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Finite-time Consensus for Second-order Multi-agent Networks with
Inherent Nonlinear Dynamics Under an Undirected Fixed Graph

Yongcan Cao and Wei Ren

Abstract— This paper studies finite-time consensus for net-
worked multi-agent systems with second-order dynamics in the
presence of inherent nonlinear dynamics under an undirected
fixed interaction graph. We propose a nonlinear distributed
consensus algorithm and then present sufficient conditions such
that finite-time consensus can be achieved. By employing a
similar stability analysis, it is expected that finite-time consensus
can be achieved with/without inherent nonlinear dynamics when
the initial undirected interaction graph is connected and the
difference between the Laplacian matrix for any ¢ > 0 and the
Laplacian matrix at ¢t = 0 is small enough.

I. INTRODUCTION

Distributed control of networked multi-agent systems has
been investigated extensively in the systems and controls
society. The main research problem in distributed control of
networked multi-agent systems is to have a group of mobile
agents achieve desired group behaviors through local infor-
mation exchange. Compared with the traditional centralized
control, distributed control has a number of benefits, such
as easy implementation, low complexity, high robustness,
and good scalability. Although benefits of distributed control
are foreseen, the design and analysis of distributed control
are more complicated and challenging than those of the
traditional centralized control.

Consensus is one fundamental problem in distributed
control of network multi-agent systems. The main objective
of consensus to design local control algorithms such that a
group of agents reaches a common state, such as positions,
phases, and velocities. In the systems and controls society,
the pioneer work is given in [1] where an asynchronous
agreement problem is studied for distributed decision making
problems. Subsequently, the authors in [2]-[5] study consen-
sus for first-order kinematics under various information flow
constraints. For more results about consensus, the readers are
referred to [6]-[9] and references therein.

Finite-time consensus, one interesting research problem
in consensus, refers to the agreement of a group of agents
on a common state in finite time. Finite-time consensus is
first studied in [10] where a nonsmooth consensus algorithm
is proposed and the finite-time convergence analysis of
the closed-loop system is presented under an undirected
fixed/switching interaction graph. Then a continuous non-
linear consensus algorithm is proposed in [11] to guarantee
the finite-time stability under an undirected fixed interaction
graph. The proposed algorithm in [11] is shown in [12] to be
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able to guarantee finite-time consensus under an undirected
switching interaction and a directed fixed interaction graph
when each strongly connected component of the topology
is detail-balanced. Another continuous nonlinear consensus
algorithm is proposed in [13] to guarantee the finite-time
stability under a directed fixed interaction graph. Different
from [10]-[13] where the final state of all agents is in
general not controllable, several nonlinear consensus algo-
rithms are proposed in [14] to guarantee the finite-time x-
consensus, where the final equilibrium state can be controlled
by designing the y function. In contrast to [10]-[14] where
finite-time consensus is studied for first-order kinematics, a
nonlinear algorithm is proposed in [15] to solve the finite-
time consensus for double-integrator dynamics under an
undirected fixed interaction graph.

The existing research on consensus focuses mainly on the
case when no inherent dynamics is considered for the agents.
However, in many practical systems, inherent (nonlinear)
dynamics often exists for the agents. For example, in the syn-
chronization of complex dynamical networks [16]-[19], to
name a few, the dynamics of each node is normally described
by the sum of a continuously differentiable function de-
scribing the inherent dynamics associated with the node and
the coupling item identifying the corresponding connection
between the node and the other nodes. More comprehensive
details on the study of the synchronization of complex
dynamical networks can be found in [20], [21]. Recently,
inherent nonlinear dynamics has also been considered in
the consensus problem [22]-[25]. The authors in [22] study
first-order consensus of multi-agent systems in the presence
of inherent nonlinear dynamics. Sufficient conditions are
given to guarantee first-order consensus under a directed
fixed interaction graph. The authors in [23] study finite-time
consensus for first-order kinematics with inherent nonlinear
dynamics. Sufficient conditions are given to guarantee finite-
time consensus under an undirected switching interaction
graph. The authors in [24] study second-order consensus
of multi-agent systems with inherent nonlinear dynamics.
Sufficient conditions are derived to guarantee second-order
consensus under a directed fixed interaction graph. In [25],
the authors propose a connectivity-preserving second-order
consensus algorithm for multi-agent systems with inherent
nonlinear dynamics when there exists a virtual leader. It
can be observed that finite-time consensus for second-order
dynamics with inherent nonlinear dynamics has not been
considered in the existing literature.

In this paper, we study finite-time consensus for second-
order dynamics with inherent nonlinear dynamics under
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an undirected fixed interaction graph. Compared with the
study of finite-time consensus for second-order dynamics and
consensus for second-order dynamics with inherent nonlinear
dynamics, finite-time consensus for second-order dynamics
with inherent nonlinear dynamics is more challenging be-
cause these two problems are considered simultaneously. It
is also worth emphasizing that the proposed techniques in the
study of finite-time consensus for second-order dynamics and
consensus for second-order dynamics with inherent nonlinear
dynamics are not applicable in the study of finite-time
consensus for second-order dynamics with inherent nonlinear
dynamics. To solve the problem, we first propose a nonlinear
distributed consensus algorithm and then present sufficient
conditions such that finite-time consensus can be achieved.
By employing a similar stability analysis, it is expected that
finite-time consensus can be achieved with/without inherent
nonlinear dynamics when the initial undirected interaction
graph is connected and the difference between the Laplacian
matrix for any ¢ > 0 and the Laplacian matrix at ¢ = 0 is
small enough.

II. PRELIMINARIES
A. Graph Theory Notions

For a team of n agents, the interaction among all agents
can be modeled by an undirected graph G = (V, W), where
V = {v1,va, -+ ,v,} and W C V? represent, respectively,
the agent set and the edge set. An edge in an undirected
graph denoted as (v;,v;) means that agents ¢ and j can
obtain information from each other. Accordingly, agent ¢ is
a neighbor of agent j and vice versa. An undirected graph is
connected if there is an undirected path between every pair
of distinct agents.

There are two commonly used matrices used to represent
the interaction graph: the adjacency matrix A = [a;;] €
R™ "™ with a;; > 0 if (vj,v;) € W and a;; = 0 otherwise,
and the Laplacian matrix £ = [(;;] € R™ " with ¢;; =
Z?:L#i a;; and {;; = —a;5, ¢ # j. In particular, we
let that a;; = 0, ¢+ = 1,---,n, (i.e, agent 7 is not a
neighbor of itself), a;; = aj; (i.e., A and L are symmetric).
It is straightforward to verify that £ is symmetric semi-
definite and £ has at least one eigenvalue equal to 0 with a
corresponding left eigenvector 12 and a corresponding right
eigenvector 1,,, where 1,, is an n x 1 all-one column vector.

B. Notations

We use R to denote the set of real number. 0,, € R™
is used to denote the n x 1 all-zero column vector and
0., xn € R™*™ is used to denote the m x n all-zero matrix.
diag(k1,- - , Kky) is used to denote the n x n diagonal matrix
with the ith diagonal entry given by x;. I, € R"*" is
used to denote the identity matrix. ® is used to denote the
Kronecker product of matrices. We use A2(-) and Apax(+)
to denote, respectively, the smallest nonzero eigenvalue and
the largest eigenvalue of a symmetric Laplacian matrix
corresponding to an undirected connected interaction graph.
||| is used to denote the 2—norm. We use sgn(-) to denote

the signum function. Define sig(z)® 2 sgn(z) [|z]|“. Note

that sig(z)® is continuous with respect to  when a > 0.
Let f : [0,00) — J C R™ be a continuous function. The
upper right-hand derivative of f(¢) is given by DT f(t) =
limsupy,_,o+ 7 [f(t + h) — f(t)]. Given two real vectors
z 2 [#1,...,2,]7 € RP and y 2 [Y1,..,yp)T € RP, we
use = < y to denote that z; < y;,Vi=1,...,p.
Define ]
M2 = [nl, - 1,17]. )
n
Let 0;,7 = 1,--- ,n, be the ith eigenvalue of M satisfying
that o1 < g2 < --- < p,,. Because M is a Laplacian matrix
corresponding to an undirected connected graph, po; = 0 and

i >0,i=2,--- ,n.LetI be the unique orthonormal matrix
such that M = T'T'diag(p1,-- - , 0,)T. It is worth noting that
M? =M.

C. Problem Statement

Consider a group of n agents given by

Ty = Uy, ’l.}i:f(t,’l"i,’l}i)—f—uz', i:]w"'7n7 (2)

where r; € R™ and v; € R™ are, respectively, the position
and the velocity of the ith agent, f(¢,7;,v;) : R x R™ X
R™ +— R™ is the unknown inherent nonlinear dynamics for
the ith agent, and u; € R™ is the control input for the ith
agent. Here we assume that

1f (s risvi) = (&g, 0l < (i =il + lloi = i),

3)
where 7 is a known positive constant. The objective
here is to design w; such that ||r;(t) —r;(¢)]|] — 0 and
[lvi(t) — v;(¢)|| — O in finite time for all 4,5 = 1,--- ,n.
That is, all agents’ states reach consensus in finite time. Due
to the existence of the nonlinear term f(¢,7;,v;), v;(t) in
general does not approach 0,,, which is different from the
traditional case where v;(t) — 0,, as t — oo.

Remark 2.1: Because f(t,r;,v;) in (2) is unknown, (2)
can not be converted to the well-studied second-order system
by letting w; = — f (¢, 7;) + ¢; with ¢; being the new control
input to be designed. Moreover, due to the existence of the
unknown nonlinear term f(¢,7;,v;), the consensus problem
is more challenging than that without the nonlinear term

f(t, T, ’Ui).

III. FINITE-TIME CONVERGENCE UNDER AN
UNDIRECTED FIXED INTERACTION

In this section, we consider an undirected fixed interaction
graph. We use A, £, and G to denote, respectively, the
adjacency matrix, the Laplacian matrix, and the undirected
graph associated with the n agents.

We propose the following nonlinear finite-time consensus
algorithm for (2) as

U; = — Z i [Slg(’l’l — Tj)al + Sig(vi - vj)az]
Jj=1

=B ai(ri = rj) + (vi = v))), )
i=1
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where (3 is a positive constant, a;; is the (7, j)th entry of the
adjacency matrix A characterizing the interaction among the
n agents, and oy € (0,1) and o € (0, 1) are two constant
scalars. The objective of the first term in (4) is to guarantee
the finite-time convergence while the objective of the second
term in (4) is to guarantee the stability when the nonlinear
term f (¢, 7;,v;) exists in (2). It is worthwhile to mention that
the stability analysis is, in general, difficult to analyze due
to the existence of the unknown nonlinear term f (¢, r;,v;).

Definition 3.1: A function f : R? — R™ is locally
Lipschitz of order x at z € R? if there exists L, and
e € (0,00) such that [|f(y) — f(y')| < Lully —y[|* for
all y,y' € B(x,¢e), where x > 0 and B(x,¢€) denotes the
ball centered at x with radius e.

Lemma 3.1: Suppose that F(t,z) : [to,T) x J C R?
RY, is a continuous function satisfying that DT F = f(t, z),
where z € RP, and f(¢, z) is piecewise continuous in ¢ and
is locally x-Lipschitz in z when f(t,z) is continuous at t.
Let G(t,w) : [to,T) x J C RP +— R? be a continuous
function whose upper right-hand derivative D+ G satisfies the
differential inequality DTG < f(t,w) with G[to,w(to)] <
Flto, z(to)]- Then G(t) < F(t) for all ¢ € [to,T).

Proof: The proof is similar to that of Lemma 3.3 in [23]
based on the two lemmas presented in the Appendix. |

Lemma 3.2: [26] Let A € RP*P have eigenvalues (3; with
associated eigenvectors f;,i = 1,...,p, and let B € R7*¢
have eigenvalues p; with associated eigenvectors g;,j =
1,...,q. Then the pq eigenvalues of A ® B are j3;p; with
associated eigenvectors f; ® gj,i =1,...,p,j =1,...,q.

Lemma 3.3: Let £ be the Laplacian matrix associated
with an undirected connected graph. Let

pa E\ﬁ %] )
and
s [ BL—pB, L2e=Bi=be
Q= |:[5£—le—312 ﬁﬁi By } ) (6)

where B; and B are two (time-varying) matrices satisfying
the following two conditions:

1. Each row sum of B;,7 = 1,2, is equal to zero;
2. Each off-diagonal entry of B;,7 = 1,2, denoted as

W), i=1,2, j=1,...,n%—n, satisfies that ‘193‘ < o,
and [ is a positive constant. When S >
max{ (1+€;’2\‘(”23‘(M)7 8(;2?8“0}, P and (@ are positive

semi-definite, where € is any positive constant. In particular,

pBL M| ip|_,
M M| |v

only if 4 =¢1, and v = ¢1,,, where p > 1 is a constant
scalar, ¢; and ¢y are two constant scalars.

Proof: We first show that P is positive semi-definite under

the condition of the lemma. Note that (5) can be written as

p_ [(HMe)M %]+[ﬁﬁ_(l+€)M O

for any p € R” and v € R", [p V7]

] (7)

On><n Oan

Py Py

According to the definition of M in (1), we know that M is
a Laplacian matrix corresponding to an undirected connected
graph. Therefore, all eigenvalues of M are nonnegative. Note

also that P} = 1 —f ¢ 1 ®M . Because the two eigenvalues
of ! _1|_ ¢ 1 are positive, it then follows from Lemma 3.2

that all eigenvalues of P; are nonnegative except two zero
eigenvalues, which implies that P; is positive semi-definite.
Therefore, P is positive semi-definite if P is positive semi-
definite. Note that P is positive semi-definite if and only
if L — (1 + €)M is positive semi-definite. For an arbitrary
vector x € R™, we can rewrite = as r = 2l + 2+, where
z!l is the projection of x along the vector 1,, and x is the
projection of x in the plane that is perpendicular to the vector
1,,. It follows that

e [BL — (1 + €)Mz
:(x” + 25T [BL — (1 +€)M] (:C” +at)
(2l + 29T 1B — (1 + e)M] 2!l + (2]
+ 2T [28L — (1 4+ €)M 2™
(2l + 29T 8L — (1 + e)M] 2t
(@T[BL — (1 + e)M] 2+
+ (@Y7 28 — (1 + )Mzt
=@ )" [BL - (1 +e)M]a™
>BX(L)(z )Tzt — (14 ) Amax (M) (zH) Tzt (8)

When 8 > HE92e00 fie., B3 (L) > (146€) Amax(M)], it
follows that B\ (L) (z 1) ot — (14 €) Apax (M) (2 1) T2t >
0, which implies that 7 [3£ — (1 +€)M]z > 0. That
is, L — (1 + €)M is positive semi-definite when 5 >
W. Therefore, P is positive semi-definite when

3> 05 max (M)
= A2(L) . .. . .
We next show that @) is positive semi-definite under the

condition of the lemma. Note that () can be rewritten as

r 1lp -B =Bi—=B>
=5l ¥lr|al 5] o
Q1 Q2
Similar to the previous analysis for P, when 3 > )‘i\“:z‘é?f ) >

@ is positive semi-definite. According to the Gershgorin disc
1
theorem, Apax(Q2) < 4(n—1)p. Note that Q1 = E %] ®

2
L, it follows from Lemma 3.2 that \2(Q1) = 3X2(L).
Therefore, when 3 > 8("%()2‘;_1, @ is positive semi-definite.
Lastly, we show that, for any p > 1, p € R" and
n T T pﬁﬁ M
v € R”, [,u v ] MM
and v = ¢1,,, where ¢; and ¢ are two constant scalars.

For simplicity, we only study the case when p = 1. Similar
analysis can be applied to the case for p > 1. When p =1,

pBL M| _|[I+e 1
[M M}—P.NotethatPl—[l 1®Mand

} m =0 only if 1 = ¢i1,

1+e 1} are positive. Without loss

the two eigenvalues of [ 1 1
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1 _1|— € 1:| be )\1
and Ao with the corresponding right eigenvectors given by
wy and wo. It then follows from Lemma 3.2 that P; has
only two zero eigenvalues with the associated eigenvectors
given by w; ® 1,, and we ® 1,,. Combining with the facts
that w; and we are two real vectors and P; is positive

of generality, let the two eigenvalues of

semi-definite implies that [p” 7] P [/Ij ] = 0 only if

["VL] = k1w ® 1,, + kows ® 1,,, where k1 and ko are two

constant scalars. Note also that [pu”  v7] P, 5 } =0 only
if © = k31,, where ks is a constant scalar. It then follows
from (7) that [p© 7] P [5] = 0 only if 4 = ¢;1, and

v = ¢o1,,, where ¢; and ¢ are two constant scalars. [ |
We next present the main result for (2) using (4) under
an undirected fixed interaction graph when m = 1 (i.e,

one-dimensional case). When m > 1 (i.e., high-dimensional
case), similar results can be obtained by applying the corre-
sponding analysis to each dimension.

Theorem 3.2: Assume that the interaction graph G is undi-

rected and connected. Using (4) for (2), |ri(t) —r;(t)] —
0 and |v;(t) —v;(t)] — O in finite time if § >
max{ (1+€/)\2‘(“2‘3‘(M), 8757/\12_(12)7 }, where € is any positive con-
stant and + is defined in (3).
Proof: The proof of the theorem is based on Lemma 3.1.
In order to employ Lemma 3.1, the main objective here is
to propose proper functions F' and G such that their upper
right-hand derivatives satisfy the conditions in Lemma 3.1.
We will first propose the function G and analyze the corre-
sponding upper right-hand derivative. Then we will propose
the function F' and analyze its upper right-hand derivative.
Note that both G and F' are carefully designed here.

_ A AN
Define 7 =

1 — A 1 . A _
Ly T ALY v 2 — T and

JURNVAN _
v; = v; — 0. We can get

n

’lL}i = — Z[f(t,riuvi) - f(t,T‘j,’Uj)]

i=1
=Y aijlsig(ri — ;)™
j=1
=B aijl(ri — ;) +
j=1
I o o
= ﬁ Z[f(tarl + 7,0 +T) - f(t,Tj +7’,’Uj +1})]
j=1

= aylsiglFs — 7)™
j=1
=B ayl(Fs = 75) + (¥
Jj=1

+ sig(vi — v;)*?]

(vi — vj)]

+ sig(0; — 0;)?]

- 0)]. (10)

Note that f(¢,r;,v;) satisfies (3). It follows that (10) can be
written as

n

o= S0

j=1

= aylsigli; — 7)™
j=1
=B ail(Fi = 7) +
j=1

where |b7;(t)] < ~ and |bY;(t)] < v due to (3). Let
= [bi;] € R™™ and By = [b7;] € R"X” be defined
such that b}, = —L1bl;(¢) and b}, = —2b%(t) for all

7j) + by () (vi — v;)]
+ sig(; — ;)]

(0 = 05)], (1)

’L;’éj’ bzlz - Z] 1,5#1 bz]( ) and b2 =+ 27 1,541 bz](t)

Define 7 = [Fy, -+ ,in)7, & = [01,---,5,]7, and 2

[7T oT]T. Consider the function G(t,n) = in™ Pn, where
sn (2B M

P = [M M} . (12)

D o ﬁﬁ 0n><n ﬁﬁ 0n><n

Note that P = P + {Oan 0,vr and Onvr Our

is positive semi-definite. It follows from Lemma 3.3 that P
is positive semi-definite under the condition of the theorem.
Define

13)

A
X = [Xlu"' 7Xn]T

with Xi — — Z?:l (227 [Slg(fl —Fj)al +Slg(’t~)l _,Dj)az]' Then
the upper right-hand derivative of G(¢,7) can be derived as

1
DT G(t,n) =limsup —[G(t + h,n(t + h)) — G(t,n(t))]
hosot N

=287 LF 4+ 7T Mo + 0T Mo + o7 Mo

=—nfn+ i My + " My,
where

o _ [M(BL~ Br) E
- ET M(BL — By) — M

with | & Z28L+M(BL- BlH(ﬁ‘C Bo)M According to the
definition of M in (1), We have that M ﬁ L, LM =L,
MB; = B;, and B;M = B;, i = 1,2. Therefore, € can be
simplified as

—B1—B>

—B1—B>
2 ]
2

BL—By— M|~

In order to employ Lemma 3.1, it is important to propose
a proper function F' based on the previous function G and
compute its upper right-hand derivative, which can satisfy

the conditions in Lemma 3.1. For the purpose, we consider
the closed-loop dynamics given by

é—i = Wi,

=3 aijlsig(& — &) + sig(
=1

?'ﬂi w; —wj‘)oQ],

i=1,,n, (14)
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where & € R, w € R, &(0) = xr;(0), @w(0) = kv;(0), and

L _ [7(0)] Pn(0) = 0,
k= [1(0)] Pn(0)
[1(0)] TP (0)’

where P is defined in (12), n is defined before (12), and P
is defined in (5). Define € 2 CDDREI N 21

g—; = gi _E’ %i = w; -, gé [517"'7%‘:71]71’ and @ é
[@1,...,%,)T. Then (14) can be rewritten as

15
otherwise, (15)

&=w,, wi=wi—w, i=1,---,n.

>

Let ¢ 2 [€7,%T)T, and consider the function F(t,()
¢T'P¢, where P is defined in (5). Define ¥ 2 X1, > Xn]T
with X; = — 307 ag;[sig(§i—&;)* +sig(e;—;)*2]. Then
the upper right-hand derivative of F'(¢,¢) can be derived as
1
DTR(t,¢) = limsup =[F(t +h, ((t + k) = F(t,((1))]

h—0t

=BT LE+ Mo+ &M + " Mo

=T+ "My +&T My,
~ 0 —1s5c
where Q = { X 2
—%ﬁﬁ -M

With the previously proposed functions F' and G and
the computation of DTF and DTG, we next check the
conditions in Lemma 3.1. Note that DT F'(¢, () is continuous
in ¢ and is locally Lipschitz with order y in {. Note also that

D+G(t777) - D+F(t7 77)
= —nfQn+ 7 My + 0T My

- (—nTﬁn + T My + 17TMx)
=-n"Qn.

According to Lemma 3.3, () is positive semi-definite un-
der the condition of the theorem. Therefore, DTG (¢,n) —
D F(t,n) < 0. When &;(0) = #7;(0) and @(0) = sv;(0),
it follows that F'(0,((0)) = G(0,7n(0)). It then follows from
Lemma 3.1 that G(t) < F(t) for all ¢ > 0. Given (14),
if the undirected graph G is connected, it follows from
Theorem 1 in [15] that F'(t) — O in finite time. Note from
the definition of G(t) for all ¢ > 0 that G(t) > 0 for
all ¢ > 0. Tt then follows from the facts that G(t) > 0,
G(t) < F(t), and F(t) — 0 in finite time that G(t) — 0 in
S1 1n
¢l
where ¢; and ¢, are two constant scalars. It then follows
that 7(¢) — <11, and 0(t) — <21, in finite time. Noting
that 1Z7(t) = 0 and 11%(¢t) = 0 because 177(0) = 0,
17%(0) = 0, £[177(t)] = 0, and £[175(¢)] = 0, it follows
that ¢; = 0 and ¢ = 0. That is, 7(t) — 0,, and 0(t) — 0,
in finite time. Because 7(t) = Mr(t), v(t) = Mv(t), and
M has only one eigenvalue equal to zero with the associated
eigenvector given by 1,, it follows that |r;(t) — r;(¢)] = 0
and |v;(t) — v;(t)| — O in finite time. [ |
Remark 3.3: From (11), the inherent nonlinear dynamics
can be considered the disturbance introduced to the sys-
tem when the inherent nonlinear dynamics does not exist.

finite time. From Lemma 3.3, G(t) = 0 only if =

Specifically, the effect of the inherent nonlinear dynamics
can be interpreted as two (time-varying) matrices added to
the Laplacian matrix corresponding to the undirected fixed
interaction graph. In particular, the two matrices satisfy: (1)
the off-diagonal entries of them are bounded; and (2) the
row sums of them are all equal to zero. Accordingly, the
analysis in Theorem 3.2 can be used to analyze the finite-time
consensus for second-order dynamics with/without inherent
nonlinear dynamics under an undirected switching interaction
graph. Specifically, in the presence/absence of the inherent
nonlinear dynamics, finite-time consensus for second-order
multi-agent systems is expected under an undirected switch-
ing interaction graph if the initial undirected interaction
graph is connected and the difference between the Laplacian
matrix for any ¢ > 0 and the Laplacian matrix at ¢ = 0 is
small enough.

IV. CONCLUSION

In this paper, we studied finite-time consensus for dis-
tributed multi-agent systems with second-order dynamics
in the presence of inherent nonlinear dynamics under an
undirected fixed interaction graph. We proposed a nonlin-
ear distributed consensus algorithm and presented sufficient
conditions to guarantee finite-time consensus. By employing
a similar stability analysis, it was expected that finite-time
consensus can be achieved with/without inherent nonlinear
dynamics when the initial undirected interaction graph is
connected and the difference between the Laplacian matrix
for any ¢ > 0 and the Laplacian matrix at ¢ = 0 is small
enough.
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V. APPENDIX

Lemma 5.1: Let f(t,x,\) be continuous in (¢,x, \) and
locally Lipschitz of order x in x (uniformly in ¢ and \)
on [tg,t1] X D x {|[A=Xo|]| < ¢}, where D C R" is an
open connected set. Let y(¢, \o) be a (unique) solution of
& = f(t,x, No) with y(to,\o) = yo € D. Suppose that
y(t, Xo) is defined and belongs to D for all ¢t € [to,1].
Then, given € > 0, there is ¢ > 0 such that if ||zg — yo|| < ¢
and ||A — o]l < 9, then there is a unique solution z(¢,\)
of & = f(t,z, \) defined on [tg, t1], with z(tg, \) = 2o, and
z(t, A) satisfies ||z(t, A) — y(t, Ao)|| < € for all t € [to, t1].
Proof: The proof is similar to that of Theorem 3.5 in [27]
by studying [|z(t,\) — y(t, No)|| when ||\ — o] is small
enough. Due to the continuity of f with respect to A, for
any « > 0, there exists 5 > 0 such that

Hf(taxa/\) - f(tv'rv)\O)H <a, V(tv'r) € Uv vH)\ - )‘OH < Bv

where U £ {(t,2) € [to,t1] x R"| ||z — y(t, Ao)|| < €}. Let
a < e and |ly(0) — z(0)|] < a. Suppose that f(¢,z, \) is

Lipschitz of order x in z on U with a Lipschitz of order

x constant L. By following the analysis in the proof of
Theorem 3.5 in [27], it follows that

12(2, A) = y(t, Ao)l

<Ily(0) = z(0)I| + /t 1/ (s:9(s)) = f(s,2(s))ll ds

+ \ ||f(S,Z(S),)\) - f(S,Z(S),)\())” ds

t

<o+ alt—to) + / L lly(s) — 2(s)[|X ds.

to

Let a = m When « is sufficiently large (i.e., «

is sufficiently small), it follows that ||z(t,A) — y(t, Ao)|| is
sufficiently small. Therefore, there exists a positive a* such
that ||z(¢, \) — y(¢, Ao)|| < € when @ < &*. Then the proof
completes by choosing 6 = min{a*, 8}. [ |

Lemma 5.2: Consider the following vector differential

f(t,z), where z 2 (21, -

equation Z = Lzt € RP,
and f(t,2) 2 [fi(t,2),..., fo(t,2)]" is defined such that
fi(t,z), i=1,...,p,is continuous in ¢ and locally Lipschitz
of order x in z;, © = 1,...,p, for all ¢ > %y, and all

z € J CRP. Let [to, T) (T could be infinity) be the maximal
interval of existence of the solution z, and suppose that

ze Jforalt € [to,T). Let w 2 [wi,...,w,)T € R?
be a continuous function whose upper right-hand derivative
DTw satisfies the differential inequality DVtw < f(t,w)
with w(to) < z(to), where w € J for all ¢t € [to,T). Then
w(t) < z(¢) for all t € [ty, T).

Proof: The proof is similar to that of Lemma 3.2 in [23]
based on Lemma 5.1. |
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