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Prediction, filtering and smoothing using LSCR: State estimation
algorithms with guaranteed confidence sets

Erik Weyer and Marco C. Campi

Abstract— In this paper we present a new approach to state
estimation based on the Leave-out Sign-dominant Correlation
Regions (LSCR) principle from system identification. The
LSCR approach constructs a confidence set for the state which
has the property that, regardless of the value of the true state,
the constructed confidence set will contain it with a guaranteed
user chosen probability. This property makes the approach
potentially very useful in monitoring and detection applications.
The proposed approach is illustrated in simulation examples.

I. INTRODUCTION

We consider state estimation of a stable, linear discrete
time system

i1 = Faoy + Guy, yp = Hxy +wy

where x; € R" and y; is a scalar. The noise processes
v; and w; are scalar mutually independent white Gaussian
noise sequences. F,G and H are matrices of appropriate
dimensions. If the variances o2 and o2, and the initial state
x( are Gaussian, then the optimal minimum variance solution
is given by the Kalman filter (e.g. [1]). Here we consider
the case where 02 and o2 are unknown, and we show
that by using the backward representation of the process
x; ([8]) and the Karhunen-Loeve transformation (e.g. [9]),
this problem can be approached using the LSCR algorithm
from system identification ([2], [3]). The LSCR algorithm
delivers a confidence set which has a user chosen guaranteed
probability of containing the true state vector.

The nature of the statements about the true vector in our
results obtained using LSCR are different from the ones
for the Kalman filter. Using the Kalman filter one obtains
a Gaussian state estimate and a covariance matrix. Based on
the state estimate and the covariance matrix one can construct
a confidence ellipsoid and make a statement that the true state
belongs to this confidence ellipsoid with a given probability.
The LSCR result statement is different as it says, regardless
of what the true state is, the constructed confidence set will
contain the true state with a given probability. This type of
result is more relevant for monitoring applications, where we
are much more concerned about obtaining reliable confidence
sets when the state takes on particular values, e.g. when the
state is in or close to a dangerous operating region.
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The reason we can obtain this stronger statement is that
we condition with respect to the state to be estimated
such that it can be treated as a deterministic variable in
the LSCR framework. As the observed variables in the
LSCR framework needs to be conditionally independent, the
backward representation of x; is employed for the prediction
and filtering problem, and a combination of the backward and
forward representation is used for the smoothing problem.

A number of other approaches to filtering under un-
certainty can be found in the literature, e.g. [11], [13],
[5], [6], [4], [12], [10]. An often used problem setting is
that the system matrices and/or noise covariance matrices
belongs to certain bounded sets, and a filter which in some
sense minimises and upper bound on the estimation error is
derived.

The paper is organised as follows. In the next section
we introduce the backward representation of a state space
system. The prediction problem is treated in detail in Section
III, while the filtering and smoothing problems are briefly
discussed in Section IV. Simulation examples are given in
Section V followed by some concluding remarks.

II. BACKWARD AND FORWARD REPRESENTATION OF
LINEAR SYSTEMS.

A. Forward representation
Consider the standard (forward) model
Tyl = Floy+ Gl (1)
yr = Hzxi+wy 2)

where 2; € R", y; € R, F/ € R and H € R"™". v,
and w; are scalar noise processes and hence G/ € R"*!.
We make the following assumptions
Assumptions
1) v and w; are mutually independent sequences of
independent and identically distributed Gaussian ran-
dom variables with unknown variances o2 and o2,
respectively.
2) F/ has all eigenvalues strictly inside the unit circle,
and x; is a stationary process.
The covariance matrix II of x; is given by the equation
Il = FIIFT + GIGITo?
= F/(FIFT + GIGITo?)FIT + GIGITo?
=o2(GIGIT + FIGIGITFIT 4 FR2GIGITFI?T 4 ...
=021l
3)
The expansion on the third line converges since F'/ has all
eigenvalues inside the unit circle, and I’ is given by the
equation II' = F/II'F/T 4+ GIGIT.
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B. Backward representation

The process x; can also be represented by a state equation
running backwards in time (see e.g. Lemma 5.4.4 in [8])

Ty = Fb$t+1 + Uf “4)
v = Hz+wy 5)

where I’ is a solution to the equation F°II = IIF/”. For
simplicity we assume that IT is non-singular such that

FC=TIF/T ! =1'F/7r! (6)

which does not depend on the value of 2. Note that while
v¢ in (1) is scalar, vf in (4) is an independent and identically
distributed Gaussian vector-process with covariance matrix
@ independent of the process w;. () is given by

Q=11- FIIF/T = o2 — FITI'FIT) = 62Q'  (7)

where Q' = II' — FFII'F'T, hence () is known up to the
scalar factor o2.

C. Combination of forward and backward representation

The forward and backward representations can be com-
bined such that the process x; is represented by the back-
ward representation up to time £ — 1 and by the forward
representation from time k£ + 1 with the state xj acting as
the initial condition, i.e.

2 = Floy+0b | t=kk—1,... (8)
1 = Flay+Glo, t=kk+1,... )
ye = Hzi+w (10)

We have the following results

Lemma 2.1: vy, ..., v, U/Lp R vll’ and xj are mutually
independent Gaussian random variables.
Proof. See [8], Ch. 10.4. O

III. PREDICTION

Here the problem of estimating x4, given observations
Y1, ...,y is considered. Using the backward representation
we have that

Yy = Hry +wy = HFbel + HUf + wy
and
Y1 = HFb2:vt+1 + HFbvf + Hv,lle + wi_1

Hence, by repeated substitution the observed data can be
expressed in terms of the state z;41 and the noise processes
v? and w. Let

H 0 0 0

HF? H 0 0

B = HF?b? HF? H 0
HFbl(t*l) HFb.(t*2) HFbl(t*3) e

then we obtain the following set of equations

Yt HF® vy w
Y1 HF" vy we—1
w2 | = | HF” | g 1 B| v | 4| w2

Y1 HF" vb wy

(1)

The covariance matrix of the second term on the right
hand side of (11) is given by

Q" 0 --- 0
0 Q -+ 0
Qp = 0°B , BT
0 0 Q'
= 02Q, =c2UDU" (12)

where UDUT is the singular value decomposition of the
known matrix Q',. By premultiplying (11) with U T the
following set of equations is obtained

St Qg T
St—1 at—1 ng—1
St—2 at—2 Tii1 + ng—2 (13)
S1 aq ny
or more compactly s = Axyy1 + 7 where
St Yt
St—1 Yt—1
s=| St=2 | =yt | Y2 (14)
51 1
at HFb ]
at—1 HFb2
b3
A= | @2 | —yT | HF (15)
ai HFbt i
and
T 1}? [ W
b
ng—1 Vi_q Wi—1
b
n=| ™m-2 | =UTB| V-2 | + UT | Wi-2
ny ’Ull) L w1

Note that while the components s; and ny of s and n
are scalars, the components ay of A are 1 x n vectors. The
components of 7 are independent of each other as shown in
the next Lemma.

Lemma 3.1: nyg,ni_1,...,n; are mutually independent
zero mean Gaussian random variables.

Proof. The covariance matrix of 7 = [ng,...,n1|7 is
given by the diagonal matrix ¢2D + o2 1. As both v* and
w are Gaussian processes with zero mean, ng,...n; are
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mutually independent (but not identically distributed) zero
mean Gaussian variables. 0
We are now in a position that we can construct a con-
fidence set for x;y1 using the LSCR algorithm ([2], [3]).
Let  denote a generic value of 211, and let §;(x) = a;x
be a prediction of s;. Furthermore, let the singular value
decomposition of the ¢t x n matrix A be given by

UaXVi = A (16)

where Uy is a t X t matrix, > a ¢ X n matrix and V4 an
n x n matrix. Finally, let [tq 1 ¢, Ua1i—1,---Uas1)’ denote
the Ith column of U4. The confidence set of ;41 can now
be constructed as follows

Construction of confidence sets. Given: Observations
Y1, - ..,y and system matrices Ff, GY and H as in (1)-(2).

1) Using the given data and the system matrices, compute
s, A and U, from equations (14), (15) and (16) using
(3), (6), (7) and (12).

2) Compute the prediction errors

ex(x) =sp—agx k=1,...,t.

3) For | =
correlation

1,...,n and £k = 1,...,t compute the

fra(@) = ep(@)uaip = (Sk — ART)Uq, 1 k-

4) Select an integer M and construct M binary ({0,1}-
valued) stochastic strings of length ¢ as follows: Let
hois...,hot = 0,...,0 be the string of all zeros.
Every element of the remaining strings takes the values
0 or 1 each with probability 0.5, and the elements are
independent of each other. Moreover, each string is
constructed independently of previous strings. How-
ever, if a string turns out to be equal to an already
constructed string, this string is removed and another
string to be used in its place is constructed according to
the same rule. Name the constructed non-zero strings
hli,...,hli;h2J,...,h2¢;..;hﬂ4,1JJ...,hA4,1¢.
Fori=1,...,nand ¢ =0,...,M — 1 compute

t
gii(x) = Z hik - fra(x)
=1

¢
= Z hik - (Sk — ap®)Ua k-
k=1
Note that go(z) = 0.

5) Select an integer ¢ in the interval [1, M/2n]. Let the
sets Xl, Il =1,...,n contain those values of z such
that at least ¢ of the g; ;(«) functions (¢ =0,..., M —
1) are strictly larger than go;(x) = 0 and at least ¢ are
strictly smaller than go ;(z) = 0.

6) The confidence set is given by
X =n-, X (17)

The constructed confidence sets have the following prop-
erties.

Theorem 3.2: Consider the system given by (1)-(2) and
assume that assumptions 1 and 2 in Section II-A are satisfied.
Then, regardless of what the true value of x4 is, the sets
X, and X constructed above have the properties

Priz;;1 € X1} = 1-2¢/M,
Pri{z; € X} > 1-2qn/M,

(18)
19)

where g and M are introduced in points 5 and 4 respectively.

Proof. See proof of Theorem 1 in [3]. ]

Remark. Note that corresponding to x = x;11 (the true
value), g;1(zi+1) = 22:1 hi kg, kne, @ = 0,..., M —
1 is a sum of independent random variables symmetrically
distributed around 0. It is therefore unlikely that nearly all
of the M sums are positive or negative corresponding to
x = x4 and those values of x for which this happens are
excluded from the confidence set. O

Remark. A crucial point in the proof of Theorem 3.2 is
that u, ; 1k 1s a sequence of independent (but not necessar-
ily identically distributed) random variables symmetric about
0. This has been achieved via two important steps.

1) The premultiplication with U7 in (13). UT has the
property that it diagonalises both the covariance ma-
trices Q0 and o2 1, that is UTQuwU = ¢2D and
UTo2 IU = o2 I, and since the processes are Gaussian
this means that the corresponding random variables are
independent Gaussian. This diagonalisation is the same
as applying the Karhunen-Loeve decomposition for de-
correlation of a Gaussian stochastic process (e.g. [9]).

2) The use of the backward representation. Using the
backward representation allows us to condition on
T¢11, since both the noise sequences v?, ..., v} and
wy,...,w; are conditionally independent of z;;.
Note that in the forward representation the noise se-
quence v1,...,v; 1S not an iid sequence given x;i.
Moreover, it is the conditioning with respect to x;y1
that leads to the conclusion that the true state is in
the confidence set with a certain probability regardless
of the value of the true state as discussed in the next
subsection.

0

Remark. An alternative to using the stochastic strings in

point 4 in the algorithm above is to use the following con-

struction based upon groups under the symmetric difference

operation

4a. Let I = {1,...,t} and consider a collection G of
subsets I; C I, ¢ = 1,...,M, with Iy = () forming
a group under the symmetric difference operation (i.e.
(L) —(I;nI) € G, if I;,I; € G). Compute

gii(x) = Z(sk —apT)Ug ik, t=1,...,M;
kel;
with goi(x) = 0.
Theorem 3.2 holds unaltered with this construction (see
[2]). This construction can be an advantage when there are
few data points. Well suited groups for the construction of
confidence sets are given in [7]. O
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A. Interpretation

Note that the theorem statement above is conceptually
different from what a Kalman filter would deliver. At time
t the above theorem states that : “Whatever the next value
T4 1s, the set X will contain it with probability at least
1 — 2gn/M”. Using a Kalman filter based on (1)-(2) and
assuming the noise variances o2 and o2 are known, one
would obtain an a-priori estimate #;,;; with a Gaussian
distribution and a covariance matrix given by the Riccati
equation. From the a-priori estimate and the covariance ma-
trix one can construct a confidence ellipsoid XKF which has
the interpretation “the next value x;4; is in the confidence
ellipsoid Xkr with probability 1 — p”.

For certain problems the statement in Theorem 3.2 is more
relevant. One example is a monitoring problem. Say that the
state should not enter a critical region and that the probability
for the state to enter the region is very low. In principle
whenever the state enters the region the confidence ellipsoid
generated by the Kalman filter may never contain it as it
would be one of those events with probability p for which
the confidence ellipsoids do not contain the true value. The
statement in Theorem 3.2 is stronger as it says, whatever the
true value is, it will be contained in the generated confidence
set with a certain probability, and hence even if the state is
in the undesired region the confidence set generated by the
LSCR algorithm will contain it with the given probability.

Note that if the variances 02 and o2 where known, the
covariance matrix of 7 in (13) would be known and the best
linear unbiased estimate (BLUE) (also called minimum vari-
ance unbiased estimate) (e.g. [8]) of 441 could be computed
together with its covariance matrix and the corresponding
confidence ellipsoid. Like the result in Theorem 3.2, the
BLUE confidence ellipsoid will contain the true x;y; with
a certain probability regardless of its value.

Note that in order for the confidence set X to be
bounded and the BLUE to be unique, the matrix A in
(15) must have full column rank, which is equivalent to
[(HF)T, (HF)T, ... (HF*")T]T has full column rank.
Assuming ¢ > n (the dimension of x;), this is guaranteed if
F® is non-singular and the system is observable.

IV. FILTERING AND SMOOTHING

A. Filtering

In filtering one wants to estimate x; based on measure-
ments y1,...,Y;. It is treated in the same way as prediction.
The only difference is that equation (11) takes the form

Yt H vy Wy
Ye—1 HF? s Wi—1
Yt—2 HF" 24+ B vl +| we—2

U1 HF(=1) vb wy

where the first row of B’ is all Os and the other rows are
rows of B (as a (¢t — 1) x (¢t — 1)) matrix shifted one row
down. The rest of the development follows as for prediction.

B. Smoothing

Here we want to estimate z;, 1 < ¢ < t based upon
Y1, ..., Y. Let

HG HF'G HFft-1-9q
0 HG HFSt—2-)
By = :
HG
O O 0
H O O
HF? H
By =
HFb.(i—2) HFb.(i—3) . H
" o__ Bl 0
=% ]

Making use of both the forward and backward representation

[Yes Yto1s -+ s Yis1s YisYi1,Yi—2,---,y1]T can be expressed
as
r HE(E=) 7 _ _ M ow ]
HFf(t—l—i) V-1 We_1
Vt—2 ]
HFf v Wi+1
H x; + B Ubl + w; (21)
HF? %_1 Wi—1
HEFY Vi—2 Wi_o
: b
HFb(i—l) ] L Y1 B
Recalling Lemma 2.1, v;_1,...v;,00 4,...,v% and x;

are mutually independent, and we can proceed as in the
prediction case.

V. SIMULATION EXAMPLES
A. Second order system

Here we illustrate the LSCR approach by applying it
to a prediction and a smoothing problem and comparing
the obtained confidence sets to the confidence ellipsoids
obtained using the BLUE estimator. Consider a cascade of
two first order systems driven by white noise with state space
representation

0.5 0 1
$t+1:|: 1 0.7:|.%'t+|:0:|’l}t, yt:[Ol]xt—i—wt

v; and w; are mutually independent white Gaussian se-
quences with unknown variances o2 and o2
The backward representation is given by

0.2450  0.3315

_ b
“_[qmmou%m}““+w

where v? is white Gaussian with covariance matrix

Q_&[owm

—0.7000
—0.7000

1.0000
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Prediction

o o o o o o otk
KX KX HXHX KX XX K XHXHXHXHXHXKKXHXHXHXH XK K KXKXKXKXKKX KX XKXK XXX KX FAAA
XXX HKXXXKXX K XK XXKHXK KKK XXKKXXKXXXKXXXKXXKXXXKXXXAAAAA
XXX XXX HXHXK X XHXHXHXHXHXHXXKXKXKXKXKKXKXHXHXKXXXKKXKXKXKK A
XXX XXX HXHXH X XHXHXHXHXH XK KXK XK XK XK XK KXXXXXXXIXKKXKXKK A A

1.5 XXX XX XXKXXKXKXKXKXXXXEXEXKXEXXXXXKXKXKXKXX KX KX KX KX KX XKXK A
XXXXXXXHXHXXXXXHXKHXHXHXHXKXHXKXXKXKXKXKXKX K XXX XKXKKX KX A
XXXXXXX X XXXXXKXKX KK XKKKHKXKKKKKK KKK KKK KKK KKK X KKK KKK KKK A+
XXX HXKXHXHXHXK XX KX KX KX KX KX K XXKXKXKXKXKX K XXKXKXKK A
XX HXXXXXXXXHXKKXHXHXHXHXHXHKHXHXHXHXHXHXKXXXXXX A

1 OO XXHXHXHHHHKHXHK X XHHHHHHHKHXEXX XHXHHHHHHXHXXXX X XKKK 08
XXX HXHXHXHXKXK KX KX KX KX KX KXK XXX XX KX KX XXX XXXXXX

XXXXRK XK XXX XKKXX XK XK XKKXXHXKXKXXKXKXXK XXX
XXHXXXHXXHXXHXHXXHXXKXHXHXXH XXX XXX XXKXXX
XXX XHXXHXHXXHXXXXKXKXXHXXHXX XXX XXKX
0.5 PO XXKXKXXXXXKXXKXXKXXXKXXKX
XXXKXHXHXXXHXXHXXX XXX XXHXXKXKXKXXX
XXXXRKXKXXXHXKKXX XK XK XXKXXXXK XXX
XXHXXXXXHXHXXHXXHXXXKXXHXXKXKXXKXX
XXXXXHXXHXXHXHXXXKXXKXKXKXXKXXKXX
DO XXX XK X XXX KX XXKX o
XXHXXXHXXHXHXXXHXXHXXXXXXKXXKX
XXXXXHXHXHXXXHKXXKXXXXXXKXK
XXHXXXXXHXXHXXXHXXKXKXXXXK
XXXXXHXHXXXKXXXXKXX KX
0.5 PXOOcnaoaooaaooeoa
XXXXXXXXXXXXKXXK
XXXXXXXXXXXXX
XXXXXXXXXXX

XXXXXX XXX
XXXXXXXX XXX
XXXXXXXXXXX XXX
XXXXXXXXXXKXX XX KK

XXX XXXXXXXXKKXX XXX
XXXXKXXXKXXXXKXH KKK XXX
XXXXXXXXXXXKKX XXX XXX X
XXXXXXXKXXXKKXXXX KKK XXX
XXHXXXXXKKK XX XXHKXXXKKKK XX
XXXXXXXXXXXK KX XKKX XXX KKK XXX

XXX XXXXXXXXKKX XX KXXXXXKKKK XXX
XXXXXXXXXXKKKKXXK KX XKXKKKKX XXX XXX
XXXXXXXXXXKKKXXXK XK KK XKKK KKK KKK XXX
XXXXXXXKK KX XKXHKXXXXKK XX XXH KKK XKKK XX
XXXXXXXRKXXKKXXXXKKKX XX KKXXKXKKKKK XXX
XXXXXXXKKXXKXKXXKXKKKK KK KK XKXKKK KKK KKK X
XXXXXXXKXKXXKKK X KXHKKXXKKK XX XK XK XKKKK XXX

*

XXXXXXXX XXXXXHXHXHXHXKXK KX KX KX KX KXK XK KXKXKXKXKX XXX
—1 pxoxxxx ( XXX KXXXXXKHXHXHXHXHXK XX HKXHXHXHXKX KX
XA XXX XHXHXHXHXHXK KX KX KX KX KXKXKXKXKXKXKXKX XXX
[INEEETE XXX XKXHXKXHXKXKKXHX KX KX KKK XX KXKXKXKXKX XXX
FEEEREEEEES XXX HHXHNXHXHXHXXXRXXHKHXKHHXXXKXXHHXX KX XXXKXXHXHXXX XXX
A XHXHXHXHXHXHXKKXHXHXKXHXHXKXXKXKXKXKKX KX XIXIXIXIKKKX KX
1.5 HH XOOXXXXXXXXXXXXXHXHXHXHXHXKXXHXHXHXHXKXKXXHXHXHXHX XX
A OOOGOXXXXX XX XXX KX KX KX KX KX KX XXX XEXKXKX KX XXX XKXKX KX

R XOOGOGKX XX XX KX KX KX KX KX KX KX KX XXX XKXKXKX KX XXX XIXKX KX

XXX XKK XXX XXX XXX KX XK K XXX XXX XXX XXX XXX XXX KKK XX X

HHHHHHHHEROCOGO XXX XX KX XX KX KX KX KX KX KX KX X XXKXKXKXKX KX XIXXXXIXXXKX KX
A A A A L A

2L
3 -2 -1 0 1 2 3
&
Fig. 1. Confidence set for x31

We observe ¢t = 30 data points yi,...,y30 and we would
like to predict the state x3; and to estimate the state ;5.

1) Prediction: The data are first transformed using (14)
and (15). In order to construct a 90% confidence set for x3;
we generated M = 80 stochastic strings as in point 4 of the
algorithm in Section III. Next the correlation functions

30

gi1(r) = Z hik(sk — apt)ugir e, =0,...,79
k=1
30

gi2(x) = Z hik(sk — apt)ug2k, =0,...,79
k=1

were computed. The values of z for which 0 were among
the ¢ = 4 largest or smallest value of the two functions were
excluded. The areas where 0 were among the 4 smallest or
largest values of g; 1 are marked with x in Fig. 1, and the
corresponding areas for g; » are marked with +. The obtained
confidence region is the blank region in Fig. 1 and it is
guaranteed to contain the true state x3; with probability at
least 1 —2-2-2/80 = 0.9 regardless of the value of x3;.
The true value is marked with a ¢. Note that no knowledge
about the noise variances were required nor used in the above
procedure.

If the noise variances were known the BLUE estimate
could have been computed. In this simulation 02 = 02 =
0.005, and the BLUE estimate is marked with a ~ and
the corresponding 90% confidence ellipsoid is plotted. The
confidence region obtained using the LSCR algorithm in
Section III is similarly shaped to the confidence ellipsoid
obtained from BLUE, but as expected it is larger since no
knowledge of noise variances is assumed.

2) Smoothing: Transforming the data using equation (21)
as a starting point, a 90% confidence set for the state x5
is obtained as above by computing 80 correlation functions
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XX X X X X K kK K Kk ok ok of 3
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Tttt F A EE X XX X XX XX X XK XX X KK X KRR R K
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sk e sk e e e e K R KR K X X X X X X X XX X X X XX XXX XXX XK
S+ 3k ok sk sk e sk ok ok ok K Kk K R R XX XX XXX XX XX X XX X X X X X X X
e ok e sk e sk e e O K K H A R H KK X X X XX X XX X X X XX XX XXX X X
e e S e e e ke A e H K K K H A R R KK X X X XX X XX X X XXX XXX XXX X
e e S e e e ke A e H K K K H A R R KK X X X XX X XX X X XXX XXX XXX X
e S e e ek e e H K K H K KR K E X X X XX X XX X X X XX X X X XX X X
e e S e e e ke e e H K K K H A R H KK K X X X X X XX X X X XX XX XXX X X
e e S e e e ke e e H K K K H A R H KK K X X X X X XX X X X XX XX XXX X X
e e S e e e ke e e H K K K H A R H KK K X X X X X XX X X X XX XX XXX X X

sk sk sk sk ok sk ok K kR K R X X X X X X X X X X
bk sk sk sk ok sk ok K kR K R X X X X X X X
Sk sk sk sk ok ok sk Kk kK K R K X X X X
205K 3 sk ok sk ok K kK Kk K Kk X x
Sk ok ok kR kR Kk Kk
Sk kK kR K K kK
ok ok kKb
Ottt
B I
B T
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Fig. 2. Confidence set for z15

using subsamples and discarding those values of the state
vector for which zero were among the 4 smallest or largest
values. The results are shown in Figure 2 together with
the BLUE estimate and the corresponding 90% confidence
ellipsoid. Not surprisingly these confidence sets are smaller
than in the case of prediction. As for prediction the confi-
dence region obtained using the LSCR algorithm is similarly
shaped to the confidence ellipsoid obtained from BLUE, but
larger since no knowledge of noise variances is assumed nor
utilised.

B. Difference between LSCR prediction and Kalman filter
prediction

Consider a first order moving average process
Yt =Vt + V1

where v; is white Gaussian noise with variance o2. This
system has the state space representation

0 0 1
iEt—|:1 O:|$t1+[1:|vt; Y = [0 1]z, (22)
Here

[0 0], o= [], mpn

There is no measurement noise so o2, = 0. Given observation
up to time ¢ we want to predict z;4;. The Kalman filter is
given by
K; =
X =

FIs,HT(HSHT)!

FIy, FIT 4+ GIGIT62 —

FIyy H'(HS, HY)'HY, FIT
Ty = Ffjt71|t72 + Ki(ye — Hiy_1)4—2)
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with initial conditions

. 0 1 1
./L'1|0:|:0:|721:|:1 2:|012)

K, is the Kalman gain and ¥; is the error covariance matrix

S = Bl(xe — &yp—1) (@ — Type—1) " |Ye—1, - - 11].
Substituting the above values we find that
0 1 1
Kt = |: _t :| ) Et = |: 1 t+1 :| 0121
t+1 t

The two elements of the state estimates are given by
Zypo1a = 0and g1 = ((t — Dye—1 — (¢ — 2)ye—2 +
(t—3)yes — -+ (= D) 1.

The backward representation of the system (22) is

-1 1
Ty = |: _1 1 :| Tt+4+1 +’U?, Yt = [0 1](Et (23)

where v? = [0 v;_;]. Here F? is singular. The first state

is a white Gaussian noise process, and the Kalman filter
estimate of it is zero and the variance is o2 regardless of the
observations. This means that whenever x1 ; is larger than a
certain value it will not be in the confidence ellipsoid gen-
erated by the Kalman filter. In the backward representation
the matrix F° is singular which means that whenever z is
in the confidence set generated by the LSCR algorithm so
is  + c[1, 1]7 for any real ¢, so it still holds true that the
confidence set contains the true value of x1; regardless of
its value with a certain probability. In fact, irrespectively of
the method used to construct the confidence set, since the
first state is a white Gaussian noise process, the only way
we can guarantee it is in the confidence set regardless of
its value, is to have an unbounded confidence sets. In Fig.
3 the 90% confidence regions for x5 for the two methods
are plotted together with the true value (diamond) and the
Kalman filter estimate T30 (star). We note that the LSCR
region (the blank area) is unbonded while the Kalman filter
region is always centered at x1; = 0 and will not contain
the true value of z;; for large values of x1:. Also note
that the Kalman filter requires knowledge of 02 = 0.1 and
02 = 0 while no such knowledge is required nor used
in the LSCR approach. Moreover, unlike the Kalman filter
the LSCR method is not a Bayesian approach since the
conditioning with respect to the state to be estimated allows
us to treat it as a deterministic variable.

VI. CONCLUSIONS

In this paper we have proposed a new approach to state
estimation. By using the backward representation and the
Karhunen-Loeve decomposition, the original system was
transformed such that the LSCR algorithm from system
identification could be applied. Using the LSCR algorithm,
a confidence set was constructed which had the property
that it contains the true state, regardless of its value, with a
guaranteed user chosen probability. Moreover, no knowledge
of the noise variances was required in order to construct the
confidence set. The approach and how it differs from the
Kalman filter were illustrated in simulation examples.
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Fig. 3. Confidence sets for x2¢. Blank region - LSCR. Ellipse - Kalman
filter
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