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Frequency-Domain Stability Analysis of Retrospective-Cost Adaptive
Control for Systems with Unknown Nonminimum-Phase Zeros

Anthony M. D’Amato, E. Dogan Sumer, and Dennis S. Bernstein

Abstract— We develop a multi-input, multi-output direct
adaptive controller for discrete-time, possibly nonminimum-
phase, systems with unknown nonminimum-phase zeros. The
adaptive controller requires limited modeling information about
the system, specifically, Markov parameters from the control
input to the performance variables. Often, only a single Markov
parameter is required, even in the nonminimum-phase case.
We analysis the stability of the algorithm using a time-and-
frequency-domain approach. We demonstrate the algorithm on
disturbance-rejection problems, where the disturbance spectra
are unknown. This controller is based on a retrospective
performance objective, where the controller is updated using
either batch or recursive least squares.

I. INTRODUCTION
Unlike robust control, an adaptive controller is self-tuned

during operation. This tuning accounts for the actual—and
possibly changing—dynamics of the system as well as the
nature of the external signals, such as commands and distur-
bances. Adaptive control may also be required for systems
that are difficult to model due to unknown physics or due
to the inability to perform sufficiently accurate identification.
Adaptive control may depend on prior modeling information,
such as bounds on the model order and parameters, or it may
entail explicit on-line identification. These approaches are
known, respectively, as direct and indirect adaptive control.
The key issue then becomes the nature of the modeling
information required by the adaptive controller provided
either prior to or during operation.

In adaptive control, the controller is tuned to the actual
plant during operation. However, this ability comes at a
cost. Adaptive control algorithms may require restrictive
assumptions, such as full-state feedback, positive realness,
minimum-phase zeros, matched disturbances, as well as
information on the sign of the high frequency gain, relative
degree, or zero locations [1-4]. In particular, the starting
point for the present paper is the retrospective cost adaptive
control (RCAC) approach [5-8]. This direct adaptive control
approach is applicable to MIMO (output feedback) plants
that are possibly unstable and nonminimum phase (NMP)
with uncertain command and disturbance spectra. The mod-
eling information required by RCAC in [5-8] is the first
nonzero Markov parameter and locations of the NMP zeros,
if any. Alternatively, a collection of Markov parameters can
be used as long as a sufficient number is available to capture
the NMP zero locations.
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The present paper extends prior RCAC results by de-
scribing a modification of RCAC that does not require
knowledge of the locations of the NMP zeros. Instead, this
extension requires knowledge of a limited number of Markov
parameters; typically only one Markov parameter is needed.
The significant aspect of this extension is the fact that
knowledge of the NMP zeros is not needed. This extension
thus increases the applicability of the method to systems with
unknown NMP zeros, as well as systems with NMP zeros
that may be changing slowly due to aging or due to a slowly
varying linearization of a nonlinear plant.

The algorithm developed in the present paper is analased
using time-and-frequency-domain methods and is demon-
strated on a few SISO. In all cases, the number of Markov
parameters that are used is not sufficient to determine the
NMP zeros of the system. Consequently, these examples
demonstrate the ability to control MIMO NMP systems with
unknown NMP zeros.

II. PROBLEM FORMULATION
Consider the MIMO discrete-time system

z(k + 1) = Az(k) + Bu(k) + Diw(k), (1)
y(k) = Ca(k) + Daw(k), )
z(k) = Eraz(k) + Eqw(k), 3)

where z(k) € R", y(k) € Rlv, z(k) € R, u(k) € Rlv,
w(k) € R, and k > 0. Our goal is to develop an adaptive
output feedback controller that minimizes the performance
variable z in the presence of the exogenous signal w with
minimal modeling information about the dynamics and w.
The block diagram for (1)-(3) is shown in Figure 1, where

G(q) = [G.w(q) G.u(q)] and
z2(k) = Gow(@u(k) + Gou(q)u(k), (4)

where q is the forward-shift operator. Note that w can
represent either a command signal to be followed, an external
disturbance to be rejected, or both. The system (1)—(3)
can represent a sampled-data application arising from a
continuous-time system with sample and hold operations.

G
Real System
Feedback a !

Disturbance-rejection and command-following architecture.

Fig. 1.
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If D; = 0 and Ey # 0, then the objective is to have
the output E)z follow the command signal —FEpw. On the
other hand, if D1 # 0 and Ey = 0, then the objective is to
reject the disturbance w from the performance measurement
FE1x. Furthermore, if D1 = [ 151 0 ], Ey = [ 0 EO },
and w(k) = [ wi(k)" wa(k)T }T, then the objective is to
have Eyx follow the command —E()’U}Q while rejecting the
disturbance w;. Lastly, if D; and Ej are empty matrices,
then the objective is output stabilization, that is, convergence
of z to zero.

III. RETROSPECTIVE SURROGATE COST
For i > 1, define the Markov parameter of GG, given by

H, 2 B, A 'B. (5)

For example, H; = E1B and Hy = E1AB. Let r be a
positive integer. Then, for all k£ > r,

x(k)=A"x(k—r)+ Z A Bu(k — i)
i=1
+ ZAi—lDlw(k —i),  (6)
1=1
and thus
2(k) = By Az(k —r) + Y EyA"' Dyw(k — i)

i=1
+ Eow(k) + HU(k—1), (7)

where
AE[ H H, | e RExrl
and
u(k—1)
O(k—1)2 :
u(k —r)

Next, we rearrange the columns of H and the components
of U(k — 1) and partition the resulting matrix and vector so
that

HU(k—1)=HU(k-1)+HU(k - 1), )

where H' € RExlu=lv) H ¢ REXw U'(k - 1) €
R~ and U(k — 1) € R'. Then, we can rewrite (7)
as

2(k) =S(k) + HU(k — 1), )
where
S(k) = EiA"x(k—r) + Z E1 AT 'Diw(k — 1)

i=1

+ Eow(k) + H'U'(k—1).  (10)

Next, for j = 1,...,s, we rewrite (9) with a delay of &;
time steps, where 0 < k) < ky < --- < kg, in the form

2(k = kj) = Sj(k — kj) + H;Uj(k —k; — 1), (11)

where (10) becomes
Sij(k—k;) & ByA"z(k — k; — )

+Y B AT Diw(k — kj — i) + Eow(k — kj)
i=1

+ H;U;(k —k; — 1)
and (8) becomes
HU(k = kj = 1) = HUj(k = kj = 1) + H;U; (k = k; — 1),
(12)

where H; € Rz (rlu=lvy) H; € R=X1vs, Uj(k—k;j—1) €
R™ =, and Uik —kj —1) € R'Y . Now, by stacking
z(k—k1),...,z(k—ks), we define the extended performance

z(k —ky)
Z(k) 2 : € Ro:. (13)
z(k — ks)
Therefore,
Z(k) £ S(k) + HU(k — 1), (14)
where
Sy (k — k1)
S(k) 2 € RoL:, (15)
Sullk— k)
U(k — 1) has the form
u(k —q1)
Uk—1)2 : € Rlv, (16)
u(k = q)
where, for i = 1,...,l5, ki < ¢ < ks + 7, and

H e Re:=*!o is constructed according to the structure of
U(k — 1). The vector U(k — 1) is formed by stacking
Ui(k — k1 —1),...,Us(k — ks — 1) and removing copies
of repeated components.

Next, we define the surrogate performance

2k — k) 2 Sk — k) + H;U;(k—k; — 1), (17)

where the past controls U;(k — k; — 1) in (11) are replaced
by the surrogate controls U;(k — k; — 1). In analogy with
(13), the extended surrogate performance for (17) is defined
as

5k — k)
2(k) & : € Ré (18)
é(k - ks)
and thus is given by
Z(k) = S(k) + HU(k — 1), (19)

where the components ofﬁ' (k—1) € Rlo are the components
of Uy(k—ky —1),...,Us(k — ks — 1) ordered in the same

way as the components of U(k — 1). Subtracting (14) from
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(19) yields

Z(k) = Z(k) —HU(k — 1) + HU(k —1).  (20)

Finally, we define the retrospective cost function
JUE—1),k) 2 2T (k) R(K)Z(k), @1
where R(k) € R'***!=* is a positive-definite performance

weighting. The goal is to determine refined controls U (k —
1) that would have provided better performance than the
controls U (k) that were applied to the system. The refined

control values U (k—1) are subsequently used to update the
controller.

IV. CoST FUNCTION OPTIMIZATION WITH ADAPTIVE
REGULARIZATION

To ensure that (21) has a global minimizer, we consider
the regularized cost

J(O(k—1),k) 2 ZT(k)R(K) Z (k)
YU k- D)0k —1), (22
where 7(k) > 0. Substituting (20) into (22) yields
JO(k—1),k) = Uk — )TAK)T (K — 1)
+BE)U(k —1) +C(k), 23)
where
Alk) £ HYR(k)H + n(k)Il. , (24)
B(k) = 2HR(K)[Z (k) — HU (k — 1)), (25)
C(k) = Z" (W R(k)Z (k) 22" ()RR (k - 1)

+
h
H

(k = VYHTR(kYRU (k — (26)

)-
If either H has full column rank or (k) >0, then A(k) is
k

positive definite. In this case, J (U (k—1),
global minimizer

) has the unique

O(k—1) = —%A‘l(k)B(k).

V. CONTROLLER CONSTRUCTION

27)

The control u(k) is given by the strictly proper time-series
controller of order n. given by

k):iMi(k) k—i +ZN k — 1)

where, for all i = 1,...,n., M;(k) € Rl«Xlv and N;(k) €
R%*t  The control (28) can be expressed as

(28)

u(k) = 0(k)p(k — 1), (29)
where
(k) éuvu(k) - M, (k)
Ni(k) -+ Np (k)] € Rhxmelbatla) 0 30)

and

u(k —1)

y(k—1)

1>

€ Re(tutly),

Pk —1) (3D

y(k—ne) |

A. Recursive Least Squares Update of 0(k)

Let d be a positive integer such that U(k — 1) contains
u(k — d). Next, we define the cumulative cost function

k
TrOE) S ST N —d—1)07(i - 1)
i=d+1
—at(i—d)|?, (32)

where || - || is the Euclidean norm, and A(k) € (0, 1] is the

forgetting factor. Minimizing (32) yields

0T (k) 2 07 (k — 1) + B(k)P(k — gk —d — 1)
8T (k — )Pk — 1)g(k —d — 1) + A(k)] "
ot (k—d—1)0"(k—1)—a" (k—d)], (33)

where 3(k) is either 0 or 1. When (k) is 1, the controller
is allowed to adapt, when (k) is 0, the controller adaption
is off. The error covariance is updated by

P(k) = (1= B(k) Pk —1) + B()A (k)P (k — 1)
— BN (k) P(k = 1)p(k —d —1)
(@7 (k —d = 1)P(k — 1)é(k — d) + A(k)] 7!
pY(k—d—1)P(k—1). (34)

We initialize the error covariance matrix as P(0) = ~I,
where v > 0.

VI. STABILITY ANALYSIS
A. Conditions for Convergence of z(k) — Z(k) to Zero
Consider the retrospective system
(k4 1) = Az(k) + Bu(k) + Diw(k),
8(k) = By (k) + Eou(k),

(35)
(36)

which is obtained by replacing u(k) in (1) with 4(k). The
extended retrospective system is given by

— AX (k) + BU(k) + B'U' (k) + DyW (k)
(37)
(38)

X (k) e R, U (k—1) €

X(k+1)

Z(k) = E\X (k) + EqW (k),
where X (k) € R*", W (k) € Rs

Rlo’and
ik — ki) w(k — k)
L W(k) 2 . (39)

g@(k;ks) w(k._ks)
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u(k — q1)

) ﬁ/(k - 1) )
ulk—d,)

(40)

$(l€ — kl)
X (k) :
x(k — k)

A2, @AeRm™ ™ D 21, @D; € Rl Fy 2
Lo E € Rb>slo By 2 [, @ By € R and @
is the Kronecker product. The matrices B e R*"*!o and
B’ € Rs"*lo’ are block-row matrices with block entries B
and 0,7, such that

) Bi(k — ki)
(k) 4+ B'U' (k) =

o

B e R, (41

Bk — k)

where U’ (k) is formed by replacing the entries u(k — ¢}) of

U (k) by a(k — q}) fori=1,...,15.

The following result gives conditions under which Z (k) =
0.

Fact 6.1: Assume that H has full column rank, 7(k) =
0, R(k) = I, and Z(k) is in the range of H, and let U (k—1)
be given by (27). Then Z(k) = 0.

Proof. Since Z(k) is in the range of H, there exists Q €
R#!a such that Z (k) = HQ. Substituting (27) into (20) yields
Z(k) = Z(k) + H(HYH)"*HY (= Z(k) + HU) — HU

= Z(k) — H(H " H)""HT Z (k)
=HQ — H(H"H)"HTHQ = 0. O
The next result assumes that the recursive-least-squares

optimization yields u(k — d) — 4(k —d) — 0 as k — oo,
that is, 0(k)p(k —d — 1) — 4(k — d) — o0 as k — oc.

Fact 6.2: Assume that 0(k) is updated using (33) and
(34), and assume that §(k)p(k —d —1) —a(k —d) — 0 as
k — oo. Then z(k) — &(k) — 0 as k — oo.

Proof. It follows from (1) and (35) that

2(k —d+1)—#(k —d+1) = Bu(k — d) — Bi(k — d).
(42)

It follows from (29) that u(k — d) = 0(k — d)p(k —d — 1).
Defining g(k) 2 O(k)p(k—d—1) —a(k —d), (42) becomes
x(k—d+1)—&(k—d+1)

= B[0(k — d) — 0(k)|(k — d — 1) + Bg(k).

(43)

Since g(k) — 0 as k — oo, it follows from (33) that 6(k) —
O(k —1) — 0 as k — oo. It thus follows from (43) that
2(k—d+1)—2(k—d+1)—0as k— oo. O

In view of Fact 6.2, we assume henceforth that k is
sufficiently large that the difference between Z(k), a(k),
9(k), and 2(k) and x(k), u(k), y(k), and z(k), respectively,
is negligible. For convenience we set d = r. The following

analysis focuses on the subsequent behavior of &(k), a(k),
and Z(k), when n(k) =0 and R(k) = I.

B. Boundedness of the Internal State

Next, we introduce the ideal system performance

2 (k) = ByA"z* (k=) + Y Ey A" Dyw(k — i)
i=1
+ Eow(k) + H'U'(k — 1)+ HU*(k — 1),

where z*(k) is the state of the ideal system and U*(k — 1)
is defined analogously to U(k — 1), with u(k) replaced by
u*(k), where

(44)

(k) = 076" (k — 1), (45)
k-1 E [WwTk-1) - wTk—n)  @6)
yTk—1) - yTk-no)]", @D

and the ideal controller 6* is assumed to yield the ideal
performance

2*(k) = 0. (48)
Adding and subtracting Fy A" % (k—r) to and from (44) yields
2"(k)=S(k)+ E1A"e(k —r) + HU*(E—1), (49)
where S(k) is defined by (10) with x(k) replaced by Z(k),
and e(k) 2 z* (k) — (k).
The extended ideal system is given by
X*(k+41) = AX*(k) + BU*(k) + BU' (k) + D, W (k),
(50)
Z*(k) = S(k) + EYA"E(k — 1) + HU*(k — 1) =0,
(5D
where X*(k+ 1) and Z*(k) are defined in the same way as
X(k+1) and Z(k), E(k) £ X*(k) — X (k), and

~ A

U*(k) = [l ® 010" (k = 1), (52)

&) E[ ¢ T(k—q) Tk —a,) "

The goal is to drive the refined controls ﬁ(k—l) to U*(k—1)
to ensure that 6(k) — 6* — 0 as k — oo.

Next, subtracting (19) from (51) and solving for fJ (k—1)
yields

(53)

Uk —1) = HI[ELA"E(k — 1) + HU*(k — 1) + Z(k)],
(54)

where HIH = Ilf] and H is assumed to have full column
rank.

Under the assumptions of Fact 6.1, Z (k) = 0 and therefore
(54) reduces to

Uk-1)=HEAEFk-1)+U"(k—1). (55

Subtracting (37) from (50), and using (55) yields the error
dynamics

E(k) = (A— BH'E, A" E(k — 1). (56)
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Therefore, if A — BHIE A" is asymptotically stable, then
x(k) —2*(k) — 0 as k — oo. Furthermore, z(k) — z*(k) =
Eixz(k) — Era*(k) — 0 as k — oo. Since z*(k) =
Eyz*(k) = 0, it follows that z(k) — 0 as k — oo.

VII. REGULARIZED RETROSPECTIVE COST

We now let (k) > 0. In this case, choosing I:](k -
in (27) yields
Z(k) = Z(k) — HU(k — 1) + H(H" R(k)H + n(k)];, )~
-HYR(k)[~Z (k) + HU (k — 1)]). (57)
The following result is an extension of Fact 6.1, where we
no longer assume that n(k) = 0.
Fact 7.1: Assume that H has full column rank, Z(k)
is in the range of M for all k, u(k) —d(k) — 0 as k — oo,
and let U (k — 1) be given by (27). Then Z(k) — Z(k) — 0
as k — oo.
Proof. Since u(k) —a(k) — 0 as k — oo, it follows that

U(k) — U(k) — 0 as k — oo. Next, the retrospective cost
function is

1) as

Z(k) = Z(k) = H(U (k) = U(k)), (58)

therefore, Z(k) — Z(k) — 0 as k — oco. O

In view of Fact 7.1, we assume henceforth that k is
sufficiently large that the difference between Z(k), u(k),
9(k), and 2(k) and z(k), u(k), y(k), and z(k), respectively,
is negligible. For convenience we set d = r. The following
analysis focuses on the subsequent behavior of #(k) and
2(k), when n(k) > 0.

Substituting (27) into (37) yields

X (k) = AX (k) + B(HTR(kYH +n(k — 1)1;,))~*
HTR(k)[=Z (k) + HU(k — 1)) + B'U(k — 1)
+ DyW (k- 1), (59)
Z(k) = By X (k) + EoW (k). (60)

Next, we write the performance as

(k)= BLATX (k— 1)+ HU(k — 1) + H'U'(k — 1)
+ DA W (k —1). (61)
Substituting (61) into (59) yields
X (k) =[A~ B(H"R(kYH +n(k — 1)I,) "
HYR(K)EL A" X (k —1),+[D1 — B(H'R(k)H
+n(k — 1)L, ) "HTR(k)DA"IW (k — 1)
+[B - B(H'R(k)H
Ak — DI HEREYRT (k- 1). (62)

Therefore, it follows from (62) that if A— B(H™ R(k)H +
n(k — l)Ilﬁ)’lﬁTR(k)Elfir is asymptotically stable, then
X(k) and Z(k) are bounded. Furthermore, note that A —
B(H'R(k)H + n(k — )L, ) "HTR(K)E1 AT — A as
n(k) — oo

VIII. FREQUENCY-DOMAIN CONVERGENCE ANALYSIS
Let GFIR( be an FIR transfer function whose numerator

coefficients are the Markov parameters of G ,, that comprise
H. Furthermore, let the external signal w(k) be a sinusoid
whose frequency is ©.

Next, assume that A is asymptotically stable, and assume
that the system is turned on at £k = 1 and allowed to reach
harmonic steady state, which occurs at ky > k. Then for
0 < k; < ko, B(k;) = 0, and (ko) = 1. Furthermore,
B(ko + 1) = 0, where S(k) = 1, once the system has again
reached harmonic steady state.

Assume that H has full column rank, (k) — 0as z(k) —
0, R(k) = I, Z(k) is in the range of H, and let U (k— 1) be
given by (27). Furthermore, assume that u(k) — u(k) — 0
as k — oo and
Gou(e’®)

1 —ze\m )
’ Grir(e7°)

<1 (63)

Then z(k) — 0 as k — oo. To show this consider the
performance in harmonic steady state we have

2 = G (79w + Gou (¢79) iy, + Gou(€7)g,,  (64)

where z,,w, g, are phasors, and v = $(0) + - - - + 8(k), that
is, the number of times the controller #(k) has been allowed
to adapt, and g, e Uy — Uy.

Next, the retrospective cost in harmonic steady state is

2y 2 2,1 — Grr(e’®)uy_1 + Grir(e’®)ily,
Z, = sz(ej@)w =+ [qu(eje) — GFIR(GJG)]UU_l

(65)

+ Grir(e’ )Uu (66)
Solving (66) for u, yields
i, = Gpg (e79) (2, — G ()W =[Gy (e7)
—Grir(e’9)]u,] - (67)

Substituting (67) into (64) yields

=[1-G. (eJO)GFllR( N[ (¢ )w

— Gou(e”®)uy—1] + Gule 7®)GFIRZV + Gou(e)gy.
Using this process we write z,, in terms of ug as

= [1 = Gou(€®)Grin (7)) [Grw(e™)w

— Gou(e’ )UO] + 1[G (eje)Gl;IlR]Vél + G (6]9)9”'
(68)
It follows from (68) that
2] < |[1 = Gu(e’®)Grpp (¢°))"]
G (€72 w — Gu (7 )uo|
+Gu(@®)Grix|” 121 +|Gau(@®)gn] . (69)
Therefore, since ‘1 — % < 1, it follows that
10y |V
‘1 #(e]@)) — 0 as v — oo, then |2,| — 0 as h — oc.

Condition (63) has a simple geometric interpretation,
namely, Grr(e’®) must lie in a half plane that con-
tains G, (e’®) and whose boundary is perpendicular to
|G..(e79)| and passes through %|G.,(e’®)|. Figure 2 il-
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lustrates the region of admissible Grir(e’®) for a given
|G ...(e’®)| and frequency ©.

Fig. 2. The dashed region on the complex plane illustrates the region
of admissible Gryr(e?®) for a given |Gy (e?®)| and frequency © as
determined by (63). The admissible region is a half plane.

The above analysis is based on the assumption that the
state of the system reaches harmonic steady state after each
period of adaptation. This assumption is an approximation
invoked to facilitate the analysis. In fact, RCAC adapts at
each step, and thus the state does not reach harmonic state.
The examples in the next section show that this condition is
sufficient but not necessary, and thus provides a conservative
estimate of the allowable uncertainty that can be tolerated in
the FIR approximation error.

IX. NUMERICAL EXAMPLES

For the following numerical examples we use the recursive
least squares update (33) and (34). Furthermore, we consider
only the disturbance rejection problem, where Dy # 0, Dy =
0, and Eg = 0. We also choose (k) = 7j(k)ZT (k—1)Z(k—
1), where 7(k) is a nonnegative number for all k£ > 1.

Example 9.1: (SISO NMP) Consider the asymptotically
stable, nonminimum-phase system

1.7 —1.2 0.7 2
A= 1 0 0 ,B=| 0 |, (70)
0 0.5 0 0
0.9794 0.5 T
Dy =| —0265 |,C=FE;=| —1.25 . 1)
—0.5484 1

The goal is to reject the disturbance w(k) = sin(Zk). We
choose H = H, = 1, n. = 5, j(k) = 2, and v = 1.
Figure 3 shows the adaptive filter in closed loop with the
nonminimum-phase system. Note that the controller does not
have any knowledge of the nonminimum-phase zero.
Example 9.2: (SISO NMP) We consider the same plant
and disturbance as in Example 9.1. Furthermore we choose

o
Controller 6(k)

Performance z(k)

Control u(k)
Disturbance w(k)

-1

500
(© (d)

0 500
Fig. 3. For this example, the plant is SISO and nonminimum phase. We
choose H = Hy = 1, and 7j(k) = 2. (a) shows the performance z(k), (b)
shows the controller parameters 6(k), (c) shows the control signal wu(k),
and (d) shows the disturbance w(k).

Performance z(k)
o
Controller 6(k)

=}

Control u(k)

Disturbance w(k)

|
IR
o
3
3
L
o

500

Fig. 4. For this example, the plant is SISO and nonminimum phase. We
choose H = [—0.1076 — 0.8]T and 7(k) = 2. (a) shows the performance
z(k), (b) shows the controller parameters 6(k), (c) shows the control signal
u(k), and (d) shows the disturbance w(k).

the controller parameters as in Example 9.1. However, we
now assume that the 2"d and 6" Markov parameters are
known, and thus H = [—0.1076 — 0.8]. Figure 4 shows
the resulting closed-loop performance.

X. CONCLUSIONS

In this paper we extended the RCAC adaptive control
algorithm and investigated its ability to adaptively control
systems without knowledge of the nonminimum-phase zeros,
if any. A frequency-domain conditions that ensures stability
of the error system was derived. Furthermore, the algorithm
was demonstrated on several SISO examples. In all cases,
the number of Markov parameters that are used is not
sufficient to determine the nonminimum-phase zeros of the
system. Numerical examples showed that the frequency-
domain convergence analysis, which is based on a harmonic
steady-state assumption, is conservative. Future analysis will
refine this analysis to better reflect the robustness of RCAC
observed in the numerical examples.
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