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Abstract— A feedback controller design which guarantees
both finite-time boundedness and H,, attenuation for a class of
nonlinear systems with conic type nonlinearities and additive
disturbances is presented. Conditions which guarantee the
existence of a robust state-feedback controller for maintaining
a bound on the transient response and satisfying an H,, bound
in the steady state for this class of systems are derived. A
solution for the controller gain is obtained through the
application of linear matrix inequality techniques. The
controller developed is robust for all nonlinearities satisfying
the conic inequality and all admissible disturbances. We
conclude the paper with a numerical example illustrating the
applicability of the controller design.

I. INTRODUCTION

YAPUNOV Asymptotic Stability, LAS, allows for the

analysis of the behavior of a dynamical system over an
infinite time interval. However, there are several
applications where it is desired to maintain the state of a
system within a prescribed region in its space over a fixed
finite-time interval. Moreover, for example in vehicle
maneuvering applications, the sole interest is in the behavior
of the given system over a specified finite-time interval.
Therefore, the concept of Finite-Time Stability was
introduced [1], [2].

A system is said to be Finite-Time Stable, FTS, if, for
any initial condition lying within a prescribed bounded
region in the state space, the state of the system does not
exceed a specified threshold over a finite-time interval. It is
necessary to note that LAS and FTS are two independent
concepts. A system which is LAS may not be FTS and vice
versa. Another concept which is an extension to that of FTS
is Finite-Time Boundedness, FTB. A system with additive
disturbances is said to be Finite-Time Bounded, FTB, if,
given the dynamics of the disturbances and an initial bound
on their state, the system remains FTS for all the admissible
disturbances [3].

Various finite-time controller design results can be found
in the literature related to this field. Nevertheless, most of
these results apply to linear systems. For instance, in [3], the
authors present the design of a robust finite-time controller
of continuous linear systems with polytopic uncertainties.
Furthermore, in [3] and [5]-[7], several variations of the
problem of FTS and finite-time control of linear systems are
considered. However, to the best of our knowledge, the
study of FTS and stabilization of nonlinear systems is rarely
addressed in the literature. The authors in [8] consider
nonlinear systems that are hybrid and stochastic. Other
works have studied the FTS and stabilization of nonlinear
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quadratic systems [9]. Furthermore, in [10], the stabilization
of a class of uncertain nonlinear systems with time-delay is
presented.

In this paper, a finite-time state-feedback controller design
for a class of discrete-time nonlinear systems with conic type
nonlinearities and additive disturbances is considered. In
fact, the work presented here is applicable to all nonlinear
systems which are locally Lipschitz [11]. Moreover, the
controller developed is designed to also satisfy the H,
performance criterion. Thus, with such a controller, we are
able to guarantee a bounded response with a prescribed
bound during the transient time and also guarantee that the
energy of the system of the performance output remains
below a given value in the steady state, despite the presence
of disturbances, due to the H, property of the controller.
Conditions under which the closed loop system satisfies both
FTB and H, performance criterion are derived. The
controller gain is solved for via Linear Matrix Inequality,
LMLI, techniques.

The paper is divided into 5 sections. Next, we introduce
the system model and control problem. In section 3, we
recall the basic definitions of FTB and H.. In section 4, we
present the main results of the mixed finite-time and H,,
criteria control and derive the LMI conditions. In section 5, a
numerical example is presented to illustrate the applicability
of the results obtained.

The notation used in this paper is shown in Table I.

TABLEI
NOTATION
Notation Definition
XeR" An n-dimensional real vector
r_\2 Euclidean norm

[l = (")
( )T Matrix transpose
Ae R™" An mx n real matrix
A Inverse of matrix 4
A>0(4<0) A is a positive (negative) definite matrix
I Identity matrix of appropriate dimensions

A (A)( 2 (A)) Minimum (Maximum) eigenvalue of the
symmetric matrix A4
N, Set of nonnegative integers

wi €ly Wy, is a finite energy disturbance

0
where Z w;{ Wy <0
k=0
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II. SYSTEM MODEL AND CONTROL
Consider the following discrete-time nonlinear system:
Xert :f(xk’uk’wk):/[k (1)
where x, e W, — R"is the system state vector, u, € W, < R"

is the input vector, w, e, cR"is the disturbance input,
AeR"™, Be R",and F € R™" such that the domains ¥,

W, and W, are open and connected sets. In regard to the

m?

disturbance w, , the dynamical model of the disturbance is

assumed to be known. But since the H,, condition, or finite
energy condition, needs to be satisfied simultaneously,
asymptotically stable dynamics for the disturbance are
assumed.

Moreover, f,is assumed to be an unknown nonlinearity
whose dynamics have the following conic sector description:
"f,{ —(Axk + Bu, + Fw, )" < ”Cka +Du +Fow, " 2)
foralltime keN, x, eW, , u, eW,

n?o m?>

and, w, eW,.

Even though the nonlinearity fis assumed to be
unknown, we assume that it is possible for the matrices 4 |
B, F, C,, D, and F,to be known. The inequality
shown in (2) implies that the unknown nonlinearity lies in an
n-dimensional hypersphere whose center is the linear system
Ax, +Bu, + Fw, and whose radius is bounded by the right

hand side term of (2). So, all nonlinearities which are locally
continuously differentiable satisfy (2)
Also, given system (1), a linear state-feedback controller
u, = Kx, 3)
is considered where K € R™" is the controller gain. In the
following section, we recall the basic definition of
performance indices to be used.

III. DEFINITIONS

Generally, a system is said to be FTB, if the states of the
system do not exceed a given bound over a fixed time
interval and for all admissible disturbances. In this work, the
definitions stated in [3] are adopted here and are generalized
to include nonlinear systems.

Definition 1: (Finite-Time Boundedness)

System (1) is said to be finite-time bounded with respect to
(a,,a,,B,R,N)whereR>0,a,>0,0<a, <f,and

NeN,if
{ngxO <a’

T 2
wyw, <

W

= x| Rx < Vk=1,.,N

Definition 2: (H,, Property)

Consider system (1) with w,eL, and assume a

performance output z, such that

z, =C.x, +D.w,
where C, e R"" and D, e R™
The system is said to have H,, property with degree « if

o0

2
2=l
k=0 <
00

2
2w
k=0

where « is called the H,, bound.
Now, we proceed to present the main results of this paper.

“4)

a (5)

IV. MAIN RESULTS

The objective of this work is to find a robust state feedback
controller that will guarantee the FTB during the transient
period of the closed-loop system obtained from (1) and (3)
as long as the nonlinearity is within the hypersphere defined
by (2). Furthermore, it is desired that the obtained controller
satisfies the H, criterion. Therefore, first, the set of
conditions corresponding to the FTB property of the closed-
loop system are derived and, then, we proceed to derive
those relevant to the H,, criterion.

Consider the closed-loop system resulting from applying
controller (3) to system (1) and let

3. =/ —(4+BK)x, —Fw,:

Xy =(A+BK)x, +Fw, +3, (6)
where the disturbance input is described by
Wiy = O, (7

where |4,(®@)|<1for w, € L,.

Theorem 1: System (6)-(7) is FTB with respect to
(a,,a,,B,R,N) and satisfies the H.,, property if there exist

positive-definite matrices O, € R"" and Q, € R™", a matrix

Y € R™", and positive scalars y 21, b, «,and & such that

7O, 0 QA"+Y'B" QCI+Y'D] 0
0, QzFT QzFfT QZCDT
ok 0 -bl 0 0 [>0 (8)
* * * bll 0
* * * * Q2
—SR!
Q-0 O |50 ©)
0 0,-1
2, -N
s LT 50 (10)
a. +a,
0 0 QA4"+Y'B" QC;+Y'D] 0OC!
* al F' F/ D!
% 0,-bI 0 0 [>0 (11)
* * bl 0
* * * * I

3521



where * denotes the elements of the matrix that need to be
added to make the matrix symmetric. The controller gain is

givenby K =YQ, .
Proof of Theorem 1:

We start the proof with that of the conditions under which
the system is FTB.
Assume that x] Rx, <o’ , wlw, <a’, and that x Rx, < 3’
Vk =1,...,N .Consider the energy function,
Vi =x,Bx, +w, B, (12)
such that
Vk+1 < 7 Vk
where £>0,P, >0and y>1
Moreover, consider the inequality shown in (2) which can be
rewritten as follows:
~T ~ T
3,3, =< (A/.xk + F/.wk) (A/.xk + F/.wk)

where Af =Cf +D_/.K.

(13)

(14)

Substituting (12) into (13), then replacing x,,,and w,,, with
the equations of system (6)-(7), and applying Schur’s
complement [12] , the following matrix inequality is

obtained.
{hl; hn} { ch —3{3} (15)
by hy, -A3, 0
where
h, = 7(x1{1;;xk +WkTP2Wk)_W1{q)Tqu)Wks hy, =R,
and b, = ((4+BK)x, +Fw,) P,
For any b >0, it is true that
bfl/ZST ~ -
{ biep }[bl 23, b7R]20 (16)
which can be rewritten as follows:
N ~T ~ =T
b33, 02 S 0 3, h (17)
0 bR -P3, 0

Using (17), the following is a sufficient condition for (15):

thl | [B3is 0 (18)

hlZ h22 0 b1P12
Moreover, based on (14), (18) will still be satisfied if the
following inequality holds.

_ T
by =07 (Apx + Fow ) (A + Fyw, ) hy,
h1T2 hzz _blpl2
Now, apply Schur’s complement to (19) to obtain
_ T
by =b (Ayx, + Fow,) (A,x, +Fw,)

]>0(19)

R (20)
_hl2 (hzz _bIPI ) hlz >0

and
hyy =B B* >0 1)
Substitute the expressions of %, A, , and %,, in (20) and

then rearrange the obtained expression in a quadratic format
as shown in (22).

|:xT WT:' d, dy, | x >0
‘ ‘ lez dy || W

whete d, = 7B b A}, ~ ATR(R =) BA.,

(22)

d,=-A"P(R-bP?) RF-b'A'F,, and

dy, = yP,~®' PO -b'F F,~F'B(R-bP*) RF

T
12 22

d, d
Inequality (22) implies that matrix { ! 12} >0, which

can be rewritten as
{7131 —b Ay 4,

—b AL F,
_bl_lFfT 4,

7B, —® RO-b'F'F
2 2 1 Ll (23)

ALTE 2\7!
~| i p ((R=BE) [RA. RF]>0
1
By applying Schur’s complement to (23), we obtain
yB—b474, ~b'AJF, AR
h'F4, yR-®'RO-b'FF, F'R
B4, BE R-bF’
where 4, =A+BK .
Note that if inequality (24) is satisfied, condition (21)
implicitly holds too since it appears as one of the diagonal
elements of (24). Therefore, it is redundant to include it as
one of the conditions for the existence of the controller

>0 (24)

designed.
Now, pre and post multiply (24) by
P 0 0
o B' 0 (25)
0o o B’

and, again, apply Schur’s complement to the resulting matrix
after rearranging it in an appropriate form. We, then, obtain
the following inequality:

28 0 R4l R'4]
0 yBR'-B'O'ROR' P'FT PF]

AP FP P'—bI 0 >0(26)
et 2 [

4R F,B;' 0 bl

Apply similar manipulations as before to (26) , let O, =B
andQ, =P, substitute the expressions of A, and 4., let

Y = KQ, ,and condition (8) is obtained.

Now, we proceed to show the derivation of conditions (9)
and (10).

Applying (13) iteratively and knowing thaty >1, we
obtain the following:
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v <y, @7)
Replace V,and V,with their corresponding expressions
based on (12) and since x{ Bx, < x; Bx, +w, Bw, , then
(28)

After introducing R'>R"*to the left and right hand side of
P and expressing the right hand side of the inequality in a

x, Bx, <y" (ng{xo +W0TP2W0)

quadratic form, (28) can be rewritten as
szl/ZR—l/ZPlR—l/ZRl/Zxk <

7N |:ng1/2 WOT:| RimPlRil/2 0 Rl/zxo (29)
0 R, Wo

Recall Rayleigh’s inequality which states that given Q >0
then A (Q)x/x, <x/Qx, <4, (Q)x/x.is true. Now,
applying Rayleigh’s inequality and the bounds on the initial
state of the system and the disturbance input to (29), we
obtain the following inequality:

A (R-”ZRR'”)x[ka <

R'2pR™"? (3())
7™ A ﬂ ] 0 D(af +a)
0 P )

2

In order for x{Qx, < 8 to be satisfied then

R—I/ZPR—I/Z 0
A’max 1 <
o B

must hold.
Let5™" > 0 such that

2, -N
Er__;,

(az " az) - (R—I/ZPIR—IQ ) (3 1)

-112 p p-1/2
Ao HR ISR 2D<51 (32)
2
and
2 -N
5 < By . lmin(Rfl/zlefl/z) (33)

(af + aw)
Then, conditions (9) and (10) can be derived from (32) and
(33) respectively through basic algebraic manipulations.

Now, we go on to prove the condition under which the state-
feedback linear controller satisfies the H,, criterion.
Consider the closed loop system (6)-(7). Moreover,
consider the performance index:
Vi =V!+zlz, —aw/w, <0 (34)
where
V!=x]Px, (35)
where A, >0and z, is given by (4).
Substituting (35) in (34), then replacing x,,, with the

equation of system (6), and applying Schur’s complement,

we obtain the following inequality.
|:g1T1 g12}>|: 0, _SZP1:| (36)
8n &x» -B3, 0

where

En = x:Plxk + aWkTWk _Zkrzk’ 8»=AH, and

En = (Acxk + Fw, )T A

Using (17) and (14), the following is a sufficient condition
for (36).

|:g11 _bl_l(A./'xk +Fw, )T(Aka +Ffwk) & >0 (37)

g1T2 En _bl})]z

Applying Schur’s complement to (37), the following two
conditions are obtained :

gn —bl’1 (Aka +Fw, )T (A/.xk +F/.wk)

2\ 7 (38)
— & (gzz_blpl ) 8,>0

and

g, —bPB >0 (39)
Substitute the expressions of g,,, g,, and g,, and the
expression of z, shown in (4) in (38), and then rearrange the
obtained expression into a quadratic form as shown in (40)

T

Sy S || x

T T 11 12 k
[xk wa|: r } . >0

Sn Sy || w

where s, =B —CIC.~b'A]d, - A'R,(R-hR )P4, ,

4

(40)

s, =~CID,~b' 4] A, ~ A'B (R ~bR*)RF ,and
Sy = _DzTDz _ble}‘TF/' _FTPI (Pl _b1P12 )PIF +al

T

Inequality (40) implies that the matrix {S” 512} > 0 which
S Sy

can be rewritten as follows
{R ~Cl'C. b 4] 4,

~C'D, b ALF,
-DIC.bF 4,

-D!'D, —bl"FfTF/. +al

] | (1)
A R -1

{F'TPIJ(P] ~bP’) [R4. RF]>0
Apply Schur’s complement to (41) and pre and post multiply
the obtained matrix by

(R0 o
0 [ 0 |toobtain the following condition.
0o o P
'R'-pR'ClcR' -R'CID. R4
-D'c.p’! -D'D.+al  F"
AP F P ' -bl
) (42)
R4
| FF (e[ 4,R" F, 0]>0
0

Note that condition (39) is implicitly satisfied when (42)
holds. Therefore, it would be redundant to add (39) to the set
of conditions under which the controller exists.
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Again, apply Schur’s complement to (42) and rearrange the
result obtained so that it would have the following form:

' 0 R'4Al R'4]
0 af F" F/
AP F PB'-pI 0
AR F, 0 I
‘ (43)
e
D! .
1y (n[c.r' D. 0 0]>0
0

After applying Schur’s complement to (43) and substituting
for A4,and A with their corresponding expressions, let
QO =P'and Y =KQ,in order to obtain condition (11).
Thus, the proof of theorem 1 is concluded.

Given («,,a,,f,R,N)and a nonlinear system satisfying
a conic inequality as in (2), conditions (8) through (11)
represent a set of LMIs when the value of y is fixed. Thus,
the problem is transformed into a feasibility problem which
can be used to solve for the unknowns Q,, Q,, ¥, b, o,
and « . The controller gain is K =YQ,'. A numerical

example is presented in the following section to demonstrate
the applicability of the design criterion developed.

V. NUMERICAL EXAMPLE

Consider the following open loop discretized state-space
model corresponding to Chua’s circuit [13]:

Xy =1=Tac(+b)x} + Tacx;

+0.5Ta.(a— b)(‘xllc + 1‘ - ‘x}‘ - 1‘) (44)

Xpyy =Txp +(1=T)xp + T}

X = =T Pcxi +(1=Tu)x
where x; is the i”" state variable, a.=9.1, B, =16.5811,
10=0.138083, a=—-13659, b=—0.7408 .

System (44) can be rewritten in a matrix form resembling
that of the class of nonlinear systems considered in the
design criteria with an added control and disturbance inputs.

X, = Ax, + Bu, + Fw, +3, (45)

where

1-Ta-(1+b) Ta, 0 2
A= T 1-T T |,B=T|5],

0 -Tp 1-Tu 4

X 1
X, = x,f F=T|1]|,

x; 1

0.5Ta_(a=b)(jxi +1|-|+ 1))

= 0
0

2
=

The disturbance input is of finite energy and with known
dynamics described by (7) where ® =0.9.

Since ‘x}{ +1‘—‘x,l( —1‘ < ‘2x}{‘ , then
2
313, <(Ta (a—b)x; ) (46)

Inequality (46) can be rewritten in the following form:

33 <(Cpxi +Dyuy +F, fWk)T (Cpxe + Dy + Fywy )

Ta,(a-b) 0 0 0 0
where Cr= 0 0 0|, Dy=|0 ,and Fp=|0].
0 0 0 0 0

Moreover, the weights in the performance output z,
shown in (4) are assigned asC, =[0.01 0.01 0.01] and

D, =001. Assume that o« ,=1.1, ¢«,=01, N=25,

T=005,R=1,w,=009,and x,=[0 -1.099 0]
Starting with a large value of S, we check for the

feasibility of the LMIs while varying the value of 7/710VGI'

the range (0,1]. If the LMIs are infeasible for all values of

v, we increase the value of f and check again; otherwise
the value of £ is decreased. For the given system and the set

of parameters considered, a solution for the controller gain is
found for 7 =1.0101 and £ =8.72 where

K =[-3.7078 -4.3354 -0.0003]. Moreover, the H,, bound

is found to be « =45.404.

In order to examine the FTB property of the closed-loop
system, the controller is applied for a time interval of length
N and then removed afterwards. On the other hand, the A,
property of the close-loop system is examined by constantly
applying the controller over time until the steady state is
reached. Fig. 1 shows the states of the system for the open
loop system, the system with finite-time control, and the
system with H, control. For a better grasp of the
performance of the controller designed, the norm of the state
vector is shown in Fig. 2 for the three different cases.
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the conditions into LMIs. The controller obtained is robust
for all nonlinearities satisfying the conic inequality and for
all admissible disturbances. A numerical example based on
Chua’s circuit is used to illustrate the applicability and
effectiveness of the control design proposed.

5 T T T T T T T T
i i i i i i i j

I I I I |

I I | T I
< 0 I I —_— L I I T I
ol I | | I I I I |
I | I I I I I I I
I I I I I I I I
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ﬁ | | | | | | |
A Ty
| | | | | | | | |
-2 1 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time [s]
10 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ (3]
| | | | | | | | |
EOL | | | | | | |
| | | | | | | |
o t————t L I I I I P
R0 ‘ ‘ \W“ [4]
| | | | | |
| | | | | | | | |
10 1 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 35 4 4.5 5 [5]
Time [s]
Fig. 1 State variables of the system for three different cases. Finite-time [6]
controller —— ). H,and FT controller —— ). Open Loop ( —
8 \ T T T T 7]
: Open-Loop System
7 - - = Finite-Time Controller
! H infinity and FT Controller [8]
= [9)
o
E
2
] [10]
[
o
g
B [11]
[12]
[13]

Tim-e [s]

Fig. 2 Progression of ka H over time for the three different cases

considered.

As seen in Fig.1 and Fig.2, when the controller is applied for
a finite-time and then removed, the state of the system is
maintained within the imposed bound during the transient
response and reverses to the open-loop case. That is, when
the controller is removed, the state of the system is defined
by the open loop system model as expected. On the other
hand, when the same controller is not removed after N=25
steps, the controller drives the state of the system to zero as
should be expected from an H, and FTB controller

satisfying the bound on the performance output norm.

VI. CONCLUSION

A finite-time state-feedback control design with an H,
property for a class of nonlinear systems with conic type

nonlinearities and additive disturbances is presented

Conditions under which the controller exists are derived. A
solution for the controller gain is obtained by transforming
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