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A Least Squares Approach to Direct Frequency Response Estimation

Per Higg, Hakan Hjalmarsson and Bo Wahlberg

Abstract— Traditionally, the frequency response function has
been estimated directly by dividing the discrete Fourier trans-
forms of the output and the input of the system. This approach
suffers from leakage errors and noise sensitivity. Lately these
errors have been studied in detail. The main observation is that
the error has a smooth frequency characteristic that is highly
structured. The recently proposed local polynomial method uses
this smoothness, and tries to estimate the frequency response
function along with a smooth approximation of the error term.
In this paper we propose a method, closely related to the local
polynomial method, but instead of using the smoothness of the
error we explore the structure even further.

The proposed approach to estimate the frequency response
function seems promising, as illustrated by simulations and
comparison with current state of the art methods.

I. INTRODUCTION

In most system identification problems, the goal is to
estimate a parametric model of a system from input and
output data. It is, however, common to first identify a
non-parametric model of the frequency response function
(FRF) of the system to get a feel for the complexity of
the problem at hand. Frequency response functions have, of
course, many other applications and are used intensively in
many engineering fields, for example in audio applications,
power systems and vibration analysis.

Traditionally the estimate has been calculated with the
empirical transfer function estimate (ETFE) [1], [2], i.e,
directly use the discrete Fourier transform. This approach
has however some well known inherent drawbacks. Due
to finite-length data record and non-periodic signals the
estimates suffer from leakage errors, frequency content at one
frequency "leaks" into the neighboring frequencies. Also, as
there is no data compression, the estimate suffers from noise
sensitivity.

One way to cope with these problems is to window the
data with some window function [3]. This smoothes the
frequency response function over neighboring frequencies.
This gives, however, rise to interpolation errors.

In recent years, this leakage error has been studied in
detail. The main observation is that the leakage error is
highly structured with a smooth frequency characteristic [4],
[5]. This smoothness of the error is used in the recently pro-
posed local polynomial method [6], where it is approximated
with a truncated Taylor series expansion. A least squares
problem is formed and the FRF together with the Taylor
series coefficients are estimated. The problem is then solved
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locally in every frequency, estimating new Taylor coefficients
for every local least squares problem. This approach has been
shown to be superior over window methods [6].

The main contribution of this paper is to develop a new
method of identifying the FRF of linear systems. It is
closely related to the local polynomial method but the main
difference is that it uses the fact that the structure of the
leakage error is known. Exploring this insight leads to one
large least squares problem instead of many local problems.
By way of extensive simulations we show that this is a
promising approach.

The outline of the paper is as follows. In Section II we
will generalize the transient error term. The generalization
is then used to set up a regression problem in Section III.
Section IV compares the proposed method with the related
local polynomial method. A numerically efficient way to
solve the regression problem is shown in Section V. The
performance of the method is verified through simulations
in Section VI, while Section VII concludes the paper.

II. GENERALIZATION OF TRANSIENT TERM
Consider the asymptotically stable linear MIMO system

Tt41 A.l?t =+ But (1)
yr = Cay
where the inputs and outputs are u; € R™* and y; € R™v.
The initial state of the system is zg.
If we have N samples of the input and output of system
(1) then applying the N-point DFT

1 & ,
A = — —jwt
~N(w) Wi ;ZO zi€
gives [5]
YN (wk) = G(QJWk)UN (Wk) + — NT(CJ(U’“) (2)

where

T(e9r) = eIk C (eI T — A)~ YT — AN) (o — zp)
N-1
zp =T —AN)"' > " A'Bu(N —1-1).
t=0

where z, is the initial state that would lead to a periodic
output, i.e, £y = x,. This expression is valid for the
frequencies wg = %, k=20,...,N — 1. The extra term
T (e7“*) is zero for periodic signals. See [5] for more details.

A generalization of this expression that is valid for all

frequencies w is given in the following lemma:

Lemma 1 (Generalization of transient term): Suppose
that both the N samples of the input and output of the
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system (1) are zero-padded with 2JN zeros, with J an
integer. Then the relation between the N. = (2J 4+ 1)N-
point DFT of the zero-padded input, Uy, (w), and output,

Yy, (w), is

1— e*ij
Y, (w) = ———% ()

VN
3

where Y is the DFT of the transient due to the fact that
To # Tp, Le.,

Go(e’*)Un, (w) + Y (w) +

tra
YN

tra 7]wk
s Y
= CA* ( Zo —xp)

Rnyxl

and

Z y:D —jwk

yp = C’Akxp e Rwx!

is just the Discrete-Time Fourier Transform (DTFT) of the
system response when x(0) = z, and u = 0.
Proof: See Appendix L. [ ]
The expression (3) is, unlike (2), valid for all frequencies
w. It collapses to (2) for w = 27k/N,k=0,1,2,....

III. ESTIMATION OF FREQUENCY RESPONSE FUNCTION

In this section we use the generalized expression for the
transient term to form a regression problem to estimate the
frequency response function.

A. Regression problem

We start by looking at the relation between Go(e/) and
Gy (e?®) for two given frequencies w and &. The difference
can be expressed as

Go(ej“’) — Go(ej‘:’)

_ZCAk e —jw(k+1) ZCAk e —jw(k+1)
k=0 k=0

_ Z C AR B(eiw 1) _ g=im i)y “)
k=0

o0
= ngsﬁk(w@)
k=1

where g, = CA*"'B € R™w*™ k = 1,2,... are the

impulse response coefficients of the system and ¢ (w,w) =
efjwk _ e*jd)k.

Inserting (4) into (3) gives
Y, (w) = <G0(6jw) + Z%%(%@) Un.(w)

k=1
1— e dwN

VN
= Go(e"*)Un, (W) + > _ grpr(w, @)Uy, (w)

k=1

E tra 7]0.)]{)

+ YV (w) + Yp(w)

(&)

Z

JwN

Zyk 7]wk.

1—e

We want to use (5) to form a regression problem. The

goal is to estimate Go(e/*) for the frequencies w = 22,
s =20,...,N —1 and hence it is natural to set

_ A 2TS

W =Wws,0 = T

If we use (5) directly to set up the regression problem we
would have to estimate infinitely many terms G(e/“=),
yire, yb and gj from finite data. Thus we have to make
some approximations.

The terms in the sums y}* = CA*(zo—x,), yh = CA*z,
and g, = CA*~1 B all tends to zero when k tends to infinity
since we have assumed an asymptotically stable system.
Therefore the sums are approximated with the following
truncations

ni—1

\/_Zy

tra 7]0.)]{) tra 7]wk

tra
YN

_\/_Zy

Zy e —jwk Zyp —jwk

Z Jrpr(w, ) & Z grpr(w, ).
k=1 k=1

Finally it has to be decided for which frequencies the
regression problem will be set up in. We will use the 2L
neighboring frequencies to wy o, i.e.,

27
2J+1)N
where J is the over-sampling factor. The number of neigh-
boring frequencies L is a design parameter and has to be
chosen by the user.

With these approximations the regression problem be-
comes

w=ws = (2J+Ds+1),l=—L,...L

Y, (ws 1) = Go(ws,0)Un, (ws,1)
ni—1

Zy e Iws ik

1—6 jwsaN T2

+—— Z yhe Iwsik (6)

n3

+ Z 9Pk (Ws,1, ws,0)UN, (ws,1),
k=1

l=—L,.. L

By letting s = 0,...,N — 1, (2L + )N equatlons in the
N +nq1 +ng +n3 unknowns {Go(wso}g 0 , A{yire Z;Bl,
{yPyr2" and {gx}7y2, are obtained. Solving this least
squares problem gives estimates of all aforementioned vari-
ables; in particular the estimate of the entire frequency
response is obtained.

B. Choosing parameter values

The performance of the method is highly dependent on the
values of the design parameters n1, ne, ns, L and J. These
values have to be chosen by the user. At present, it is hard
to give any general rules on how to chose the parameters.
Instead we will try to deduce some rules of thumb.
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First we take a look at n1, no and n3 which are the number
of parameters that are estimated in y!"* = CA*(z¢ — z),
yi = CAFz, and g, = C A1 B respectively. We see that
all three terms decays as A*. Hence it is natural to assume
that the number of terms that should be included in the esti-
mation is about the same. Thus n; = no = nz = n could be
a reasonable choice. For systems where the impulse response
decreases quickly (A" decreases quickly) compared to the
number of samples N, n could be chosen "small" compared
to N and vice versa for systems with long impulse responses.
Based on extensive, but not exhaustive, simulations a choice
of the parameters that gives good performance in many cases
is ny = ng = ng = 20, J = 1 and L = 10. These values
should be seen as a rule of thumb as the optimal parameter
values are case dependent.

IV. COMPARISON WITH LOCAL POLYNOMIAL METHOD

The presented method is very much inspired by the local
polynomial method presented and analyzed in a series of pa-
pers [6], [7], [8]. We highlight some of the main differences
between the methods.

e The local polynomial method uses the fact that the
transient term is smooth and approximates it with a
Taylor series expansion. The proposed method instead
explores the structure (3) of the transient term when
making the approximation.

o The same "surplus" variables {yf7e}i ot {yP1r2 !
and {gx},?, are used for all frequencies. This leads
to a large least squares problem as shown before. The
local polynomial method uses different parameters for
all frequencies and can hence be solved locally. This
leads to a small least square problem in each frequency.
By using the same parameters for all frequencies it
should be possible to decrease the noise induced error
at a cost of increased computational complexity.

V. EFFICIENT COMPUTATIONS

The least squares problem previously showed has (2L +
1)N equations and N + nj + ng + ng unknowns. Even
for modest N, ni, no and ns the direct solution becomes
computational prohibitive. The problem has, however, a
special structure that can be explored.

The regressor (6) can be written as

Y =0,G + ®50
where

[V, (wk,—1)

Y, = c C(2L+1)><ny
| Yn.(wk,z)
C Y,

Y = . c C(2L+1)N><ny
| YN-1
I GQ(B?WU'O)

I R .
Go(ejo:w—l,o)

and ®; is a regressor matrix, ¢ contains the "surplus-
variables" with the corresponding regressor matrix ® 5. The
complete expressions for the matrices are given in Ap-
pendix II.

This is a block angular least squares problem. Numerous
methods exploiting this special structure of the problem
has been proposed, see for example [9]. Here we will
use orthogonal transformations to solve the problem more
efficiently. We start by making the orthogonal decomposition

Dy = 0 + 04
where <I>§- is orthogonal to both ®; and <I>H, ie.,
Dy = (I — &1(2D1) ' @F) P,
= Diag{(I — Up(UyU) " *U})} @2
(I = Uo(UgUo)~'Ug)®Y @)

(I = Un-1(Ux 1 Un-1) UK 1)@
This gives
Y = ,G + d)0 + 05 0.
Multiplying both sides with (®5)* yields
(B3)7Y = (23)" 21 G + (93)° 90+ (B5) 850
—— N——
=0 =0 @)
= () P2 0.
Now a least squares estimate 6 of 6 can be calculated

from (8). Finally the least squares estimate G of G can be
computed as

G = (®5®,) ' ®IAY = Diag{(U;Uy)"*U; }JAY
(UzU,) 1 UEAY,

_ ©)
(UN_1Un-1)"'UN 1 AY N
where
AY,
AY = : LY — ®y0. (10)
AYn_1

To summarize, G defined in (9), can be calculated as

i) Compute the projections ®3 from (7). This corre-
sponds to calculating N matrix inversions (U;Uy) ™!
of size ny X ng,.

ii) Solve the system of n,(ni + na + ny,ns) linear equa-
tions (8) in the ny(ni + na + nyns) unknowns 4.

ii) Compute AY defined in (10).

iv) Compute G from (9). This involves inverting N ma-
trices of size 1, X n,.

VI. SIMULATION RESULTS

In this section the performance of the proposed method is
evaluated through simulations. The results are compared with
the current state of the art method to estimate the frequency
response function, the local polynomial method.
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A. Random systems

We start the comparison by apply the two methods to a
large amount of randomized linear systems. The input-output
relation for the simulated data is

Yyt = Go(q)ur + Ho(q)er

where vy, is the output, u, the input and e, is white Gaussian
noise. In each simulation both the system model, G ¢(q), and
the noise model H(q) are randomized with the MATLAB
command drss and then normalized to get H» norm equal to
one. Furthermore the order of the system, the order of the
noise model, the length of the sampled data sequence, N, and
the noise variance are independently randomized according
to Table 1.

TABLE I
SYSTEM PARAMETERS

Distribution
Uniform[1, 20]
Uniform|1, 20]

Uniform[50, 600]
Uniform[0, 1.5]
Normal(0, I)

Parameter
Order of system model G
Order of noise model H
Samples, N
Noise variance, Var e;
Initial state xg

The input is chosen as white Gaussian noise with unit
variance and new realizations of the noise and the input are
generated in each simulation.

The used settings are ny = ny =n3 =20, J =1and L =
10 for the proposed method and the recommended values [6]
R =2 and n = 3 for the local polynomial method. A total
of 4000 simulations are performed and the ratio between the
mean square errors (MSE)

c 27k 2

N—-1
1 v
MSE = — ;_0 ‘Go(ej ) G(k)

of the proposed method and the local polynomial method is
calculated after each simulation. A histogram of the ratios
is shown in Fig. 1. Values above 1 means that the local
polynomial method has a lower MSE and a value below
1 means that the proposed method has a lower MSE. It
is clearly seen that the proposed method in general gives
lower MSE with an average improvement of about a factor
9. In 98% of the simulations the proposed method performed
better.

The average time per iteration was 4.8 s for the proposed
method and 0.06 s for the local polynomial method. Hence
the gain in performance comes with a large increase of
computational complexity.

B. Resonant system

Here we study a single resonant system. The performance
will be compared to the local polynomial method and to the
Blackman-Tukey spectral analysis method [3].

Consider the continuous time system

2 2
Wi w3

82 4 28wis + w? * 82 4 28was + w3

where w; = 5, wy = 3w and € = 0.1. The system is sampled
with sampling period T's = 0.1.

Go(s) =

0.02
0.015}::
.
[S)
g o
q?; 0.01-
3
0.005}

0 -3 -2 -1 0 :

10 10 10 10 10

MSE ratio
Fig. 1. Histogram of the ratio between the MSE of the proposed method

and the local polynomial method for the 4000 simulations.

Again the input is chosen as white Gaussian noise with
unit variance and the output of the system is disturbed with
white Gaussian noise with variance \.. The estimation error
will be assessed via Monte-Carlo simulations where new
realizations of both the noise and the input are generated.

The used settings are the recommended n1 = ny = ng =
20, L = 10 and J = 1 for the proposed method and R =
2 and n = 3 for the local polynomial method. N = 100
samples are collected of the output. A Hann window is used
in the Blackman-Tukey method. A good window width for
this case is found to be 45 lags.

Fig. 2 shows |Go(e/*)| together with the mean of the
estimation errors over 500 Monte Carlo simulations in the
noise free case (A, = 0) for both the new method and
the local polynomial method. The used parameters are not
optimal for this problem. By means of a search in the
parameter space the values n; = no =ng = 36, J =1 and
L = 30 are found to give good performance for this system
and noise setting. The resulting mean over the estimation
error, for this setting, is also shown in Fig. 2.

The MSE is 0.31 for the new method, 0.57 for the
local polynomial method and 0.66 for the Blackman-Tukey
method. The "best" parameters for the proposed method yield
a MSE of 0.08.

Fig. 3 shows the result under the same conditions as
before, save for that the noise variance is A, = 0.3. This
gives a MSE of 0.44 for the new method, 1.09 for the
local polynomial method and 0.77 for the Blackman-Tukey
method. The parameters n; = 31, no = ns =25, J =1 and
L = 34 yield a MSE of 0.34. For this setup the average time
per iteration was 0.5 s for the proposed method and 8- 10 ~6
s for the local polynomial method, respectively.

The experiments are repeated, but this time with a uni-
formly distributed white input signal with unit variance. No
significant difference in the results with this input signal is
observed.

VII. CONCLUSIONS

We have introduced a new method of identifying the fre-
quency response function of a linear multiple input multiple
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Fig. 2. Mean of the estimation error for the noise free case for the proposed
method with recommended parameters ( ), for the proposed method
with "best" parameters (—[J—) and the local polynomial method (— * —).
True frequency response Go(e?*) is shown as (— o —).
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Fig. 3. Mean of the estimation error with noise for the proposed method

( —) and the local polynomial method (—*—). True frequency response
Go(e?%) is shown as (— o —).

output system. The method is closely related to the local
polynomial method [6]. The difference is that instead of a
polynomial approximation the structure of the problem is
exploited. Oversampling or zero padding is also used, it is
however, not fully understood why this gives better estimates.

The performance of the method was evaluated through
numerical simulations. It shows promising performance com-
pared to current state of the art methods for estimating
the frequency response function. However, a thorough the-
oretical analysis of the method has to be done to verify
the performance and to gain more insight into the method.
From this theoretical analysis it might be possible to get a
better understanding on how the parameter values should be
chosen.
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APPENDIX I
PROOF OF GENERALIZED TRANSIENT TERM

Proof: 1If the sequence of N samples of the output y;
is zero padded with 2J N zeros then the zero padded signal,
y7 can be expressed as

Z __ 5 p
Y =Yt — YN (11)
where ¢, is the output of the system when the input w4, zero
padded with 2J zeros, is used and yi n 1s defined as

CAtiL'N t>0
D _ =
i={" 120 a2

The signal y} is hence the transient that stems from the
nonzero state of the system at time N. See Fig. 4 for a
sketch of the signals.

Yt '
Y 1
~
~ 2 |
yi ~l~‘~,t_
N (2J +1)N

Fig. 4. Relationship between the signals for the zero padded output.

Computing the N, = (2J + 1)N-point DFT of the zero-
padded output (11) yields

Y. () = Go(e)Un. () + Vi () ~ Y, ()
The term
VA (@) = (T = A)7 (1 = AV — a3,
x, =(I - ANYTEAN=N (1 — ANz,

is just the transient term from [5] for the zero padded signal
Yt
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The third term is the DFT of yf_ N» (12), ie, The third term of (13) can be rewritten as

1_ —ij . .
O~ A

- N.—1
1 VN
P _ jwt t—N jwt
. z; vt T VUN £ Z CA™ e an 1— eIl & k jwk
t= = CA I
N.—N-—1 VN Z Tpt
={s=t—N} = LC’ Z AsemiwseIoN g N kooo
Y — o
, \/N par _ 1 1—e /%" yke —juwk
— _ejwc(ejwl—_ A)—l(e—ijI _ ANE_N)Q:N.
N Al—e J‘*’N
= Yy (w).

VN

We see that (13) is independent of the oversampling factor
J. The factor J can hence be chosen arbitrary large and the

The state of the system at time N can be expressed as

xy =AY xo+ (I — AN )Tp. frequency resolution could be made arbitrary small. Hence
the expression is valid for all w. [ ]
Combining the above equations give APPENDIX II

MATRICES FOR THE REGRESSOR PROBLEM
Y, () = Go(e*)Un, (w) + YN (w) =YY, (w)

ruT
UNe (@k,—L)

= GO(ejw)UNe (w) Uy = : € gL+ Xny
1 . . .
+ ——=eIC (T — AT — AN (zg — 2¢ L UNe (@k,L)
\/N ( ) ( )( 0 p) e 0 .
_ ejwc(eij _ A)fl(efinI _ ANefN)xN . (:’ U:1 l:) € CRLHADNxnuN
| L 1 EET
= Go(')Un, (w)—=e’“C(e’T — A)~ M (yhra)T 7
e N &
X ((I — ANE)a:O — ANFN(I — AN)xp <ynl DT
whHT
. _ 9 — c C(7L1+7L2+nun3)X'rLy
(T AN 4 (1 A, .
Yng—1
= Go(e™)Un, () &
1 . . . .
+ —=eYC(e’“T — AT - eiijAN)(xO — Zp)+ oF
N 1 ’ e Ik, —L e IwWk,—L(n1—1)
L— e IO g 1 VN e e N -y
TGJ C(ej I—A) Tp- _—— \/;N e %L‘H e k’_j%l 1
(13) | : :
1 e TIWE, L c—dwk, L (n1—1)
The second term of (13) can be rewritten as e LD xn
[1-e 99k, —LN 1 o TIk LN j(ny 1wy
1 . . VN v ©
——eI O (eI — A)THI — e TN AN ) (g — ) T2 = : :
V N 1 17673.“’7«,LN 1767]“k,—LN e_j("2_1)“’k,L
o _ L VN VN
— \/—NC(I — Ae )T — e TN AN ) (29 — 1) C gL s "
N-1 [e1(wr, —1-wk,0 UK, @k, L)
—{(I—T)I(I—TN)— ZTk} Wy 5 = :
k=0 L ‘Pl(wk,L:wk,O)qu\;e(“’k,L)
N-1 . “’"3(wk,—L:wk,O)Uge(“’k,fL)
— C Z e—dwk gk (ajo — a:p) : € gL+ xnung
k=0 wn3(wk,L,wk,o)U£‘, (Wi, L)
N-1 )

¥o,1 ¥o,2 ¥o,3

CA*(xg — xp)e IeF

Py =

I
o

YN-_1,1 ¥N-1,2 ¥YN-13
€ ¢RLADNX(ny+natnyung)

2
A

eraefjwk L Y]f[ra (w)

N

=~
Il
o
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