xWi(t — i) + 2 W (t — 7,) Q5004 ()
_2771921( )921( )}+2i"TP’6'(t CL‘( ))

Younjg s inequality can be generalized to matrices as
tr[ATB]= vec(A)Tvec(B) < yvec(A)Tvec(A) +
vec(B)Tvec(B) /4y = ytr[AT A] —l—tr[BTB] /47, ~ > 0, for
any matrices A and B having appropriate dimensions. Using
this, we can write

tr [27’]ZWZT (t - T»L)Q};QQZ (t)}
<tr [y Wi (= ) QG QuWi(t — 7))
+tr [ang;(t)ng (t)/’}/i}, Yi > 0.

Using (12) with ko; £ 1/psm; > 0 for QQi(t), and substitut-
ing (30) in (29), it follows that

Voi(1) < —&] ()Qii(t) — Kai¥; (t) P, Bi B Piis(t)
X B7 (2i(t))Bi(i(1)) — piatr [WF ()W (8)]
—pitr {VVZ—T(t — 1) [ = (ni + 7))
xWi(t — n—)} Hpi(n; 117 i)t [Q,(0)Q26(1)]
+23} Pioi(t, x(t)). (31)
Since B (z;(t))Bi(z;i(t)) > b2, using (28) in (31) results in

(29)

(30)

Vai() < =& ()Qi(t) — piatr [W;T ()Wi(t)]
—pitr [WiT(t — 1) [I = (i + %), ]
K Wit — Ti)} (i 2 [t [OF (£)90:(1)]
+23] P (t, z(t)). (32)
Using (11) with ry; 2 1/(n; + ;) < 1 for €y, yields
Vai(-) < —eril@l* — car|[Wi()|]* — eail Wit — 7)) |12
teqi + 23] Pidi(t, x(t)), (33)

where c1; 2 Amin(Qi), c2i piir €30 2 pidmin(I —
Kk QL) and ca £ pi(ni + n? /7). Since x;(t) =
Z;(t) + &;(t) = &;(t) + é;(t) + zm;(t), it follows from
Assumption 2 that

N

NS D 1501+ 185 ()] + Ty

j=1

L

10i (¢, (¢ 34

Furthermore, using (34) in the last term of (23) and applying

Young’s inequality results in
N

28] Pisi(t, 2(1))] < cidmax(P2) Y [32:(8)7 + |2, (t)]?
j=1
+He;@OF + 23, (35)

Hence, (33) becomes
Vai(1) < —[e1s — 3aidmax(Py)] 3> — sz‘HW'( )12

Z |x]|2

(36)

_C3lHW (t - Tl)”2 + a; A max

Z |6J| + 9017

where ©; = c4; + Qi max(P;) Zjvzl f?nj-

Next, define the candidate Lyapunov-Krasovskii functional
for the ¢-th subsystem

Vi(es(t), &5(t), Wis) 2 V0i(és(t)) + Vai(@:(t), W) (37)

The time derivative of (37) is written directly from (21) and
(36) as

VZ() < - [Cu — 3 max(P;) — 1/[[}1} |jz|2
—Amin(Qoi)|&:(1)|* — coi||Wi(t)[1?

Z 25

+aZ max

2

—eail Wit —7:)|* + ctiAmax(

N
+051 max Z e]|2 + Pi- (38)
Now introducing
N ~
V() =Y Viléilt), #i(t), W), (39)
i=1
for the whole system G results in
. N ~
V() < Z[—dlﬂi’(tﬂ? — dagléi(t)|* — car| Wi (1)|?
i=1
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—eail[ Wit =) + i) (40)

where di; > 0 and dy; > 0 are given in Assumption 3
(see Remark 9). Either |Z;(t)| > Wy, or |é;(t)| > Wy; or

W) > \113Z or ||[W;(t — Ti)H > Wy renders V(-) < 0,

where \1’11 £ Vi/di, Uy & \/ @i/dai, Ui = \/0i]c2s
and Uy, £ \/tpz/c& Hence, Z,(t), é;(t), and W;(¢t) are UUB

forall:=1,2,..., O

Corollary 1. Under the conditions of Theorem 1, e;(t) is
bounded for all : =1,2,..., N

Proof. It follows from

lei@)] = [@i(t) — zmi(t)]
< Jwit) — 2]+ [2i(t) — zma(t)]
= [T+ |&@)], (41)
and the boundedness of #;(t) and é;(¢t) i = 1,2,...,N by
Theorem 1 that e;(t) is bounded for all ¢ = 1,2,...,N. O

Remark 7. The derivative-free weight update law given
by (10) does not require a modification term to prove the
error dynamics, including the weight errors, are UUB.

Remark 8. Derivative-free adaptive control in (10) is
not simply the equivalent of an Euler integration of a
conventional adaptive control law. This point is discussed
in Remark 3.1 of Ref. 8.

Remark 9. In the proof of Theorem 1, we require that
Assumption 3 holds by suitable selections of the design
parameters. This can be achieved by ensuring that Apax(F;)
is sufficiently small. One way this can be done is to make the
state predictor dynamics in (9) fast by choosing L; to place
eigenvalues of A,; sufficiently far from the origin in the left
half of the complex plane. Similar conditions are required to
be satisfied in the decentralized adaptive control literature.
See, for example, Assumption 6.1 of [6], (26) of [3], (19) of
[4], and (17) of [5].

Remark 10. Derivative-free adaptive control does not
employ an integrator in its weight update law. This is
advantageous from the perspective of augmenting a nominal
controller that employs integral action to ensure that the reg-
ulated output variables track r;(t) for constant disturbances,
regardless of how these disturbances may enter the system.
An example illustrating this advantage is provided in Section
V of Ref. 8.

Define
a(t) = [&] (b), ff;r (f) i(t,7)]", (42)

where 92(t,7;) = tr [ft (s)W;(s)ds], and let B,; =

{qz( ): |q1( ) <mit such that B.; C D, for a sufficiently
large compact set Dgy;. Then, we have the ?ollowmg corollary.

Corollary 2. Under the conditions of Theorem 1, an
estimate for the ultimate bound for g; is given by

/\max Pz \112' )\max Poi \112' i i\IJQ'

r= ( ) lz+ (~ ) 21+pT 317 (43)
/\min(Pi)

for each subsystem G;, i = 1,2,...,N, where P, =

diag[P;, Pos, pil.

Proof. Denote Qm ={q(t) € By : ;f(t)f’zqi(t) < &;},

Qi = ||, (T)‘H_T qF () P;qi(t) = r2A(P;). Since
Vi(ei(t), &i(t), Wi) = ¢ (t) Pigi(t), (44)
it follows that {2, is an invariant set if and only if
& > Amax(P) U3, 4 Amax (Poi) U3, + piTi U3, (45)

Thus, the minimum size of B,; that ensures this condition
has radius given by (43). O

Remark 11. The proofs of Theorem 1 and Corollary
2 assume that the sets D,; and D, for each subsystem
are sufficiently large. If we define 3,; as the largest ball
contained in Dy;, and assume that the initial conditions are
such that ¢;(0) C B,;, then we have added the condition
that r; < 7;, which implies a lower bound on p;. It can be
shown _that in this case the lower bound must be such that
)\min(‘Pi) = Pi. With T defined by (43) and /\min(Pi) = Pi,
the condition r; < 7; implies
)‘maX(P)\IJ%z + /\maX( 01)\1/21

7 — 703,

pi (46)
Since ko; = 1/pimi, m; > 1, it follows from (46) that 7;
should ensure that

7:2 — Tzlllgz
/\max(Pi)\I]%i + )\max(Poi)\I}gi.
Therefore, the meaning of Dy; sufficiently large in Corollary
2 is that 7; > \/nz(AmaX(P)\pi + Amax (Poi ) U3,) +7: 02,

and ¢;(0) C Dy,. The meaning of D, sufficiently large is
difficult to characterize precisely since x;(t) depends on both
r;(t) and x;(0). Nevertheless it can be seen that increasing
Ko; implies increasing the require size of the set D,;.

Koy < 47)

V. A SPECIAL CASE

This section considers a special case in which the sys-
tem interconnections are matched and the predictor states
of each subsystems can be communicated across all other
subsystems, so that

where f; : R_;,_ x Rt tnicitnipittny _, R
0(t) 2 [T (@), ol (1), 28 (1), 2k (0], (49)

and Assumption 2 is replaced by the following assumption.

Assumption 4. The matched interconnections in (48) can
be linearly parameterized as

filt.0(t) = ViT (t)ou(0(t)),

where V;(t) € R"*™i is an unknown time-varying
ideal weight matrix that satisfies ||[V;(¢)]] < wvf, o;
Rt tnicitnipatdny o RA s g vector of known
Lipschitz continuous functions of the form o;(6) =
T o .
[Q, 011'(9), 021'(6‘),...,0(;1?,1)1-(9) € R™ with a bias

component g; > 0, and Dy 1s a sufficiently large compact
set Dy € Rrat-tni—itnipittnn

0 € Dy, (50)

We modify the adaptive feedback control given by (7) by
using the predictor states of the other subsystems

Uaai (t) = W ()5 (:(t)) + Vi(t)as (0(1)), (51

where
O(t) 2 [T (t),.... a7, (1), 2T (1), ..., a5 (0]

Vi(t) € RM*™mi is an estimate of V;(t) obtained from the
derivative-free weight update law given by

( )= Q3z (t_TZ)+Q4l( )s

where 7 > 0, and Q3 € RM*Pi and Qy

(52)

(53)
: Rhiox
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R+ Fnicbnicttny _ RhixXmi gagisfy

0< Q:;[;Q&' <kszl, 0<ks3 <1,
Q4i(t) = 541‘01'(@):%?331-, Ka; > 0.

(54)
(55)

Assumption 5. di; 2 \puin(Q:) — Nv} Lyi||P;B;|| > 0 by
suitable selection of the design parameters, where L; is the
Lipschitz constant corresponding to o;(0(t))

Theorem 2. Consider the uncertain system G consisting of
N interconnected subsystems G; described by (1) subject to
Assumptions 1, 4, and 5. Consider, in addition, the subsystem
control laws given by (5), with the nominal controllers given
by (6), and with the adaptive controllers given by (51) along
W1th (9), (10), (53) subject to the conditions in (11) (12),

(54), (55). Then, ;(t), éi(t), Wi(t), and V;(t) £ Vi(t )
Vi(t) are uniformly ultimately bounded (UUB) for all i =
1,2,...,N.

Proof. We can write dynamics of Z; using (1) and (9) as
Zi(t) = Aadi(t) + BW ()0 (zi(1))
+B; V" (t)oi(0(t)) + Bigi(0(),0(t)), (56)
where g;(0(t),0(t)) = V,(t)[05(0(t)) — 03(A(t))] with

19:(6(1), 8())| < v} Loil (1)
N
=Xy S D 105 | R G 1))
=1, j#i
where 6(t) £ 6(t) — 6(t). Using (52) and defining
Qui(t) £ Vi(t) — QaiVi(t — 72), (58)

where [|Q4;(t)[] < QF, QF = v} (1+|Q3:(t)]]), the dynamics
of V; can be written as
Vi(t) = QaiVi(t— 7)) + Quilt) — Qui(t). (59

Using (24) and (59), dynamics of z; in (56) under Assump-
tions 1 and 4 becomes

Fi(t) = Ai(t) + Bi[QuWi(t — 1) + Qai(t)
—ai(8)] " Bilwi (1)) + Bi[QaiVilt - 7)
+u(t) = Qui(1)] Lou(6()
+Bigi(0(1),6(1))-

Consider the Lyapunov-Krasovskii functional given by

(60)

Vi(@i(t), Wi, Vi) = & () Piis(t)

+pi tr[/ti WlT(s)Wl(s)ds]

t
+p; tr[/ VT (s)Vi(s)ds], (61)
t—Ts

where p; > 0, p; > 0, I/T/Nn represents V[/Z(t) over the time

interval t — 7; to t, and V;; represents V;(¢) over the time
interval ¢ — 7; to t. The time derivative of (61) along the
trajectories of (60), (24), and (59), using similar arguments
as in the proof of Theorem 1, is given by

Vi() < —01i|55~i(t)|2 - chHVT?-(t)HQ — gl |[Wi(t — )12
el [Vi()||* — Esil|Vi(t — 7)|1* + Cas

+2] (1)P,Bigi(0(1), (1)), (62)

where C1; = )\mm(Qi)’ 021 = ngz’ 021 ngz’ C3z =
ﬁz/\mm( 53 1931931) Cy; = pz(nz +n; //YZ)Q* + pz(nz +

//YZ)Ql’ 771 - 1+§l’ 57, > 0 771 - 1+§13 51 > 0 R1i é
1/(771 +'Yl) <1, ke = 1//)1771 >0, k3i = 1/(771 +"YZ) <1,

and kg = 1 /pin; > 0. Using (57) in the last term of (62)
yields

2|7 P,Bigi(0(),0(t))|
N
<2zm) Y |E0)

Jj=1, j#i
N

<O Lol PBil Y0 [EF + |5 0)F], ©3)
=1, j#i
where we again used Young’s inequality for the term
2|z, (t)||z; (t)% in the second line of (63). Hence, (61) be-
comes
Vi) < =[eri = 0] Loal BiBil[][2:(0)* — c2 | Wa(t)|I?
—esil Wit — 7)1 — e Va(0)]?
—C3il| Vit = 7)1 + Eas + v Loil | P By |

N
x Y lE P (64)
j=1, j#i
Now introducing
Z V4z xz thu V;Ez) (65)
for the whole system G results in
. N — ~
V) < Y [dul#m® - el W)
i=1
—cgi|Wilt — ) |I” — 2| Vi(t) ]|
—53i||Vi(f—ﬂ)H2+54i}, (66)

where di; > 0 is given in Assumptlon 5 (see Remark 13).
Either |7;(t)| > Uy or |[Wi(t)| > W, or |[W;(t— )| > W3
or |Vi(t )l > Uy, or ||Vi(t —7)| > Uy, renders V() <0,
where Uy £/ C4z/dlzv \1’21 £ \/Cuifcai, Vi & \/Cui/csi,
\1141 = \/641/021, and \1151 =1/ 041/631. Hence, Il(t), Wz(t),
and V;(t) are UUB for all i = 1,2, ..., N. The boundedness

of &;(t) for all i = 1,2,..., N follows directly from the
boundedness of Z;(t) forall i =1,2,..., N. |

Corollary 3. Under the conditions of Theorem 2, ¢;(¢) is
bounded forall: =1,2,..., N

Proof. The proof is a direct consequence of the proof of
Corollary 1.

Remark 12. For the case when the system uncertainties
and interconnections are matched, the parameter dependent
Riccati equation given by (14) and (15) reduces to a Lya-
punov equation given by

0 = Agnpoz + PoiAmi + Qoiu Qoi > 0.

Remark 13. In the special case addressed by Theorem 2,

we still require via Assumption 5 that di; > 0, and therefore

(67)
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Fig. 1. Responses of reference input, state vector, reference model state
vector, and control input of subsystems 1 and 2 with nominal controller.

Remark 9 is still relevant.

Remark 14. Under the conditions of Theorem 2, an
estimate for the ultimate bound can be expressed in a form
similar to Corollary 2.

VI. ILLUSTRATIVE EXAMPLE

In this section, we apply the derivative-free decentralized
adaptive control architecture of Theorem 1 to an uncertain
system consisting of 2 interconnected subsystems with time
varying uncertainties, interconnections, and disturbances [10]

given by
i(t) = &4:1_2]1331@) +£[);]/u1(t) + [%1] 0)
+ || s+ (] o o)
ia(t) = —\[1’]/172(0+\[1’]/U2(t)+193$12C08(I§)

As Bs
+9422(t)cos(2t) + va(t), (69)

where 191 = 192 = 0.2, 193 = 0.02, 194 = 1.1, Ul(t) = sin(t),
Ug(f) = 0.5sin(2.5t), and l‘l(t) = [l‘ll(t), $12(t)]T. It is
assumed that the nominal part of each subsystem represented
by A;, Bi, As, and By are known. The control objective
of each subsystem is to track a given filtered square wave
reference input. The nominal controller gains are K;; =
[3,1], K21 = 2, K12 = 4, and K33 = 5, which correspond
to the reference systems in (6.3) of Ref. 10. Responses using
the nominal controller for these subsystems are shown in Fig.

1.
0 0
We set Ly = 9 3,L2 =2, Q1 = 2D, Q
2, K11 = K12 = 0.9, K21 = K92 = 100, and T =
79 = 0.05 seconds. Furthermore, we chose (1(z1) =

[1,sigm(z11), sigm(z12)]" and fa(x2) = [1,sigm(z2)]",

where sigm(z) £ (1 —e™)/(1+e™®) represents a sig-
moidal function. Fig. 2 shows that we were able to obtain
a satisfactory system performance in terms of tracking the
filtered square wave reference input.

VII. CONCLUSION

This paper extends a previously developed derivative-free
adaptive control law to a decentralized form for control-
ling large-scale interconnected systems with matched and

Fig. 2. Responses of reference input, state vector, reference model state
vector, and control input of subsystems 1 and 2 with adaptive controller.

unmatched nonlinear time-varying system uncertainties and
interconnections. The proposed controller is particularly use-
ful for those applications in which uncertain parameters are
time-varying, or for situations in which external disturbances
are difficult to characterize.

REFERENCES

[1] D. Gavel and D. Siljak, “Decentralized adaptive control: structural
conditions for stability,” IEEE Trans. on Autom. Contr., vol. 34, no.
4, pp. 413-426, 1989.

[2] J. Spooner and K. Passino, “Decentralized adaptive control of nonlin-
ear systems using radial basis neural networks,” IEEE Transactions
on Automatic Control, vol. 44, no. 11, pp. 2050-2057, 1999.

[3] K. S. Narendra and N. O. Oleng, “Exact output tracking in decentral-
ized adaptive control systems,” IEEE Trans. on Autom. Contr., vol.
47, no. 2, 2002.

[4] K. S. Narendra, N. Oleng, and M. Mukhopadhyay, “Decentralized
adaptive control with partial communication,” IEE Contr. Theory and
Appl., vol. 153, no. 5, 2006.

[5] B. M. Mirkin, “Decentralized adaptive controller with zero tracking
errors,” IEEE Mediterrian Conf. on Contr. Automation, Haifa, Israel,
pp. 388-398, 1999.

[6] N. Hovakimyan, E. Lavretsky, B. -J. Yang, and A. J. Calise, “Coor-
dinated decentralized adaptive output feedback control of intercon-
nected systems,” IEEE Trans. on Neural Net., vol. 16, no. 1, 2005.

[71 S. J. Yoo, N. Hovakimyan, and C. Cao, “Decentralized £; adap-
tive control for large-scale non-linear systems with interconnected
unmodelled dynamicss,” IET Contr. Theory and Appl., vol. 4, no. 10,
pp. 1972-1988, 2009.

[8] T. Yucelen and A. J. Calise, “Derivative-free model reference adaptive
control,” J. of Guid., Contr., and Dyn., vol. 34, no. 4, 2011.

[9] T. Yucelen and A. J. Calise, “Derivative-free model reference adaptive
control of a generic transport model,” AIAA Guidance, Navigation,
and Control Conference, Toronto, ON, 2010.

[10] P. Ioannou, “Decentralized adaptive control of interconnected sys-
tems,” IEEE Trans. on Autom. Contr., vol. 31, no. 4, pp. 291-298,
1986.

[11] E. Lavretsky, “Reference dynamics modification in adaptive con-
trollers for improved transient performance,” AIAA Guid., Nav., and
Contr. Conf., Portland, OR, 2011.

[12] T. Yucelen, K. Kim, and A. J. Calise, “Derivative-free output feed-
back adaptive control,” AIAA Guid., Nav., and Contr. Conf., Portland,
OR, 2011.

[13] K. Kim, T. Yucelen, and A. J. Calise, “A parameter dependent Riccati
equation approach to output feedback adaptive control,” AIAA Guid.,
Nav., and Contr. Conf., Portland, OR, 2011.

[14] J. E. Potter, “Matrix quadratic solutions,” SIAM J. on Appl. Math.,
vol. 14, pp. 496-501, 1966.

[15] J. Doyle, K. Glover, P. Khargonekar, and B. Francis, “State-space
solutions to standard H2 and Ho problems,” IEEE Trans. on Autom.
Contr., vol 34, pp. 831-847, 1989.

[16] D. S. Bernstein, Matrix mathematics: Theory, facts, and formulas,
2nd edition. Princeton, NJ: Princeton Univ. Press, 2009.

1109



