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On computation of H_, norm for commensurate fractional order
systems

Lamine Fadiga, Christophe Farges, Jocelyn Sabatier and Mathieu Moze

Abstract— This paper tackles the problem of H-infinity (H..)
norm computation for a commensurate Fractional Order Sys-
tem (FOS). First, H., norm definition is given for FOS and
Hamiltonian matrix of a FOS is computed. Two methods based
on this Hamiltonian matrix are then proposed to compute the
FOS H. norm: one based on a dichotomy algorithm and
another one on LMI conditions. The LMI conditions are based
on the Generalized LMI characterization of axes in the complex
plane on which the Hamiltonian matrix eigenvalues must not
appear to ensure a FOS norm less than predefined value. The
accuracy of the proposed methods is proved on the computation
of the modulus margin of a CRONE passive car suspension.

I. INTRODUCTION

Many phenomena can be modeled with Fractional Order
Systems (FOS). Thus, several studies have been made on
FOS properties such as stability. Using pole location anal-
ysis [5] results have been obtained for commensurate FOS
stability. The most well known stability result is Matignon’s
criteria [15] which enables to test FOS stability through the
location of the state matrix eigenvalues in the complex plane.
In the sequel, some LMI-based results have been proposed
for commensurate FOS stability [12] [20] but several LMI-
based Integer Order Systems (IOS) results still need to be
extended to FOS.

LMIs have indeed many applications in control theory
since they can effectively express various problems arising
in that domain [7]. Moreover, compared with analytical
methods (such as Riccati equations for instance), LMI ap-
proach has better flexibility allowing to tackle complicated
robust control problems. One of the well known results for
evaluating an integer system H., norm using an LMI is the
Bounded Real Lemma [6]. This LMI allows both to test
system stability using Lyapunov theory and to determine an
upper bound for its H., norm.

Contrary to integer order systems very few results can
be found on FOS H,, norm computation [17]. For IOS,
most H., norm computation methods are based on Riccati
equations and their LMI counterparts. Generalization of
these methods to FOS is a tedious task given that they
simultaneously test the system stability and H., norm, and
that stability domain of FOS of order 0 < v < 1 is not
convex and thus not an LMI region. However Moze [17]
proposed important basis to compute an upper bound of a
FOS H, norm even if these results do not prove the system
stability.
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In this paper, another way is explored to compute FOS H
norm. First, H,, norm definition is given for FOS and Hamil-
tonian matrix of a FOS is computed. Two methods based on
this Hamiltonian matrix are then proposed to compute a FOS
H ., norm: one based on a dichotomy algorithm and another
one on LMI conditions. The LMI conditions are based on
the Generalized LMI characterization of two half axes in the
complex plane on which the Hamiltonian matrix eigenvalues
must not appear to ensure a FOS norm less than predefined
value. The accuracy of the proposed methods is proved on
the computation of the modulus margin of a CRONE car
suspension [18].

Notations: The transpose of a matrix A is denoted A7,
its conjugate A and its conjugate transpose A*. For Hermi-
tian matrices, > (>) denotes the Lowner partial order, i.e.
A > B iff A— B is (semi) positive definite. Laplace
transform of a transfer function G(jw) is written G(s) and
its Ho, norm is noted ||G(s) ...

II. FRACTIONAL ORDER SYSTEMS
A. LTI Commensurate Fractional Order Systems

In this paper are considered LTI commensurate FOS
admitting a pseudo state space representation of the form

{ Drxz(t) = Ax(t)+ B u(t) 0
y(t) = Caz(t)+ D u(t)

where z(t) € R™ is the pseudo state vector, u(t) € R™
is the input vector, y(t) € RP is the output vector, v is
the fractional order of the system and A, B, C and D
are constant matrices. D" is the fractional differentiation
operator of order v (presented results are valid whatever
definition used: Riemann-Liouville [16], Caputo [9] or others
[21]). Transfer matrix is G(s) = C (s*1 — A)~" B+ D and
impulse response matrix is g(t) = £~ (G(s)).

Remark 1: For a FOS, the knowledge of z(tg) (o being
the initial time) is not sufficient to determine the future
behavior of the system [13]. Consequently, vector = does
not strictly represent the state of the system and is denoted
“pseudo state” in this paper [19].

B. Stability of commensurate fractional order systems

Definition 1 (Matignon, 1996 [15]): A linear FOS de-
fined by its impulse response ¢ is Bounded-Input Bounded-
Output (BIBO) stable iff V u € L= (RT,R™), y = g*u €
L (RT,RP).

LTT IOS stability can be checked via the location of the state
matrix A eigenvalues in the complex plane. This result was
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extended to LTI commensurate FOS of order 0 < v < 1 by
D. Matignon.
Theorem 1 (Matignon, 1996 [15]): System (1), with min-
imal triplet (A4, B,C') and 0 < v < 1, is BIBO stable iff
. 7r
JArg (eig(A)] > v . @

This result remains valid when 1 < v < 2 as proved in [20].
Stability domain is thus defined as follows:

Dsz{ze(c : |Arg(z)\>l/z}. 3)

2
Remark 2: Throughout the paper, triplet (A, B, C) is al-
ways supposed to be minimal.

III. H,, NORM OF A COMMENSURATE
FRACTIONAL ORDER SYSTEM

As for LTI I0OS [22], let us define the H,, norm of stable
FOS (1) from its transfer function G(s) as follows:
Definition 2: H., norm of stable FOS system (1) is:

G (5)lloe £ maxa (G (jw) o)

where & (G (jw)) is the largest singular value of G (jw) at
frequency w:

7 (G (jw))

max 0; (G (jw 5
i={1---min(m,p)} ( (J )) ( )
= max

. mex VA (Gw) Gw). 6

Steady state response of FOS (1) to sinusoidal input

u(jw) is y(jw) = G(jw)u(jw). At frequency w, the gain
ly(ieo)lly / l[u(je) |+ depending on vector u(jw) is:

ly(Gw)ll

o (GUw) = max G,

(7
Worst case frequency gain is thus given by H., norm of
FOS: )
|G(s)|l,, = max max M (8)
weR u(jw) 20 [u(jw)|,

In time domain, equation (8) writes:

ly ()]l
G = m = m s - 9
I(C@ e = max oo = max @l ©)

Therefore, H,, norm can be interpreted in time domain
as the largest energy among output signals resulting from
all inputs of unit energy. Consequently, H,, norm physical
interpretation, in frequency and time domains, is the same
for FOS as for 10S.

IV. H,, NORM COMPUTATION
A. FOS Hamiltonian matrix

The H,, norm of IOS is usually computed numerically
from a state-space realization as the smallest value of v such
that the Hamiltonian matrix H, has no eigenvalue on the
imaginary axis [23]. This section develops a similar result
for FOS.

Fig. 1.

Block diagram of ¢(jw)

1) Ho, norm upper bound inequality:
Definition 2 and relation (6) imply that H,, norm of FOS
(1) is less than ~ iff:

Yw € R, max
i={1---min(m,p)}

VA (G(jw)*Gjw)) < 7. (10)
The squared power of last inequality is:

Yw e R, max }/\i (G(jw)*G(jw)) < ~*.

i={1--- min(m,p)

(1)

Using eigenvalues properties, relation (11) becomes:

VweR,  max }Ai(72I—G(jw)*G(jw))>O, (12)

i={1--- min(m,p)
which is equivalent to the H., upper bound inequality:

Vw € R, (v*] — G(jw)*G(jw)) = 0. (13)

Relation (13) is an infinite dimension inequality since
it depends on w € R. The next two subsections show
how to make this relation independent of w. The first
step is to build a pseudo state-space representation of
¢(s) =721 — G(s)*G(s).

2) Pseudo state-space representation of ¢(s):
Transfer matrix ¢(s) can be seen as the interconnection
represented by block diagram of Fig. 1.

According to relation (1), system G(s) of Fig. 1 admits
the following pseudo state-space representation:

{ DVxl(t) = A xl(t) + B Ul(t) (14)

In order to derive a pseudo state-space representation for
G(s)*, it must be proved that conjugate of any commensurate
fractional order transfer function evaluated at frequency w is
equal to the transfer function evaluated at —w:

Gij(jw) = Gij(—jw),
where G;(s) is the transfer function between input ¢ and

output j. Commensurate fractional order transfer function
Gi;(s) can be rewritten as:

N N.
=1 (ag + 5" = 2g(s
Gij(s) :KeH’JIVj( at+ ") :KeH;]V—pl al )7
121 (bg + %) 1,21 pq(s)
where N, and N, N, > N, are respectively the number of

poles and zeros of G;;(s) and v is the commensurate order.
At frequency w, z,4(s) becomes:

15)

(16)

2q(jw) = ag + w"j", a7

zq(jw) = a4 + w”cos (l/g) + jw”sin (ug) . (1)
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2q(—jw) can be written similarly by noticing that:

(—7)” = cos (V%) — jsin (1/%) , (19)

2q(—jw) = aq + w”cos (Vg) — jw"sin (z/g) . (20)
That is to say:

2q(—jw) = 24 (jw). 1)

Applying a same analysis for poles and given that the product
of conjugate complex numbers is equal to the conjugate of
the complex numbers product leads to:

Hq zq(Jw) K Hq zq(—jw)
[I,peGw) Tl pa(=jw)

Gij(jw) = Ke

= Gij(—jw),
(22)
and that for a complex number 27! = 21, relation (15) thus
holds for FOS.
Thanks to relation (15), the transfer matrix associated with
pseudo state-space representation (1) evaluated at —jw is:

G—jw) = C((~jw)'I- A" B+D, 23

G(—jw)T = BT (e (jw)"T — AT) " T + DT, (24)
G(—jw)T = BT ((jw)"I—e*™AT)'CT+DT. (25)

A pseudo state-space representation of G(s)* is thus:

{D”:cg (t) = "™ ATxy () + 37 CTuy (t) 6)

Y2 (t) = BT$2 (t) —+ DT’LLQ (t)

Therefore a pseudo state-space representation of the series
interconnection G(s)*G(s) is:

. A 0 . B
R T ROt (0 Y
Yo (t) = (DTc BT) (t) + DT Dus (t)
27
where & = (xlT a:QT)T
Thanks to relation (27), a pseudo state-space representa-
tion of ¢(s) is:

DY (t) = AZ(t) + Bu (t)
_ 5 ~ ) (23)
g(t) = Cz(t) + Du (t)
where:

Pe A 0 ~ B

"% = el/jTrCTC eujﬂ’AT ? = euj‘n'cTD) )

C=- (DTC’ BT) D = (’yQI — DTD) .

(29)

Combining the properties of H,, norm and the study of
¢(s) pseudo state-space representation lead to one of the
main results of this paper.

3) Hamiltonian matrix theorem:
Theorem 2: Let v > (D) be a positive real number.
Then ||G(s)||,, <~ iff fractional order Hamiltonian matrix:

o _( A+BRDC BRB”
1=\ e""CT (I + DRDT)C ¢%7 (AT + CTDRB)
(30)
where R = (21 —DTD)_1 has no eigenvalue in set

Cuo = {(jw)” =w’e"T we R}.

Proof: Let us consider ¢(s) = v2I — G(—5)TG(s). It
can be noticed that the H,, norm of G(s) is bounded by
scalar v ie. [|G(s)| < v iff ¢(jw) > 0 for all w € R.
Considering that the limit of G(—jw)TG(jw) as w tends
towards infinity is given by the direct term of the pseudo
state-space representation (27)

Jim G(—jw)TG(jw) = DT D, (31)
and given that v > (D) implies:
v? > Opmaz (DTD), (32)
it can be noticed that:
Jim ¢(jw) =% = Omas (DTD) > 0. (33)

Moreover ¢(jw) is a continuous function of w. Therefore
¢(jw) > 0 for all w € R iff ¢(jw) is non singular for
all w € RU {oo}. For an I0S, that implies that ¢(s) has
no pure imaginary zero or ¢(s)~' has no pure imaginary
pole. But since G(s) is a commensurate FOS of order
v, ¢(jw) is non singular for all w € R U {oco} iff the
zeros of ¢(s) or the poles of ¢(s)~! do not belong to the
imaginary axis. Given the relations between eigenvalues and
poles of a commensurate FOS [19], ¢(s)~! has no pole on
the imaginary axis iff ¢(s)~! pseudo state matrix has no
eigenvalue in C,o = {(jw)” =w”e"2,w € R}.

A pseudo state-space representation of ¢(s)~! is found by
inverting pseudo state-space relation (28) of ¢(s). Let the
input, the output and the pseudo state vector of ¢(s)~! be
respectively u.,(t) = g(t), yy(t) = a(t) and z(¢t) = Z(¢).

Then:
v (1) =a(t) = D7 (§(H) - Ca(n), G4
yy(t) = =D~ Ca (1) + D™ Huy (8). (35)
The state equation is:
D¥#(t) = Ai(t) + By, (t). (36)

Using relation (35) in pseudo state equation (36) gives:

DYi(t) = AZ(t) + B (fbfléx,y(t) + Dflu.y(t)) , 37)

DYi(t) = (A - BD*C) #(t) + BD ', (t).  (38)
Therefore a state-space representation of ¢(s)~? is:
DV:E'Y (t) = H’Yx'Y (t) + B’YU’Y (t) (39)
Yy (t) = Oy, (t) + Dyuy (1)
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where
H,—A-BD'C

- A+ BRDTC BRBT
=\ erincT (I+DRDT)C evim (AT+CTDRBT) ’
(40)
L a=q BR
B"/ =BD" = (el/.j‘ITCTDR> ’ (41)
Cy=-D"'C=(RDTC RBT), (42)
D,=D"1'=R, (43)

with R = (I — DTD) ™"
¢(s) is thus not singular iff matrix H, eigenvalues do not
belong to the set C,. That proves theorem 2. |
Remark 3: Please note that fractional order Hamiltonian
matrix f, is a complex matrix and does not have the proper-
ties of the integer order Hamiltonian matrix (for instance, its
spectrum is not symmetric with respect to imaginary axis).
Moreover, when system H,, norm is greater than ~, H, has
eigenvalues in C,¢ and not on the imaginary axis as for IOS.
There are several ways to compute H,, norm using
theorem 2. The next sections provide two pertinent methods.

B. ~-iteration

This method for H,, norm computation is a dichotomous
optimization process directly derived from theorem 2. The
following algorithm shows ~-iteration for a FOS:

1) Choose [Ymin, Ymaz] such that v, > (D).

2) For v = (Vmin + Ymaz) /2, determine H., eigenvalues.

— If the eigenvalues are not in set C,, -y is reduced
by taking a new interval [ypin,7]-

— If the eigenvalues are in set C,o, v is increased
by taking a new interval [y, Vmaz]-

3) Step 2 is repeated until vy gives a satisfactory approx-

imation of H,, norm.

Such method is implemented for IOS in SLICOT library [4]
and in many numerical computing softwares such as MAT-
LAB [3] and SCILAB [8]. This method is being implemented
for FOS in CRONE toolbox [14] and will be released in a
future version.

C. LMI-based H ., norm computation

Based on theorem 2, an LMI-based method for H., norm
computation is presented in this section. Such method is
proposed as a first step to tackle the controller synthesis
problem.

Theorem 3: The H,, norm of stable commensurate FOS
(1) is bounded by scalar v iff there exist three positive
definite hermitian matrices X, X5 and X3 € C2"*2" guch
that

TlH,yXl+7:1X1H:+T2H7X2+7:2X2H:—H—YXg—X3H: <0

(44)
and three positive definite hermitian matrices X4, X5 and
Xg € C?%2" guch that

flH7X4+T‘1X4H::+772H7X5+7‘2X5Hj;—HA/XG—XGH: <0
(45)

[P WD

Fig. 2. C\ (Cjo (left) and C\ C,, (right) as unions of three half planes

EDs [CDu [P

where 71 = /173 ry = ¢ 73 and matrix H, is
defined by (30).
Proof: The proof is based on the formalism introduced

in [1], [2] and [10] on the concept of Generalized LMI
(GLMI) regions, now introduced.

Definition 3: [10] A region D of the complex plane is a
GLMI region of order [ if 3 0, € C*!, ¢y, € C¥!, Hy, €
C™land J, € CP (V k€ {1,---,m}), s.t.

D:{ZE(C c Jdw = [w1
st fo(zw) < 0, gp(w) =0},

where fp(z,w)=> 1o (Orwyi + 05wy + Yrzwy + Yiwgz)
and gp(w)=3")" | (Hrwy + Jxwy).

It was previously mentioned that system (1) H., norm is
bounded by scalar +y iff matrix /1, eigenvalues do not belong
to the set C,o = {(jw)” =wreT we ]R}. C,o can be
decomposed in two domains C, = {(jw)",w € R*} and
C,p = {(jw)”,w € R™}. Domain C\ C}, can be viewed as
the union of three half planes, denoted Dy, Dyo and Dys.
The left half plane is obtained by rotating the first two of
angles o1 = (1—-v)% and @o = —(14-v)7 respectively and
Dss is the right half plane i.e. ¢3 = 7 as shown in Fig. 2:

C \ Cjo =Ds1 UDgo UDgs. 47)

wm] "ecm
(46)

Similarly, domain C\ C, is the union of Dgy, Dy5 and Dgs
with ¢4 = —p; and @5 = —p, as shown in Fig. 2:

C \ (C;O =Dyy UDy5 UDgs. (48)

Therefore, showing first that H., eigenvalues are not in C \
Cf,, then that they are not in C \ C;, will prove that FOS
(1) Hy norm is bounded by . _

Each D,; = {z € C: Re(ze%") <0}, Vi € {1---5}
also writes

Dyi={2€C: Jw; ERTs.t. /¥*Wi e 19500}, (49)
and is thus a GLMI region of the form (46) with m = 1,

0 0 el¥i 0

91: O,lelandle—l.

0o —1]""1 7|0
As proved in [1], the union of m GLMI regions written

Dy={z€C: fr(2)=ar+Brz+p52<0} ,Vke{l---m},

(50)
is a GLMI region of the form (46) with order [=m-+1 and
1 ®k 01><m
0, = = , 51
k=5 |:Om><1 _em (5D
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lf o(t)

Insulated system [ M

Tzl (t)

l 1(t) Azo(t)

Suspension

Fig. 3. One degree of freedom general model of a car suspension

\Ijk 01><m

'(/Jk - |:Om><1 Om (52)

} s Hy = —J = et
where EZ are square matrices of size j defined as follows:
el(p,o)=1if p=0o =1, el(p,0) =0 else, and:

ap - 0 By -+ 0
o W=

Or=|: AP : :
0O --- 0 0O --- 0

VEe{l,...,m}.
(53)
Each region Dy, can be described by relation (50) with oy, =
0 and B, = e/#*. Therefore domains C \ C/, and C\ C,,
are GLMI regions of form (46).
LMIs (44) and (45) are then found using the extension of
the following D-stability definition to GLMI regions thanks
to lemma 1 from [10] with D = C\ C}}, then D = C\ C,,.

Definition 4: A matrix A is D-stable iff its eigenvalues
are strictly located in region D of the complex plane.

Lemma 1 (Chilali, 1996[10]): Let A € C™*™ and D a
GLMI region. A is D-stable iff 3 m matrices X € C**"
S.t.

D (0@ Xi+ 0@ X+ Y @ (AXp) + P12 (AXE) ) < 0
k=1

(54)
> (Hy @ Xp + Ji ® Xf) = Ot (55)
k=1
That concludes the proof. |

Remark 4: H, norm can be computed using section IV-
B iterative algorithm replacing H., eigenvalues location test
of step 2 by feasibility of LMIs (44) and (45) of theorem 3.

V. APPLICATION

Consider the general one degree of freedom model of
a passive car suspension presented in Fig. 3 where M =
300 kg is the car quarter mass. The profile of the road z(t)
and efforts fo(¢) applied on the suspension are respectively
viewed as disturbances at the output and input of the system
whose transfer function is given by:
1
- Ms?’
f1(t) is the force generated by the suspension and zi(t) is
the vertical movement of the mass which is being insulated.
The suspension deflection z19(t) = 21(t) — zo(t) is thus
regulated around a null set point as shown in Fig. 4. The

G(s) (56)

Imaginary axis
s
S

-18 -16 -14 -12 -1 -08 -06 -04 -02 0 0.2
Real axis

Fig. 5. Intersection of G(s)C(s) Nyquist curve (plain line) and circle
centered in —1 with radius 7 (dotted line).

controller C(s) used in that application is defined by the
transfer function:
15
()
Wo

(e ()7

where Cyp = 100 N.m™' and w, = 0.08 rad.s™! and
wp, = 20 rad.s™" are respectively the low and high corner
frequencies of the controller. Synthesis was performed in
frequency domain in order to minimize disturbances effect
on closed-loop system and to ensure a phase margin of about
45°. Such a controller is used in CRONE suspension to ensure
the robustness of the deflection overshoot to sprung mass
variations [18].

The methodology proposed in the previous section is used
to evaluate the modulus margin of the closed-loop system
presented in Fig. 4. Modulus margin r of a single input single
output LTT system is the shortest distance between the open
loop Nyquist curve and critical point —1. In this case, series
interconnection G(s)C(s) is a commensurate FOS of order
v = 1.5 with pseudo state-space matrices:

(57)

0 1 0 0
A={(0 0 1 B=1|0
00 —w? 1 (58)

_ Cowpwp® (1 _1_ _

T
and pseudo state vector x = (zm %’%'5)) (zfé))) .

The shortest distance between G(s)C(s) Nyquist curve and
critical point —1 is shown on Fig. 5 and is equal to r = 0.69.

Another method to measure the modulus margin is to
determine the largest additive disturbance A(jw) among all
possible disturbances A(jw) which guarantee Fig. 6 closed-
loop block diagram stability. Modulus margin is thus given
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- — — - - = = = = =
Fig. 6. Disturbed closed-loop with an additive disturbance A
1.2 1.2 %
1 1
AN AN

0.8

o
®

°
Y
/

06 N

0.4

Imaginary axis
o
2

Imaginary axis

0.2 0.2

-12 -1 -08 -06 -04 -02 0 -12 -1

Real axis

-08 -06 -04 -02 0
Real axis

Fig. 7. Eigenvalues of H for v = 1.45 (left) and v = 1.4478 (right)

by 7 = ||[A(jw)|| .. According to small gain theorem [11],
modulus margin is thus the inverse of the H., norm of

transfer 1T, ,: )

T2l oo

(59)

T =

T.,— . pseudo state-space representation matrices are given
by: A, = A— BC, BA = —B, Can = —C and DA =
—1. According to remark 4, an iterative procedure involving

theorem 3 LMIs leads to:
| Tzl = 1.4479 (60)

and thus the modulus margin

= 0.6907 (61)

"7 T
is exactly retrieved.

Fig. 7 shows C,o and some eigenvalues of H, for v =
1.45 > ||Two:|l,, and v = 1.4478 < ||T\y:||,. For
¥ > || Tw-z|l» no eigenvalue belongs to C,q. For v <
| Tw—z|| . eigenvalues close to —1.1 4+ 1.17 now belong
to C,o. These graphical considerations thus coincide with
theorem 3 result.

VI. CONCLUSIONS AND FUTURE WORKS

The major contributions of this paper are

— Hamiltonian matrix definition for a FOS ;

— two methods based on this Hamiltonian for FOS H_,

norm computation.

The first one is based on the inspection of the Hamiltonian
matrix eigenvalues location using a dichotomy algorithm.
In the second one, the eigenvalues location inspection is
replaced by two LMI conditions. These two LMIs result
from the introduction of the GLMI concept in the definition
of the area of the complex plane in which the Hamiltonian

matrix eigenvalues must not appear to ensure a FOS H,
norm less than predefined value. This last method has been
used to measure accurately the modulus margin of an passive
car suspension whose deflection is regulated by a fractional
controller. Our future works aim now to find a linearizing
change of variable in the proposed LMI conditions that will
permit to find directly, without an iterative process, the FOS
H_, norm.

REFERENCES

[1] O. Bachelier. Commande des systemes linéaires incertains: placement
de pdles robuste en D-stabilité. PhD thesis, Institut National des
Sciences Appliquées, 1998.

[2] O. Bachelier and B. Pradin. Bounds for uncertain matrix root-
clustering in a union of subregions. Int. J. Robust Nonlin., 9:333-359,
1999.

[3] G. Balas, R. Chiang, A. Packard, and M. Safonov. Robust Control
Toolbox 3 User’s Guide. Natick, MA, September 2007.

[4] P. Benner, V. Mehrmann, V. Sima, S. Van Huffel, and A. Varga. Slicot
- a subroutine library in systems and control theory. In Applied
and Computational Control, Signals, and Circuits, pages 499-539.
Birkhiduser, 1997.

[5] C. Bonnet and J. R. Partington. Analysis of fractional delay systems
of retarded and neutral type. Automatica, 38(7):1133 — 1138, 2002.

[6] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear Matrix
Inequalities in System and Control Theory. SIAM Stud. Appl. Math.,
Philadelphia, 1994.

[71 S. Boyd and L. Vandenberghe.
University Press, 2004.

[8] S. L. Campbell, J. P. Chancelier, and R. Nikoukhah. Modeling and
Simulation in Scilab/Scicos with ScicosLab 4.4. Springer, 2009.

[9] M. Caputo. Linear models of dissipation whose q is almost frequency
independent - 1. Int. Geophysical J., 13(5):529-539, May 1967.

[10] M. Chilali. Méthodes LMI pour la synthése multicritere. PhD thesis,
Université de Paris IX Dauphine, 1996.

[11] C. A. Desoer and M. Vidyasagar. Feedback systems
properties. Academic press, New York, 1975.

[12] C. Farges, M. Moze, and J. Sabatier. Pseudo-state feedback sta-
bilization of commensurate fractional order systems. Automatica,
46(10):1730-1734, 2010.

[13] D.F. Lorenzo and T.T. Hartley. Initialization in fractional order
systems. In ECC, pages 1471-1476, Porto, Portugal, September 2001.

[14] R. Malti, P. Melchior, and P. Lanusse. Towards an object oriented
CRONE toolbox for fractional differential systems. In 18th IFAC
World Congress, Milan, Italy, 2011.

[15] D. Matignon. Stability results on fractional differential equations with
applications to control processing. In Computational Engineering in
Systems Applications, volume 2, pages 963-968, Lille, July 1996.

[16] K.S. Miller and B. Ross. An Introduction to the Fractional Calculus
and Fractional Differential Equations. John Wiley & Sons, 1993.

[17] M. Moze. Commande crone des systémes linéaires a paramétres
variants. PhD thesis, ENSEIRB, Bordeaux, France, 2007.

[18] A Oustaloup, X Moreau, and M Nouillant. The crone suspension.
Control Engineering Practice, 4(8):1101-1108, 1996.

[19] J. Sabatier, M. Merveillaut, R. Malti, and A. Oustaloup. How to
impose physically coherent initial conditions to a fractional system?
Com. in Nonlin. Science and Num. Sim., 15(5):1318-1326, 2010.

[20] J. Sabatier, M. Moze, and C. Farges. On stability of fractional order
systems. In Third IFAC FDA’08, Ankara, Turkey, November 2008.

[21] S.G. Samko, A.A. Kilbas, and O.1. Marichev. Fractional Integrals and
Derivatives: Theory and Applications. Gordon and Breach Science
Publishers, 1993.

[22] Sigurd Skogestad and Ian Postlethwaite. Multivariable Feedback
Control: Analysis and Design. John Wiley & Sons, 2005.

[23] K. Zhou, J. Doyle, and K. Glover. Robust and Optimal Control.
Prentice Hall, 1996.

Convex Optimization. Cambridge

: input-output

8236



