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Lyapunov-Based Cooperative Avoidance Control for Multiple
Lagrangian Systems with Bounded Sensing Uncertainties

Erick J. Rodriguez-Seda, Dusan M.

Abstract— We present a decentralized, real-time, cooperative
avoidance control law for a group of nonlinear Lagrangian
systems with bounded control inputs, limited sensing ranges,
and bounded sensing errors. The control formulation builds
on the concept of avoidance control and uses Lyapunov-based
analysis to guarantee collision-free trajectories for a group
of N vehicles with sensing uncertainties. Advantages of the
cooperative avoidance strategy include its easy synthesis with
other stable control laws and its null effect on the agent’s main
task when other vehicles and obstacles are sufficiently away.
Two numerical examples are finally presented that illustrate
the performance of the proposed control framework.

I. INTRODUCTION

One of the most critical challenges in multi-vehicle sys-
tems is to guarantee collision avoidance between neighboring
agents and obstacles at all times independently of sensing
errors. Unmanned vehicles and mobile robots typically rely
on navigation and localization sensors to estimate the dis-
tance to nearby agents and obstacles or on wireless commu-
nication networks for the broadcast of position coordinates
among agents. These sensing mechanisms, in which we
include communication networks, may inaccurately estimate
the position of obstacles and agents as a result of process
delays, interferences, noise, and quantization. For instance,
obstacle’s position measurements sampled by vision-based
sensing mechanisms on many mobile robotic systems are
easily affected by weather conditions and light variations
[1]. Similarly, underwater localization equipment on board
of unmanned vehicles, such as sonar radars and inertial
measurements units, may also experience substantial delays,
slow sampling rates, and dead reckoning errors [2]. If these
estimation errors are not carefully considered when con-
trolling the motion of the vehicle, the system may become
vulnerable to collisions. Therefore, avoidance strategies for
autonomous navigation must provide robustness to sensing
uncertainties.

Collision avoidance strategies coping with sensing uncer-
tainties have been predominantly studied within the field of
path planning, where a complete obstacle-free path from the
agent’s current location to the next target is developed based
on estimates of the initial position of obstacles. Examples
include the certainty [3] and occupancy grid [4], where the
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robot’s environment is divided into an array of cells with
each cell containing a probability of having an obstacle.
Then, a safe path, which the robot is meant to follow, is
traced according to this probability map. Although these
control strategies have been shown to be robust to common
sensor uncertainties, they require other agents and obstacles
to be static or to move at low speeds such that the agent’s
initial sensing observation remains true throughout the entire
trajectory. An alternate approach with a similar drawback is
proposed in [5], where a noncooperative collision avoidance
strategy based on the concept of reachable sets [6] is de-
scribed for zero-velocity obstacles.

In contrast to path planning algorithms, real-time collision
avoidance strategies compute the avoidance control inputs
online as obstacles are detected, therefore, facilitating (in
most cases) the treatment of fast-moving obstacles. Real-
time collision avoidance algorithms considering sensing un-
certainties have been introduced in [7] and [8] based on
a variation of the occupancy grid [4] that incorporates
estimates of the obstacles’ velocities. Yet, these previous
control approaches do not fully investigate the case of time-
varying speed obstacles and assume the worst case scenario
in which other agents do not try to avoid a collision (i.e.,
a noncooperative strategy). In [9], a decentralized real-time
avoidance strategy for the case of two agents with double
integrator dynamics and bounded control inputs is presented
using Lyapunov-based analysis. However, the theoretical
results are not extended to the general case of multiple
nonlinear agents.

In this paper, we now introduce a decentralized, real-
time, cooperative avoidance control strategy for a group of
heterogeneous nonlinear Lagrangian systems with bounded
control inputs and limited sensing. The collision avoidance
control formulation is based on the concept of avoidance
control [10], [11], yet the avoidance functions and control
inputs proposed herein are bounded. The overall control
framework is able to cope with bounded sensing errors
(including those caused by delays, noise, and quantization)
by treating the effect of uncertainties as a disturbance in
the control input, similar to [12]. However, the control for-
mulation in [12] does not guarantee robustness with respect
to sensing uncertainties and assumes unbounded control
inputs. Advantages of the proposed controller also include
the activation of the avoidance control only when the vehicle
is close to another agent and the relative easy synthesis with
other stable control laws. By using Lyapunov-based analysis
we are able to present sufficient conditions that guarantee
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A. Notation

As standard notation, we denote the p-norm of a vector
X =[z1, 2T € R" as %, := (Jwl” +-- |z [P)Y/P
for 1 < p < ooand [|x||, = max; |z;| for p = oo, where ||
is the absolute value of a real scalar x;. We define the induce
p-norm of a matrix A € R™*" as [[A|, 1= supyxo %.
For the 2-norm of a vector or matrix we use the simpler
notation ||-||. As a shorthand for a matrix A € R™*™ we use

[akt),, «n» Where ag; is the klth entry of A.

II. MULTI-LAGRANGIAN SYSTEM WITH BOUNDED
CONTROL INPUTS AND SENSING UNCERTAINTIES

Herein, we address the task of controlling a group of
N n-degree-of-freedom (DOF) vehicles with Lagrangian
dynamics given by

Mi(qi(t)8: (1) + Ci(qi(t), i (1)@ (1) =wi(t) (1)

where q; € R™ are the generalized coordinates, M; € ™"
are the positive definite inertia matrices, C; € R"*" are
the centrifugal and Coriolis matrices, and u; € U; C R"
are the control inputs for ¢ € {1,---, N}. We assume that
gravitational forces are negligible or compensated via active
control and that the magnitudes of the control inputs are
radially bounded, i.e., 3u; > 0 such that |ju;(¢)]| < p; Vi €
{1,---,N}, t > 0. Moreover, we assume that each agent
can locate other near agents with a known bounded error.
That is, we suppose that the ith agent is able to sense the
jth agent as being located at & (t) = q;(t)-+d;;(t) whenever
the jth agent is sufficiently close to the ith agent. The vector
d;; € R" represents the uncertainty (e.g., due to delays,
noise, and quantization) incurred during the localization of
the jth vehicle by the ith agent and is considered to be
upper bounded by some positive constant A;, i.e., ||d;; (t)]| <
A;, Vt>0and j # 1.

Finally, we make the assumption that the agents under
consideration satisfy the following properties, which is true
for a wide class of nonlinear systems [13].

Property 2.1: M;(q;) = Ci(q;, 4;) + C/ (ai, &)

Property 2.2: 3 positive constants \; and A; such that
NI < Mi(q;) < M1, where T € R™*™ is the identity matrix.

ITT. CONTROL OBJECTIVE AND DEFINITIONS

Our control goal is to design decentralized collision
avoidance strategies that guarantee the safe navigation of a
group of vehicles with sensing uncertainties. Specifically, we
would like to guarantee a minimum safe distance between
any two vehicles at any time regardless of measurement
errors, delays, and noise incurred in the detection process.
Additionally, we would like to design the avoidance control
strategy to be active only when another vehicle or obstacle
is within a short distance. With this in mind, we introduce
the following definitions.

First, we define the group N; as the set of agents in the
vicinity of the ¢th vehicle. We assume that any jth agent in
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Fig. 1. Antitarget (7;;), Avoidance (£2;;), Conflict (WV;;), and Detection
(Di;) Regions for the ith agent.

N; can be located by the ith vehicle if the former lies within
the bounded Detection Region, D;;, of the latter given as

Dij ={a:qe R, |q — q;l| < Ri}

where R; > 0 is the ith vehicle’s detection radius and q(t) =
[a/ (t),q] (t)]". In addition, we define an Antitarget Region,
Tij, as the collision zone for the ith agent, i.e.,

Tij ={a:q€ R, |lq; — q;|| <r;}

where 77; € (0, R;) is the minimum safe distance between
the 7th vehicle and any jth agent in A;. Similarly, we define
an Avoidance Region, Q;; O Ty, as a restricted zone for

which any agent in N is forbidden. That is,
Qij = {q tq € R, g — q;f < 7’1'3'}

where 7;; € [rf;, R;) is the desired minimum distance
between the ith and jth agents. Therefore, any collision
avoidance strategy designed to avoid 2;;, will also avoid
Tij.

Finally, since the control input and acceleration for the
ith vehicle are bounded, any collision avoidance control law
must be effected with enough anticipation, such that the
ith vehicle has sufficient time to decelerate and prevent a
collision. Hence, we define a Conflict Region, W;;, as

Wi ={a:q€R* r; < |la; —q;l| <7}

where 7;; € (r;;, R;) is a lower bound on the distance that
the ¢th agent can come from the jth vehicle and still be
able to decelerate and avoid €);;. Therefore, any collision
avoidance strategy for the 7th agent must take effect as soon
as q; and q; enter W;;.

Having defined the Antitarget, Avoidance, Conflict, and
Detection regions, we can state the control objective as fol-
lows. Given {Aq, -+ ,An}, T = UieN, en; Tij» and D =
Uien jen; Dij, design control inputs {u;(t), -, un(t)}
such that [qf (1), -, ay ()7 ¢ @ = Usen yen: s for
all £ > 0, where Q D T.

For simplicity, we define R = min{R;}, r* =
maxi{r;‘j}, and A = maxi{Ai}, and let Tij =T Vi €
{1,---,N}, j € NV;. An illustration is presented in Fig. 1.
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IV. CONTROL FRAMEWORK

In order to achieve our control objectives, we consider the
following control input

u; =u +uyf,

)

where uf and uf are the objective and collision avoidance
control laws, respectively. The objective input is taken to be a
stable control law designed to achieve a particular task such
as trajectory tracking or set-point regulation. The collision
avoidance input is a control policy aimed to guarantee
collision-free transit among agents independently of bounded
sensing uncertainties. Ideally, u$ must be designed such that
it does not interfere with the objective control u$ when no
potential collision is present.

According to this formulation, we propose the objective
control law to be computed as

= a‘/;OT (ai)

i oa,
where V,° is an objective function satisfying the following
two properties.

Property 4.1: 0 < V°(q;) < «;, for some a; > 0.

Property 4.2: ||0V?(q;)/0q;|| < B, for some §; > 0.

On the other hand, we propose the collision avoidance
control to be given as

oV (ai, &)
a = ) )
ul = —f; E 71‘

lJwill < pi

3

- Z ’Yz‘ez'j(%q“qz') “)

JEN: JEN;
where ﬂi = m, Yi = Eﬂi’ and 01']' = 01',7 ((.11'7 i, Q_Z])
is given by
it g > 0and [q - &if| < R
8ij = (N —1)[|all
0, otherwise

for some € € [0,1). The avoidance function V4, illustrated
in Figure 2, is defined as

0, if |a; —a;ll = Ra
Vi(ai, ;) = 25 — flai —qjl, if @i —aqjf <
W otherwise
®)

where RA = R— A and h = 7+ A < Ra. The reader
can easily verify that V;% is positive semi-definite, almost
everywhere continuously differentiable, and that its partial
derivative is given by

0, if lai —qjfl = Ra
w B not dieﬁned, if |lg;i —q;]| =0
b TS < a-af<h
1_ HQ'LRfAQjH %1;327 otherwise

(6)

Note that in contrast to the avoidance function and control
inputs in [11], [14], both V“ and uf (proposed herein and
depicted in Fig. 2) are bounded Moreover, as the next lemma

Ra+h =
2 5
—~ S
i~ ~
) =
S T
Tz 3
3D E
S =
=
>
O———= 0 —5——=
r* rTh RA R r* r7h RAR
llai — ayll llas — all
Fig. 2. Bounded avoidance function and bounded avoidance control.

will show, the gradient of the avoidance function (6) is
locally Lipschitz.

Lemma 4.1: 0V$(qi,q;)/0q; is Lipschitz continuous in
g, on the domain y ={q:q€ R, ||q; —q;|| >r— A}
with Lipschitz constant given by

L = max{Li,min{ Lo, Lop}} @)
where
3+2v/n—1
L= w (8)
_ 1 RA\/H
Lza_h+h(RA—h) ©)
1 3+2vV/n—1)R
Loy = L Br2vn = DRa (10)
Ra —h 4h(Ra — h)

Proof: Define [ayi], ., = 0°V3(qi,q;)/0q:;0q; and
let ay; denote the klth entry of 82‘/5 (di,9;)/0d;0q;,. Then,
we have that (6) is locally Lipschitz continuous on Y if

?Vi(a;, q;)
0q;0q;

’ = larlpnl| < L

for some non-negative constant L, except possibly on
a set of Lebesgue measure zero. In addition, since
9*Vi(ai, q;)/0q;0q; is symmetric, we have that

|oo | |1

0?Vi(ai, q;)
9q;0q;

?Vi(ai, q )
9q;0q;

and, therefore,

ana an‘ly HaQVa qla 62Va(q17q7) ’
8q18q7 8qlaqj i 94idq;
9*Va(q;, q;
1J (q q]) . (1 1)
9q;0q,

Hence, the choice of Lipschitz constant L is invariant under
the use of [y, [ or |1,

Now, let us divide the problem in three domains: ), =
{fa:qe R r—A < |lai—qj| < h}, Vo = {q:
q € R h < ||q; —qj|| < Ra}, and Y3 = {q : q €
R lai — q;]| > Ra}.
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For q; = [x1,---,2n]" € R", qj = [y1,--- ,yn]” € R,
and q € )1 we have that

?V(ai, qj) =
N
where
lai —all® = (x —we)®
ap = i — a;® ’ ,
—(zk — y) (T —w) oy
lai —al®>
Hence,
ove(an )| |las = al® = e - wl
<
0q;0q; H la: — a1
|zt — i 22:1,197&1 |2k — Yl
i — a;®
g = ayll” = = wl” + V=Tl -yl g —
i — a;® '

By noting that the numerator is maximized for |x; — y;| =

Hqi;fj” and recalling (11), we then obtain that
PVi(ai,qj) || _ 3+2y/n—1 342V -1 _
daida; ||~ Allai—aqi T A -4)

for all = [q] ,q] |" € V1.
Now, for q € V> we have that

—la; — a;]|* + Ra |lai — q;l|” — Ra(zr — y1)?
(Ra — h) lai — q;)°

P ifk=1

H —Ra(zr — i) (@ — w1)

(Ra — h) la; — qjI°
k£l

Therefore,

*Vi(ai, qj) < i — @ |° (Ra — [lai — ql))

9q;0q; (Ra — 1) ||la; — a;°

Rz =yl Dy [on — v
(Ra —h) lai — I’
< lai —a|I* (Ra — llai — ayl1) + Ralla: — ay | llas —
a (Ra —h) lai — af°
Ra — |lai — qjll + Rav/n
(Ba = h) [lai — gl
which can be reduced to
PVi(ai, qj)
0q,;0q;

R

<1
=h " h(Ra-h)

Vq S yg.
(12)

Alternatively, we can compute a different upper bound for
(12). After some calculations we can also show that
O*Vij(aiay) || _4h+(3+2vn—T1)Ra

(?qi@qj 4h(RA — h)

=Ly (13)

which becomes a less conservative upper bound on the
Lipschitz property if

14+4y/n—2y/n—1)Ra
3 .
Therefore, by combining (12) and (13) we obtain that

PPV (ai, qj)
0q;0q;

h>(

< min{Lag, Loy}, forq € s.

Finally, since (’“)I/if;(qi, q;)/0q; = 0 for q € Vs, we have
that [|02V;4(qi, q;)/9q:0q; || = 0. Consequently,

‘ Vi (ai, qj)

94q;0q;
for all q € Y, except on the set Jy = {q : q €
R2" |la; — q;|| € {h,Ra}} of Lebesgue measure zero.
Thereby, we can conclude that (6) is locally Lipschitz
continuous with Lipschitz constant given by (7). [ ]

<max{Ly,min{Laq, Lop}} = L

V. COLLISION AVOIDANCE ANALYSIS

We now show that the proposed collision avoidance con-
trol law, along with the control objective input, guarantees
collision-free trajectories for a group of N vehicles with
bounded control inputs, limited sensing range, and detection
uncertainties.

Theorem 5.1: (Collision Avoidance for Multiple Agents
with Sensing Uncertainties): Consider the multi-Lagrangian
system in (1) with control inputs given by (2) to (6). Suppose
that [|d (0)]] < i, [l:(0) — q; (0)]| > R. and [y ()] < A
for some known 7; > 0 and Vi,j, i # j. Let ¢ € [0,1),
Le (0, ﬁ}, and choose 7, h, and «; such that

() < B LA <p < Ry,
(1) r<h<h<h< Ra, where

LRA+1—4/14+L2R% —2LRA (1+2
h zmin{ sty T 2 ﬁ),
LRa—1—/1+L?R3 —LRa(5+2v/=T%7)
2L
h

LRA+1+,/1+L2 R, —2LRa (1+2V/)
= max g ,

LRa—1+/14L2 R4 —LRa (5+2v/—T%7) }
2L

where \;

N Ra+h N g
(@ii) and i ap < BAER —p -3 T
is the larger eigenvalue of M;.

Then, [qi,--- ,qn] & Q2 Vt > 0.
Proof: Consider the following Lyapunov function

1 al
V=520 Vislanay) + Y Vi)
=1

i=1 jEN;

1.1
. T .
5 ) — 4 Mi(q:)aq; 14
+21§:1 P ()4 (14)
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Taking its time-derivative and invoking Property 2.1 yields

N
o1 Vi (ai,q;),  OVi(ai,q;) .,
V:§ZZ< oa Sai qu>

i=1 jEN, 3%‘
XL 0ve(ai)
t2 3(1? '
1=1
N
+ Z — (qz M;i(qi)d: + 5 q;‘FM(qZ) )
i=1
aV ql7
-3y oy ey,
i=1 jEN; i=1

Due to symmetry

+

_ Vi (ai, &5)
Y S

jen.,  Oai
. A _OV2(ai
—vi Y 67 (&i, i, @) —m% i
JEN; i
:Z Z ( q“qg) B a‘/{;(qufﬁ)) a
pat jeM dq; dq;
Yig
—Z Z ECTRCTNS 1T
i=1 76./\/

Now, by applying Lemma 4.1 we obtain

V<ZZLAIIqu—ZZ \qzll
i= 1]6/\/ i= 1]6/\/
€
Y (2a- —) el
i=1 jEN; < (N-=1)
where L is the Lipschitz constant for 0V;%(q;,q;)/0q;. It

is easy to show that if we choose r and h according to
conditions (i) and (i7), then L < L < [GEI 1)A and V <

0. The semi- negatlve definite property on V(t) implies that
2

V(t) < V(0 )<Zl 1( i +az),Vt>O where we have

used Property 2.2.

Now assume that (z¢7) holds and suppose that for at least
some pair 4,j, ||q:(t) —q;(t)|| — r. As a consequence,

V(t) > Va(t) — Bath—r > PR ”71 + o ). Since we
reached a contradlctlon, we conclude that ||ql( )—q;(t)] ¢
Q;; forall ¢,7, i # j and t > 0. -

Theorem 5.1 provides sufficient conditions for the safe
navigation of a group of N Lagrangian vehicles. It, however,
does not provide information about the fulfillment of the ob-
jective control. We can only deduce that whenever the agents
are outside of the Detection Regions, i.e., [q;, - ,qn] ¢
D, the collision avoidance control inputs do not affect the
objective control laws.

In the following we posit sufficient conditions for collision
avoidance of nonlinear vehicles with zero uncertainties but
limited sensing range and bounded control inputs. The results

along this line are of relevance given that vehicles with
bounded control inputs and accelerations cannot react (e.g.,
evade or escape) instantaneously to a collision threat.

Corollary 5.1: (Collision Avoidance for Multiple Agents
without Sensing Uncertainties): Consider the multi-
Lagrangian system in (1) with control inputs given by
(2) to (6) for ¢ = 0. Suppose that ||d;;(t)]| = A =0
and & (0)]| < i [ai(0) —q; (0)]] > R Vij, i # j.
Furthermore, assume 3 r > r*, h < R, and «; > 0 such
that

R+h

Z a; < (15)
Then, [q;, -+ ,qn] ¢ Q Vt > 0.

Proof: Consider the Lyapunov candidate function given
in (14). Its time-derivative along the trajectories of the system
are computed as

poy Ml Ly M,

i=1 jeN;
N ( . ) oveola:
Z Z aqlvqj _ é(qZ) & < 0.
—1 JEN; i i

Therefore, V(t) < V(0) < Zﬁl( "71 +al) Now sup-
pose (15) is satisfied and that for at least some pair i, j, 1 # j
and some ¢t > 0, [q;(¢), q;(t)] — Q;;(t). This Would implies
that V() = V() — B2 —r > YN, (32 +a),
which is a contradiction. Consequently, we can conclude that
[aa(t).-- s an ()] & Q) Vit > 0. -

The need to satisfy the inequality constraints in Theorem
5.1 and Corollary 5.1 in order to guarantee collision-free
transit for a group of agents may seems very restrictive at
first glance. However, the sufficient conditions established in
the previous statements can be easily satisfied if the detection
radii for the agents are large enough. For instance, if the
agents have unlimited detection radius (i.e., the vehicles can
detect any other agent in their environment), then we can
always find a set of parameters r, h, €, and «; for which
collision avoidance can be guaranteed. The next section will
illustrate two examples for which the conditions in Theorem
5.1 and Corollary 5.1 are satisfied.

VI. EXAMPLES

In order to validate the proposed avoidance strategy, we
now present two numerical examples. The first example
illustrates the performance of the cooperative collision avoid-
ance strategy under sensing uncertainties, whereas the second
evaluates its performance under perfect sensing information.

A. Collision Avoidance with Bounded Sensing Error

We simulate the behavior of four 2-DOF vehicles with
dynamics governed by

mi; = u; — pids (16)
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where m; = 1.5kg, p; = $=kg/s, and |lu;|| < 100kgm/s?
for ¢ {1,2,3,4}. The minimum safety distance and
detection radius for all vehicles are assumed to be r* = 2m
and R = 20m, respectively. In addition, we assume that the
sensing uncertainty for all agents can be characterized as
di;(t) = ¢;;(t), where ;; is a random noise with uniform
distribution on the set Z;; = {¢ : ¢ € R%, ¢ < 0.15m}.
Therefore, A = 0.15m.

The control objective is to safely drive the vehicles from an
initial configuration to a desired final position. To reach this
goal, we propose the use of the following objective function

&
—qf]

0i

a7)

where a1 = (g = 3, a3 = (g = 2.5, g; = 5, and 61' =
7 for i € {1,2,3,4}. The desired final configurations are
chosen as q¢ = —q¢ = [~15m,15m]T and qf = —q¢ =
[15m, 15m]”". The collision avoidance control input for the
four agents are computed according to Theorem 5.1 as r =
3.67m, h = 10.19m, 81 = B2 = 0.234, B3 = B4 = 0.196,
1 = 2 = 29.46N, s = jig = 29.80N, 71 = 72 = 4.71N,
and v3 = y4 = 4.78N, where we have chosen ¢ = 0.16 and
assumed that initial velocities for all agents are bounded by
m =mn2 = 1m/s, n3 = 2m/s, and 14 = 3m/s.

The response of the four agents to the objective and
collision avoidance control inputs is illustrated in Fig. 3.
The agents start from positions q;(0s) = —q3(0s) =
[35m, 0m]” and g2 (0s) = —q4(0s) = [0m, —35m]” moving
in a counter-clock wise direction gsee Fig. 3(b)) with initial
. Notice that at ¢t ~ 19s,

the second and fourth agent come into close proximity to the
third agent, entering its Detection Region. They, however,
managed to keep a safe distance among each other while
continuing toward their final destination. Similarly, observe
that at ¢ 44s (corresponding to Fig. 3(e)), the first
and second agent entered each other’s Detection Region.
This event repeats twice, after which all agents are able to
converge to their desired locations as illustrated in Fig. 3(f).

Fig. 4 depicts the distances among the four agents. Note
that the pairs of agents {2,3}, {3,4}, and {1,2} entered
the Detection Regions at different instances of time. Yet, no
collision took place.

velocities given by ¢;(0s) =

~
~

B. Collision Avoidance with Zero Sensing Uncertainty

We now evaluate the performance of the control strategy
considering zero sensing uncertainty. We simulate the re-
sponse of three 2-DOF vehicles with dynamics governed by
(16), where p1 = pa/2 = p3 = 0.2kg/s, m; = 2kg, and
|lui|| < 100kgm/s? for i € {1,2,3}. The minimum safety
distance and detection radius for all vehicles are assumed
to be r* = 2m and R = 10m. The control objective is
chosen such that the first agent remains at the origin (i.e.,
q¢ [0m, m]T), while the second and third vehicle are
driven toward opposite corners of their workspace (i.e., qf =
—q¢ = [10m, 9m]T). Accordingly, the objective function is
constructed as in (17) with a; = 1, ag = ag = 2.12, 01 = 3,

y (m)

y (m)

y (m)

40 q4(0s)
20
q3(0s) qlli qg*
0
a?
q
20 3L gy (0s)
40 Q2(OS)'
-60
-60 -40 -20 0 20 40 60
z (m)
(a) t = 0s
60
40
q1(335)
20
0 E q2(733s)
-20 q4(335)\ @ :

40 \/ a3 (33s)
6(—)60 -40 20 0 20 40 60
x (m)

(c) t € [19s, 33s]

60

40 v

qi(44s) - -

20 ooo-a'»? @QQ(‘VLS)

20 0

4ol aa(44s) - qz(4ds)

%0 40 20 0 20 40 60
x (m)

(e) t € [40s, 44s]

y (m)

y (m)

y (m)

0 \q4 (19s)
-20 @ q2(1gs)
19
o] (199) =
6(—)60 -40 20 0 20 40 60
x (m)
(b) t € [0s, 19s]
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Fig. 3. Collision avoidance with bounded sensing error. The initial positions
of the four agents at the start of each simulation interval are indicated by the
small circles of darker color. Subsequence positions are traced by circular
markers of lighter color and time-spaced by 0.5s. The desired final positions
are indicated by the star-shaped markers in plot (a). The Avoidance, Conflict,
and Detection Region for all agents at the end of each simulation interval
are delimited by the bold, thin, and dashed lines, respectively.
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Fig. 4. Distances among agents.

09 = o3 = 7, and 61 = d9 = O3 = 2. The avoidance

control input parameters are chosen satisfying Corollary 5.1

as r = 2m, h = 5m, B; = 0.15, and j1; = 46.51N, where

we have assumed that 1; = Om/s and 72 = 13 = 3m/s.
Fig. 5 illustrates the response of the three agents to the
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objective and avoidance control inputs. The agents start
from positions q;(0s) = qf and q2(0s) = —q3(0s) =
[—9m, —10m]?, and with initial velocities ¢, (0s) = mﬁ.
Note that shortly after the initial time, the second and third
agent enter the first vehicle’s Detection Region as they try to
move toward their desired configurations (see Fig. 5(b)). The
second and third agent immediately react by retreating from
the potential collision as seen in Fig. 5(c). Gradually, the
agents are able to resolve the conflict by departing slightly
from their objective paths (refer to Fig. 5(d)) ultimately
reaching their final destinations (see Fig. 5(f)).

The distances among the three agents are reported in Fig.
6. Observe that the second and third agent entered repeatedly
the first agent’s Detection Region. Despite these conflicts,
they successfully evaded the Avoidance Region.

VII. CONCLUSION

In this paper, we presented a real-time, cooperative col-
lision avoidance control strategy for a group of nonlin-
ear Lagrangian systems with bounded control inputs and
bounded sensing uncertainties. By applying Lyapunov-based
analysis and constructing avoidance control inputs based
on avoidance functions, we were able to derive sufficient
conditions for the collision-free navigation of a group of NV
vehicles independently of obstacle localization errors. It is
shown that if the detection and avoidance radii satisfy a set
of design inequalities, then we can formulate control laws
that keep the agents safely apart.

REFERENCES

[11 G. N. Desouza and A. C. Kak, “Vision for mobile robot navigation:
A survey,” IEEE Trans. Pattern Anal. Mach. Intell., vol. 24, no. 2, pp.
237-267, Feb. 2002.

[2] J. C. Kinsey, R. M. Eustice, and L. L. Whitcomb, “A survey of un-
derwater vehicle navigation: Recent advances and new challenges,” in
Proc. IFAC Conf. Manoeuvring Control Mar. Craft, Lisbon, Portugal,
Sept. 2006.

[3] H. P. Moravec, “Sensor fusion in certainty grids for mobile robots,”

Al Mag., vol. 9, no. 2, pp. 61-74, 1988.

A. Elfes, “Using occupancy grids for mobile robot perception and

navigation,” IEEE Computer, vol. 22, no. 6, pp. 46-57, 1989.

E. Frew and R. Sengupta, “Obstacle avoidance with sensor uncertainty

for small unmanned aircraft,” in Proc. IEEE Conf. Decision Control,

Paradise Island, Bahamas, Dec. 2004, pp. 614-619.

[6] I. M. Mitchell, A. M. Bayen, and C. J. Tomlin, “A time-dependent
Hamilton-Jacobi formulation of reachable sets for continuous dynamic
games,” IEEE Trans. Automat. Control, vol. 50, no. 7, pp. 947-957,
July 2005.

[7]1 C. Fulgenzi, A. Spalanzani, and C. Laugier, “Dynamic obstacle
avoidance in uncertain environment combining PVOs and occupancy
grid,” in Proc. IEEE Int. Conf. Robot. Autom., Roma, Italy, Apr. 2007,
pp. 1610-1616.

[8] R. Bis, H. Peng, and G. Ulsoy, “Vehicle occupancy space: Robot
navigation and moving obstacle avoidance with sensor uncertainty,”
in Proc. ASME Dyn. Syst. Control Conf., Hollywood, CA, Oct. 2009.

[9]1 E.J. Rodriguez-Seda, D. M. Stipanovi¢, and M. W. Spong, “Collision
avoidance control with sensing uncertainties,” in Proc. Am. Control
Conf., San Francisco, CA, June 2011, pp. 3363-3368.

[10] G. Leitmann and J. Skowronski, “Avoidance control,” J. Optim. Theory
Appl., vol. 23, no. 4, pp. 581-591, Dec. 1977.

[11] D. M. Stipanovi¢, P. F. Hokayem, M. W. Spong, and D. Siljak,
“Cooperative avoidance control for multiagent systems,” J. Dyn. Syst.
Meas. Control, vol. 129, pp. 699-707, Sept. 2007.

[12] P. F. Hokayem, D. M. Stipanovi¢, and M. W. Spong, “Coordination
and collision avoidance for Lagrangian systems with disturbances,”
Appl. Math. Comput., vol. 217, no. 3, pp. 1085-1094, Oct. 2010.

[4

=

[5

[ty

[13] F. Ghorbel, B. Srinivasan, and M. W. Spong, “On the uniform
boundedness of the inertia matrix of serial robot manipulators,” Int. J.
Robot. Res., vol. 15, no. 1, pp. 17-28, Jan. 1998.

[14] E. J. Rodriguez-Seda, J. J. Troy, C. A. Erignac, P. Murray, D. M.
Stipanovi¢, and M. W. Spong, “Bilateral teleoperation of multiple
mobile agents: Coordinated motion and collision avoidance,” IEEE
Trans. Control Syst. Technol., vol. 18, no. 4, pp. 984-992, July 2010.

20 20
q3(0s)
10 % 10
_ q1(0s) a3 —~ /QS(QS)
g 0 L E 0 S
= ‘ vd X qf > - @ , q1(25)
BT qla 10 q2(29)
~ dg2(0s) R
-20 S -20
20 -10 0 10 20 20 -10 0 10 20
x (m) x (m)
(a) t = 0s (b) t € [0s, 2]
20 20
21s).
10| as(13) 57 10 - a2(21s)..
£ @ s | £ of ¢
> > ..°
-10 : @q2(135) -10 E. (
: - qs(21s)
220 o 220 \/
20 -10 0 10 20 220 -10 0 10 20
z (m) x (m)
(c) t € [2s,13s] (d) t € [13s, 21s]
20 e 20
q2(43s) \ .92(95s).
10 : @) : 10 , '
= qi1(43s) °. = a1 (95s) -
E 9 AR E 9 o
> >
10 @ 100 guomy
-20 a3 (43s) -20
20 -10 0 10 20 20 -10 0 10 20
x (m)  (m)
(e) t € [21s,43s] (f) t € [43s,95s]
Fig. 5. Collision avoidance with zero uncertainty. The agents’ initial

positions at the start of each simulation interval are indicated by the small
circles of darker color. Subsequence positions are traced by circular markers
of lighter color and time-spaced by 0.25s. The desired final positions are
indicated by the star-shaped markers in plot (a). The Avoidance, Conflict,
and Detection Region for all agents at the end of each simulation interval
are delimited by the bold, thin, and dashed lines, respectively.
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Fig. 6. Distances among agents.
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