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Worst-case Analysis Based Adaptive Control Design for SISO Linear Systems
with Plant and Actuation Uncertainties

Sheng Zeng

Abstract— We study the adaptive controller design for SISO linear
systems subjected to plant and actuation uncertainties simultaneously.
We first formulate the actuation and plant components of the linear
system as two subsystems sequentially interconnected with additional
feedback, and then convert the robust adaptive control problem as a
nonlinear H°° control problem under imperfect state measurement. We
derive the estimators and identifiers of the two subsystems using cost-
to-come analysis, and then apply integrator backstepping methodology
to obtain the control law. The controller guarantees the boundedness of
closed-loop signals with bounded exogenous disturbances, and achieves
desired disturbance attenuation level with respect to the unmeasured
exogenous disturbance inputs and arbitrary positive or zero disturbance
attenuation level with respect to the measured disturbance inputs. In
addition, for the measured disturbances that the controller can achieve
zero disturbance attenuation level, the asymptotic tracking objective
is achieved even if they are only uniformly bounded without being of
finite energy.

Index Terms— Nonlinear H°° control; cost-to-come function analy-
sis; measured disturbances; adaptive control.

I. INTRODUCTION

Adaptive control attracted a lot of research attention in control
theory since 1970s. The classic adaptive control design based on the
certainty equivalence approach leads to structurally simple adaptive
controllers[1] [2], and its effectiveness for linear systems with or
without stochastic disturbance inputs has been demonstrated when
long term asymptotic performance is considered [3]. However, early
designs based on this approach were not robust to exogenous dis-
turbance inputs and unmodeled dynamics[4]. Then, the stability and
the performance of the closed-loop system becomes an important
issue, which motivated the study of robust adaptive control in the
1980s and 1990s.

The robustness of closed-loop adaptive systems was studied
intensely in late 1980s and early 1990s. Various adaptive controllers
were modified to render the closed-loop systems robust [5]. Despite
their successes, they still fell short of directly addressing the
disturbance attenuation property of the closed-loop system.

Worst-case analysis based adaptive control design was motivated
by the success of the game-theoretic approach to H °°-optimal
control problems [6] in late 1990s, which addresses the disturbance
attenuation property directly. This design paradigm has been applied
to worst-case parameter identification problems [7], which has led
to new classes of parametrized identifiers for linear and nonlinear
systems. It has also been applied to adaptive control problems [8],
[9], [10], [11], and offered a promising tool to system subjected to
uncertainties.

Most of the control applications today are implemented based
on digital controllers. Driver is one critical component of control
system as well as actuator, and usually is or can be approximated
as a SISO linear system with zero relative degree. The driver
performance can be impacted by uncertainties such as poor linearity
properties, environmental and thermal issues. Moreover, the plant
output will intendedly or unintendedly feedback to the driver in

some applications, such as the back-emf voltage in the motor
control applications. Nevertheless, the controller in practice are
usually designed with the assumption that the control command
can be applied on the plant directly by ignoring the actuation
uncertainty induced from driver and actuator. To improve system
performance, we need to take both plant and actuation uncertainties
into account in the controller design. The above driver, actuator and
plant components are essentially in a sequentially interconnected
structure as Figure 1, and it is the real plant in the practical control
system design.

In this paper, we study the adaptive control design for linear sys-
tems under simultaneous driver, plant and actuation uncertainties.
We view the linear system as two subsystems, actuation subsys-
tem(which includes the driver and actuation blocks in Figure 1)
and plant subsystem, sequentially interconnected with noisy output
measurement and partially measured disturbance, and we assume
that they satisfy the assumptions as [12] and [11], respectively. Un-
der these assumptions, we can transform the above two subsystems
into the models which are linear in all of the uncertainties. We then
formulate the robust adaptive control problem as a nonlinear H >
control problem under imperfect state measurements, and apply the
cost-to-come function analysis to derive the worst-case identifier
and state estimator. The control design of the plant subsystem
follows [12], and the adaptive controller can be obtained by the
integrator backstepping methodology. The control design for the
actuation subsystem can be completed in one step in view of the
last backstepping design step for plant subsystem and the equivalent
cost function. The robust adaptive controller achieves asymptotic
tracking if the disturbances are bounded and of finite energy, and
guarantees the stability of the closed-loop system with respect to the
bounded disturbance inputs and the initial conditions. Furthermore,
the closed-loop system admits a guaranteed disturbance attenuation
level with respect to the exogenous disturbance inputs, where
ultimate lower bound for the achievable attenuation performance
level is only related to the noise intensity in the measurement
channel of the plant subsystem, and zero or arbitrary positive
distance attenuation level with respect to the measured disturbances.
It further leads to a stronger asymptotic tracking property for the
measured disturbances that the controller can achieve disturbance
attenuation level zero with respect to, namely, the asymptotic track-
ing objective is achieved when the above measured disturbances are
only bounded, without requiring it to be of finite energy.

The balance of the paper is organized as follows. In Section
I, we list the notations used in the paper. In Section III, we
present the formulation of the adaptive control problem and discuss
the general solution methodology. In Section IV, we first obtain
parameter identifier and state estimator using the cost-to-come
function analysis in Subsection IV-A, then we derive the adaptive
control law and present the main results on the robustness of the
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II. NOTATIONS

We denote IR to be the real line; R, to be the extended real line;
IN to be the set of natural numbers. For a function f, we say that it
belongs to C if it is continuous; we say that it belongs to Cj, if it is
k-times continuously (partial) differentiable. For any matrix A, A’

-1 b<O0
denotes its transpose. For any b € R, sgn(b) = 0 =0
1 b5>0

For any vector z € R™, where n € IN, |z| denotes (z'z)/2. For
any vector z € R", and any n x n-dimensional symmetric matrix
M, where n € N, |z|3; = z’Mz. For any matrix M, the vector
M is formed by stacking up its column vectors. For any symmetric
matrix M, M denotes the vector formed by stacking up the column
vector of the lower triangular part of M. For n X n-dimensional
symmetric matrices M7 and M2, where n € IN, we write M1 > Mo
if My — M5 is positive definite; we write My > Ms if My — M
is positive semi-definite. For n € IN, the set of n X n-dimensional
positive definite matrices is denoted by S,,. For n € NU {0}, I,,
denotes the n X n-dimensional identity matrix. For any matrix M,
||[M]||p denotes its p-induced norm, 1 < p < co. L2 denotes the set
of square integrable functions and L, denotes the set of bounded
functions. For any n, m € IN U {0}, Onxm denotes the n x m-
dimensional matrix whose elements are zeros. For any n € IN and
ke {1, . ~,n}, En,k denotes [ le(kfl) 1 le(n,k) ]/

III. PROBLEM FORMULATION

We consider the robust adaptive control problem for the uncer-
tainty system which is described by the block diagram in Figure 1.
We call the plant as subsystem S; and assume the system dynamics

Driver Plant

Actuator —»

A 4

Fig. 1. Block diagram of uncertainty system.

for plant are as below,

i1 = Aiz1+ B+ D + Diwn
q1
+(y14i1,21 + WA1220 + Zwl,iA1,23i)61§ (1a)
i=1
y1 = Cizi+ Eiun (1b)

where x1 is the n;-dimensional state vectors with initial condition
21(0) = 1,0, n1 € IN; @ is the scalar control input; y: is the scalar
measurement output; ws is ¢1-dimensional unmeasured disturbance
input vector, g1 € IN; w; is ¢i1-dimensional measured disturbance
input vector, g1 € IN; 6, is o1-dimensional unknown parameter
vector, o1 € IN; the matrices Ay, By, D1, Dl, A1,21, A1’22, A1,23,
C1, and E, are of appropriate dimensions and completely known.

To simplify the illustration, we combine the actuator and driver
blocks in Figure 1 as subsystem Sz, and we assume the system
dynamics of Sg are given by,

Aszs + Bau+ Az yy1 + Doty + Dows + (y2A2,21

To =
q2
+uAaz,22 + Z W2, A2,23: + y1A2,24)02; (2a)
i=1
yo = Coza+ (Ca002 + bopo)u + Exws (2b)

where o is the no-dimensional state vectors with initial condition
22(0) = x2,0, n2 € IN; u is the scalar control input; ys is the
scalar measurement output and y» = u; ws is gz-dimensional
unmeasured disturbance input vector, g2 € IN; w3 is g2-dimensional
measured disturbance input vector, o € IN; 02 is o2-dimensional
unknown parameter vector, o2 € IN; the matrices Az, B2, Az,
Do, Dz, A2,21, A2,22, A2,23, A2,24, Ch, C_'z,o, b2,p0 and F» are
of appropriate dimensions and completely known. In addition, the
high frequency gain, b2 o, of the transfer function from u to y2 is
equal to bgypo + 62’002.

We assume that S; satisfies the assumptions in [12], and Sa
satisfies the assumptions in [11]. To make this paper more readable,
we will summarize the assumption as follows,

Assumption 1: S1 and Sz are observable. The transfer function
of Si is known to have relative degree 1 € IN, and the transfer
function of Sz is known to have relative degree zero. Moreover,
both subsystems are strictly minimum phase. O
Based on the above assumptions, we have

a4y =1 1<j<m—1
1<ji<m—-Lk>j+1

=
\

= (al,jk)mxnl;{

- - /
A1,22 = [ Oalx(rl—l) Al1,220 A/1,227»1 ] ;C1 = [1 le(nlfl) }
By = [ O1s(ri—1) b1,p0

ai,jk = 0

/7
le)(nl—rl) ]

where Aj 220 is a row vector, by,p; j = 0,1,---,n1 — ry are
constants. Then the high frequency gain of the transfer function of
Si1 and Sz are b1,0 = bl,po +/_11,22091 and b2,0 = bQ,po +C_'2,0‘92,
respectively.

The subsystems may be uncontrollable, but the uncontrollable
part satisfies the following assumption,

Assumption 2: The uncontrollable parts with respect to % of (1)
and u of (2) are stable in the sense of Lyapunov. Any uncontrollable
mode corresponding to an eigenvalue of the matrix A; and A,
on the jw-axis is uncontrollable from w1, Wi, and y1, w2, W2,
respectively. O

Since we consider the adaptive control design for systems with
noisy output measurements, we have the following assumption,

Assumption 3: The matrices E; are such that E;E; > 0, for
1=1,2. |
and we define ¢; := 1/(E;E})2 and L; := D;E}, for i = 1,2.

To guarantee the stability of the closed-loop system and the
boundedness of the estimate of 6#;, for ¢ = 1,2, we make the
following assumption.

Assumption 4: The sign of b; o is known, and without loss of
generality, assume b; o > 0; there exists a known smooth nonneg-
ative radially-unbounded strictly convex function P; : R°? — IR,
such that the true value 0; € ©; := {0; e R | P;(9;) < 1}. O

Since we consider a trajectory tracking control design problem,
we make the following assumption about the reference signal yq.

Assumption 5: The reference trajectory, yq, is r1 times con-

tinuously differentiable. Define vector Yy := [yflo),n-,yé”)]’ ,

where yfim = y4, and yfij ) is the jth order time derivative of yq,
j = 1,---,r1; define Yy := [yfio)(O), e ,yyrl)(ﬂ)}' € R™.
The signal Y; is available for feedback. O

Our objective is to derive a control law, which is generated by
the following mapping,

u(t) = p(ewn) )

where p: CxCxCxCxC — IR, such that 1,1 can asymptotically
track the reference trajectory yq, while rejecting the uncertainty
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(w1,w2) € W1 X Wh, and keeping the closed-loop signals bounded,
where w,, € Wy, is the measurement signal of the system

W = (yl[o,oo>,yz[o,oo)ﬂfh[o,oo),%[o,oo),Ydo,yér[&)oo))
Win CxCxCxCxR*xC

w; € W; is the uncertainty of subsystem S; for ¢ = 1,2,

(0973 =

W, =

(w0, 0, Wi[0,00) s Wi[0,00) s YO, yzé,)oo))

R" x0; xCxCxR™*xC

The control law p must also satisfy that, V(w1,w2) € W1 X Wh,
there exists a solution Z1[p,00) and T 0 to the system (1) and
(2) , which yields a continuous control signal [y o). We denote
the class of these admissible controllers by M,,.

Next, we introduce the following assumption about the measured
disturbance w; before we define the disturbance attenuation level to
capture the control objectives by optimizing a game-theoretic cost
function.

Assumption 6: The measured disturbance w; can be partitioned
asiwn = [ Wi, W, . | where:q is g dimensional,
g1, € INU {0}, and the transfer function from each element of
W1,q to y1 has relative degree strictly less than r1; w1 i di,p
dimensional, ¢, € IN U {0}, and the transfer function from each
element of w1, to y1 has relative degree 7. ]

Definition 1: A controller € M, is said to achieve
disturbance attenuation level v  with respect to disturbance
[ wy  wh ]/, arbitrary disturbance attenuation level ¥  with
respect to Wi, and disturbance attenuation level zero with
respect to disturbance [ Wiy Wi W2 ]/, if there exists func-
tions 11 (t, 01,1, Y1[0,4)> Yao,1)» l2(t, 02,22, Y204, Yajo,q), and a
known nonnegative constant [y, such that

sup Jl,’yt‘f + JQ,'ytf S 07
w1 EW1,w2EW2

Vir >0 @)

where
tf
Tinty = (Cra1 = ya)* + 11 = 77 |1,a]* =+ [uwr [*)dr
s
0
« 2
[ 0= zho—h0 ]| I &
1,0
ty
Bty = [ (2=l
s
’ 2 ’ =7 ’ / / 2
- [ Oy —030 wap— oo ] _ (6)
Q2,0

In the equation above, for ¢ = 1,2, Qi,o > 0is a (n; +
0i) X (n; + o;)-dimensional weighting matrix, quantifying the
level of confidence in the estimate [ 00 o ]l; Q; o admits

Qio Qi0 0
‘I)i,oQZS 10 + ‘I)i,oQZé‘I%,o
are 0; X 0;- and n; X n;-dimensional positive definite matrices,
respectively.

Clearly, when the inequality (4) is achieved, the squared Lo
norm of the output tracking error Cix; — yq is bounded by ~2
times the squared £> norm of the unmeasured disturbance input
[ wy  wh ]/, plus 5% times the squared £ norm of the measured
disturbance input w;,, and some constant. When the £2 norm of
w1, we, Wi, and Wy are finite, the squared L2 norm of Ciz1 — yq
is also finite, which implies tlim (Ciz1(t) — ya(t)) = 0, under

— 00

the structure { , Qi,0 and II; o

additional assumptions.

The worst-case optimization of the cost function (4) can be
carried out in two steps as depicted in the following equations.

2

sup Jyt, < sup ( E sup
w1 E€EW1, w2€W2 wm EWm N ] wi€Wilwm EWm

Jiaty )

The inner supremum operators will be carried out first. We max-
imize over w; given that the measurement w,, is available for
estimator design, ¢ = 1,2. In this step, the control input, u, is
a function only depended on w,, then w is an open-loop time
function and available for the optimization. Using cost-to-come
function analysis, we derive the dynamics of the estimators for
subsystem S; and S» independently.

The outer supremum operator will be carried out second. In this
step, we use a backstepping procedure to design the controller .

This completes the formulation of the robust adaptive control
problem.

IV. ADAPTIVE CONTROL DESIGN

In this section, we present the adaptive control design, which
involves estimation design and control design. First, we discuss
estimation design.

A. Estimation Design

In this subsection, we present the estimation design for the
adaptive control problem formulated.

To be able to apply cost-to-come function analysis to design a
stabilizing controller, we first expand the system dynamics (1) and
(2) by including 6, and 65 as part of the the expanded state vector
& = [ 0, x ]' and & = [ 0y x4 ]/. The expanded system
dynamics are given as (8).

We skip the estimation design for S1 due to page limitation, and
the derivation can be found in [12].

The estimation design of Sz generally follows [11], but the
identifier dynamics are significantly different due to the feedback
input y; and measured disturbance w2 in (2). In this step, the
measurements waveform, i, ws and Yy are assumed to be known.
We ignore terms considered to be constant in the estimation design
step, and set l2 in (6) to be |2 —ég\%z +2(&2 — £2) Iz, + 2. The
equivalent cost function of (6) is then given by,

tf . . .
oty = / (1&2 — &alb, +2(62 — &) la g + la — ¥ |wa|*)dr
0
712,005, e

where Qs is a matrix-valued weighting function, ég is the worst-
case estimates for the expanded state &2, l22 is a design function,
and [y is considered to be constant in the estimation design step.
The cost function of subsystem Sz is then of a linear quadratic
structure, and the robust adaptive control problem for S» becomes
an H°° control of affine quadratic problem, which admits a finite
dimensional solution.

We introduce the value function W = [&2 — Eg\ _1, and treat

y1 as the measured disturbance of Sz, and we then can obtain the
dynamics of state estimator &, and worst-case covariance matrix %y
by the cost-to-come function methodology. However, it is difficult
to analyze ¥, directly, we thus partition ¥2, and define ®> and ITo

as shown below,

5, - P 22,12 )

Yoo1 Yoo |’
I, = 72(22,22—22,2125122,12);
Py = ¥y
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& = 7 R T O lev| O Jas| 0 | + 9w
v i y1A1 21 + uA1 20 + 231:1 wi1,jA1,235 A1 ! By D, | ! D, !
=: A1£1 +Blu+D11D1 —|—D1w1 (8a)
Y1 = [ Oixo;, Ch ] & + Brwy =: Ché1 + Eywn; (8b)
& = _ T T 2 i T 0 §at 0 u+ 0 + 0 wa+ 0 w
2= i Y2 Az 21 +uA2 20+ 232:1 Wa,jA2,235 +y1A224 Ao 2 B; L Asy s D> 2 D, 2
=: Ay + Bou+ Az yy1 + Dotz + Daws (8c)
Y2 = [ uCao Cs ] &2 4 ba pou + Fawa =: Ca&a + ba pou + Eaws; (8d)

then the weighting matrix 5 is positive definite if and only if o
and Il are positive definite. To guarantee the boundedness of X,
we choose the weighing matrix Q)2 as follows,

— 5 — 5

!
47—1 —1
I, %HQ ALTI; { L. }

€2(t)(Ca0u + Co2®2)'v* (3 (Ca0u + Ca®s)

0’)’1,2 Xog

o-]

g

where As(t) is an n2 X n2- dimensional positive-definite matrix,
and e is a scalar function, which can be defined by either of two
possibilities,

ea(t) =

or ez(t) :

00'2 Xng

Ong Xng

Tr(S2(t) ' /Ko V€ [0, ty]
1 Vtelo,ty]

(10a)
(10b)

where K> . > 42Tr(Qa2,0) is a design constant, Q2,0 is an 2 X g2-
dimensional positive-definite matrix. The dynamics of 32, 5, and
II> are summarized as follows,

Yy = (e2 —1)%, (CQ,OU + 02(192)/72(22(@2,0% + Ca2®2)%0;
22(0) = 7" Q20 (11a)
Dy = (A2 — (3 L2Co — C22H2Cécz)‘1’2 +y2Az21 + u(Az 22
g2
—C22LQC_12’0 - HQCQCQC’Q,O) + Z wZ,jAQ,QBj
=1
+y1/12,24; 02(0) = P20 (11b)
My = (A2 — (GLaCo)Ia + Mz (Az — (3L2Ca)' — (GT2C5ChTTn

+D2Dh — (3 Lol +7*Az;  Ta(0) = Tlay (11c)

As described in [9], we have the covariance matrix 2 upper and
lower bounded as follows,

whenever 3 exists on [0,¢y] and @5 is continuous on [0, ¢y].
To avoid the inversion of X, online, we define s2 x(t)
Tr((X2(t))™1), and its dynamic is given by,

’72<22(1 —€2)(Ca,0u + C2®2)(Caou + C2®2)';
52,5(0) = ¥*Tr(Q2,0)

To guarantee the estimates parameter to be bounded and the
estimate of high frequency gain to be bounded away from zero
without persistently exciting signals, we introduce the following
soft projection design on the parameter estimate.

We first define p2 = inf{Pz(éz) ‘ 52 € ]RU27 b2,p0 + 62,09_2 =
0}, and we have 1 < p2 < co by Lemma 2 in [11]. We then fix any
p2.0 € (1, p2), and we define the open set O3, := {0 | P2(0) <
02,0} Our soft projection design will guarantee that the estimate

S2.%

0 lies in O3, ,, which immediately implies |b2 po + Az,212002] >
c2,0 > 0, for some c2,0 > 0. Moreover, the convexity of P> implies
the following inequality:

0P, -
a72(6’2) (

To incorporate the modifier to the estimates dynamics, we define
1
exP(l—P2(§2))

(p2,0—P2(62))° (
Oa'2><1

6 — éz) <0 Véz c ]RU2\@2

Py
903

(62))" V02 € ©2,,\0,

Vls € O2

Pg‘r(ég) =

and introduce ls 2 = [—(Ps,+(02) 01xn,]’. The dynamics of & is
then given as follows,

£, = o[ (Por(02)) Orwny |+ Asés + Bout Ay
+D2z — £2Q2(&2 — &) + (3 (v* 205 + La)
(y2 = bapou — Caa);  €2(0) = [ Oh
where Lo is defined as Lo = [01x0, L5]'.
To analyze the stability of the close-loop system easily, we im-

plement the dynamics of ®2 as the following pre-filtering systems
for y1, y2, v and wo.

~/

T30

K

Asyp = Ay —(L2Ch — G050,
M2 = Ayt prnoy2; 72(0) =n2,0
A = Azt A2 + p2nsu; A2(0) = Aoy
}\2,0 = Az fX20; A2,0(0) = p2,n,
N2w2 = AQ,fTIQ,m,l + P2,nyW2,1; 772,11;,1(0) = 72,w20
20,40 = A2,f7]2,ﬂz,¢j2 + D2,n0W2, 493 M2, 42 (0) = 12,w,420
M2y = Azgn2y + P2y M2.y(0) =12y0
Py = Py + Doy
Doy = [ A;72f71772 Az, 2 M2 } MQ_’}A2721
= [ T2/,177¢ T2/,n2772 }l
(i)z,u = A P2, + (Azoo — C§L262,0 - HzCQCéézo)u

q2
+ Z Aj23 i + Az24y15 P2, (0) = P20

j=1

where My p := [ A% 'pan, A fP2ny  P2my | P2ma
is a no-dimensional vector such that the pair (A f,p2,n,) is
controllable.

This completes the estimation design of S».

Associated with the estimation design of S; in [12] and the above
identifier and estimator of subsystem S, we introduce the value
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function W; : R"17 x R™17 X Sy (,40,) — R, i=1,2as
Wi(éuéniz‘):|9i—9i|;i—1+72\1’i—55i—‘1>i (Qi—éi)@i—l

whose time derivative is as follows

Wi =~z —wal® e — 31— @ (61 — él)\znl—lAlnl—l
—e1 VG0 — 0113 o100y + 10181 — pal® + 61,13,
2Ry — Crza|* + 7w ] = 7w — wi?
+2 (01 — él)/PI,r(él) +e |6 — é1|§1>’10101<1>1 (12)

Wy = —’Y4|5E2 — &9 — Do (02 — é2)|12-[2—1A2n2—1 + |§2,c|%2

—v*Gy2 — bapou — CaZz — Ca0b2ul” + 7% |wa|?
2 .2 A o12 2 2
—€27" 2102 — O2[3; 0y 0y 0, — 77 [W2 — w2

+2 (92 — éz)lpzﬁa(éz) (13)

where &; . = éz — &;, and w; « is the worst-case disturbance, given
by wiy : R x R"17 x R"T7 X Sy 10 — R

w1 .(&1,&,51,w1)= GE (1 — Ci&a) +v > (Iy, — G ELEr)
DS (6 - &)

w2+ (&2,62, 52, w2)= (3 E3 (y2 — b2 pou — Caa)
+772 (g — GE3E2) D355 (6 — &)

We note that (12) and (13) hold when ¥; > 0 and 6; € ©,,
and the last term in Wi is nonpositive, zero on the set ©; and
approaches —oo as 0; approaches the boundary of the set ©; o,
which guarantees the boundedness of 6;, i = 1,2. This completes
the identification design step.

B. Control Design

In this section, we describe the controller design for the uncertain
system under consideration. Note that, we ignored some terms in the
cost function (5) in the identification step, since they are constant
when y1, y2, w1 and w2 are given. In the control design step, we
will include such terms. Then, based on the cost function (5), the
controller design is to guarantee that the following supremum is
less than or equal to zero for all measurement waveforms,

sup Jy
w1 EW1, w2 EWo

ty

< sup

Wm €EWm

+i 41— ’72|1111,a|2 - 72412|y1 — 01551\2

ty
[ (16 = st + el + ek,
0

—’72C22|y2 - bzypou - ég,oégu - C2i'2|2) dr (14)
where function {3 (7,9170,7)> Yapo,-,W1) is part of the
weighting function li(7,01, 21, y1(0,7], Yajo,r), W1). and

I2(T,Y2(0,+1» Yajo,-], W2) is part of the weighting function
lo(7, 02,2, Y210,7), Yajo,r], W2) to be designed, which are
constants in the identifier design step and are therefore neglected.

By equation (14), we observe that the cost function is expressed
in term of the states of the estimator we derived, whose dynamics
are driven by the measurement yi, y2, Wi, W2, the reference
trajectory yq, the input u, and the worst-case estimate for the
expanded state vector él and 52, which are signals we can either
measure or construct. This is then a nonlinear H °°-optimal control
problem under full information measurements. We can equivalently

deal with the following transformed variables instead of considering
Y1, Y2, W1 and w2 as the maximizing variable,

— U1

=1

¢ (y1 — Crir)

wl,a
G2 (y2 — b2,pout — Co,002 — Codiz)

Then our control design objective is to achieve desired attenuation

level v with respect to variables v, and the variables to be designed

at this stage are u, &1,c, and &2 c.

We observe that 31, IT1, s1., and 6; of subsystem S; are always
bounded by the estimation design, and 91,1, *, N1,w,4; and A1,0
are bounded since A, ¢ is Hurwitz. Then, we treat these variables as
states of the stable zero dynamics in the control design procedure.
We can not stabilize &1, in conjunction with Z; in the control
design. We will assume they are bounded and prove later they are
indeed so under the derived control law. Since there is a nonnegative
definite weighting on &1, in the cost function (14), we can not
use integrator backstepping to design feedback law for & . either.
Hence, we set {1, = 0 in the backstepping procedure. After the
completion of the backstepping procedure, we will then optimize
the choice of &; . based on the value function obtained.

Note that the structures of A; and A, ¢ in the dynamics are in
strict-feedback form, we will use the backstepping methodology,
see [13], to design the control input & of subsystem S;.

First, we will stabilize 7; by introducing single 71,4, which is
of the following dynamics with initial condition 71,4(0) = 71,40,
M,d = A1, fM1,4 + P1,n,Yd, and is the reference trajectory for 7
to track. Treating @1, as the virtual control input, and choosing
value function Vi := |1 — n1,a|%,, where Z; is the solution to
the following algebraic Riccati equation,

1
V2¢E
and Y} is a positive-definite matrix, we complete the step 0 with the

virtual control law o1,0 = yq4, which will guarantee the V3o < 0
under £1,1 = a1,0.

AV p 20+ Z1Avy + Z1p1,n Pimg Z1+ Y1 =0

At step 1, we introduce 21,1 := #1,1 — Y4, and choose value
function V11 = Vio + %z%l Treating 21,2 as the virtual control
input, we end the step 1 with the virtual control law a1, which
guarantees V1,1 < Ounder £1,2 = a1,1. Repeating the backstepping
procedure until step r1, the control input @ will appear in the
dynamic of 2 ,, . Using the similar procedure as previous steps, we
can derive the robust adaptive controller a1, such that V1,r1 <0
under @ = a1, to guarantee the dissipation inequality with supply
rate,

1
1
—lz1n = yal® = |m —m.al¥, — 5251 - E Buizti + v
=1

Please see [12] for the design detail.

In the design step of Sz, we can equivalently deal with the
transformed variable, vo. In view of & = y2, a clear choice for
control input u and the worst-case estimate {2 ., which guarantees
that the right-hand-side of (14) is nonpositive, is

b3 oz s ~
u :ﬂw):m“_%%f_@“ (15)
" C_'z,oéz ~+ b2,p0
&L o= & (16)

where 51,0 = [ O1x(ri—1) 1 Oix(ny—rp) ] (B1 +A1,2291)-
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For the closed-loop adaptive nonlinear system, we have the
following value function, U = W7 + Ws + Vi, and its time
derivative is given by
2

1
fl,c + §<1,7'1

: 1
U< —|z11—yal” - 1 |§1,r1|2’21 +

1

2
3 " (il = w = wie )+l = 1010 —
i=1

where g1, is function obtained after step 71, w1,« is the worst
case disturbance with respect to the value function U, and both of
them are defined in [12] and [11].

Then the optimal choice for the variable &1 is, £1,cx = — %@ml,
which yields that the closed-loop system is dissipative with storage
function U and supply rate:

2

—lz11 = yal® + ¥ |wi ] + VP wa|* + 7|t

The optimal choice of & . is generally very complicated. We
could simply choose &1, =0, i.e., él = ¢;. Since it will result in
a simplified identifier structure, this suboptimal choice of él may
be preferable over the optimal one. Then, we summarize the choice
of 51 and 52 as follows,

L o= &-
& = &
Next, we state the strong robustness property of the closed-loop
system in the following theorem.
Theorem 1: Consider the robust adaptive control problem for-
mulated in Section III, the robust adaptive controller p in (15) with

the choise of &1, as (17) and &2, as (18), achieves the following
strong robustness properties for the closed-loop system.

€1,c

2

€1, =€ [0,1] (17)
(18)

S1,7m1

1) For uncertainties wi € Wi and wa € W, the controller p
achieves disturbance attenuation level v with respect to w;
and wo, arbitrary disturbance attenuation level 5 with respect
to W1,q, and disturbance attenuation level zero with respect
to W1,p, Wi,c, and wa.

2) For subsystem S; and Sz, the controller p guarantees
the boundedness of all closed-loop state variables for any
bounded uncertainty w; € Wi and ws € Wh.

3) For uncertainties w1 € Wi and we € W with w1 [9,00) €
L2 N Lo, W2 j0,00) € L2 N Lo, Wiaf0,00) € L2 N Lo,
'Ujl,b[O,oo) S Loo, Uv)l’c[()’oo) S l:oo, 71)2[0,00> € Lo and
Yd[(),oo) € Lo, the output of the subsystem Si, i1,
asymptotically tracks the reference trajectory, yq, i.e.,

Jim (w1,1(t) —wa(t)) =0

4) The ultimate lower bound on the achievable performance
level, 7, is only depended on the subsystem Sq, ie., v >
(E\E})% or v > (E1E})2.

Proof We can prove the theorem by a line of reasoning that is
similar to that of [12] and [14]. The detailed proof is skipped due
to page limitation.

V. CONCLUSIONS

In this paper, we present the worst case based adaptive control
design for the linear system with plant and actuation uncertainties.
We formulate the actuation and plant of the linear system as two
subsystems sequentially interconnected with additional feedback,
and we assume that the plant subsystem satisfies the same assump-
tions as [12] and actuation subsystem satisfies the assumptions
as [11]. We formulate the robust adaptive control problem as a

nonlinear H°° control problem under imperfect state measurements,
and then apply cost-to-come function analysis to obtain the finite
dimensional estimators of two subsystems independently due to
the sequentially interconnected structure. The controller of plant
subsystem can be obtained by utilizing the integrator backstepping
methodology recursively, and the controller of actuation subsystem
can be obtained directly in one step. The controller then guarantees
the total stability of the closed-loop system with bounded exogenous
disturbances and achieves asymptotic tracking of the reference
trajectory when the disturbance is of finite energy and uniformly
bounded. The controller also achieves a desired disturbance attenu-
ation level with respect to the exogenous disturbance inputs, where
ultimate lower bound for the achievable attenuation performance
level is only related to the noise intensity in the measurement
channel of the plant subsystem, and zero or arbitrary positive
distance attenuation level with respect to the measured disturbances.
It further leads to a stronger asymptotic tracking property for the
measured disturbances that the controller can achieve disturbance
attenuation level zero with respect to, namely, the asymptotic track-
ing objective is achieved when the above measured disturbances are
only bounded, without requiring it to be of finite energy.
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