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Adaptive Super-Twist Control with Minimal Chattering Effect

Vadim 1. Utkin, Alex S. Poznyak and Patricio Ordaz

Abstract— The, so-called, adaptive super-twist controller is
considered here. It contains the adaptive gain-parameter which
adjusts the level of a scalar control action on-line based on direct
measurements the '"equivalent control'" obtained by a first-
order low-pass filter. It is shown that the problems of the finite
time convergence and keeping a small chattering amplitude can
be handled simultaneously if the gain magnitude is reduced to
a minimal admissible level defined by the conditions for sliding
mode to exist. The suggested methodology is compared nu-
merically with another schemes of a gain-adaptation (including
o-adaptation) showing a high effectiveness under a significant
level of uncertainties and external disturbances.

I. INTRODUCTION
A. Brief survey

The basic idea of Adaptive Control Approach consists in
designing the systems exhibiting the same dynamic prop-
erties under uncertainty conditions based on utilization of
current information. It involves modifying the control law
used by a controller to cope with the fact that the parameters
of the system being controlled are slowly time-varying or
uncertain. Even more, adaptive control implies improving
dynamic characteristics while properties of a controlled plant
or environment are varying [1], [20]. Without adaptation
the original Sliding Mode Control (SMC) demonstrate
robustness properties with respect to parameter variations
and disturbances [22]. The first attempts to apply ideas of
adaptation in SMC were made in the 60’s [6], [7] and
[8]: the control efficiency was improved by changing the
position or equation of the discontinuity surfaces without any
information on a plant parameters. The design idea might
be formulated as follows: if sliding mode exists, then the
coefficients of switching plane can be varied to improve the
system dynamics. However those early publications did not
take in to account the main obstacle for SMC application
- the chattering phenomenon which is inherent in sliding
motions (see, for example, [2], [3] and [4]). The phenomenon
is well-known from literature on power converters and re-
ferred to as “ripple” [16]. Then the efforts of the researchers
were oriented to the application of adaptivity principles
to reduce the effect of chattering. Since the amplitude
of chattering is proportional to discontinuity magnitude in
control, one of possible adaptation methods is related to
reducing this magnitude to the minimum admissible value
dictated by the conditions for SM to exist. So, in [17] the
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control gain depended on the distance of system state to a
discontinuity surface. The tracks of adaptivity can be found
in the first publications about variable structure systems with
SM (see [22], [23]) with the control gain proportional the
system state. Similar ideas were developed later in [11]
with different algorithms of tuning a control gain. There
exist also adaptive SMC (ASMC) algorithms that allow
adjusting dynamically the control gains without knowledge
of uncertainties/perturbations bounds. In particular, several
adaptive fuzzy SMC algorithms were proposed. However,
they do not guarantee the tracking performance (see [15],
[19] or overestimate the switching control gains as in [10]).
Of course, another efficient tool to suppress chattering is the
application of state observers [5], but for this method the
plant parameters are assumed to be known.

B. Motivation and the design idea

In [17] and [21] the adaptation process with the varying
magnitude of the control gain terminates at the moment when
the sliding mode starts. In [11] the authors tried to con-
tinue the adaptation process during sliding mode estimating
equivalent control. However, none of the above algorithms
resulted in minimum possible value of the discontinuous con-
trol. Finding the solution of this problem under uncertainty
conditions is the objective of this paper. This leads to the
minimization of chattering effect.

C. Primitive example

We start with a simple example. It is evident that for the
first-order system

Tt)=a+u |
w=—ksign (z (), k>0 M

with known range only 0 < |a| < a4 of a constant parameter
a. If the value of @ is unknown, the magnitude of control
is selected such that sliding mode exists for the all values
of unknown parameter k > ay. However if parameter a is
varying, the gain k can be decreased and as a result chattering
amplitude can be reduced. The objective of adaptation is
decreasing k to the minimal value preserving sliding mode,
if parameter a is unknown.

If the condition & > a4 holds, then sliding mode with
z (t) = 0 occurs and control in (1) should be replaced by the,
so-called, equivalent control [22] u., for which the right-
hand side in (1) is equal to zero, namely,

T(t) =0=a+ te 2)

that leads to
k[sign (z ()], = a 3)

7009



If ¥ < a, the set z(t) = 0 is of zero measure in
time and can be disregarded. The function [sign (z (t))].,
is an average value, or a slow component of discontinuous
function sign (z (¢)) switching at high frequency and can be
easily obtained by a low pass filter filtering out the high
frequency component [22]. Of course, the average value is
in the range (—1,1). The design idea of adaptation looks
transparent: after sliding mode occurs the control parameter
[sign (z (t))]., should be decreased until becomes close to
1. Further decreasing will lead to ceasing sliding mode.
As a result, the minimal possible value of discontinuity
magnitude is found for the current value of parameter a to
reduce the amplitude of chattering. For that purpose select
the adaptation algorithm in the form

i () = k(t)sign (5 (1)) — M [k(t) — k*], + M [u— k()]
5 (t) = |[sign (« (t))]eq’ —a,a€(0,1), M >kt >at

z if z>0
Ao={ 5
4)

if z2<0
The gain k can vary in the range [u, k], 11 is a preselected
minimal value of k. For the adaptation algorithm (4) sliding
mode will occur after a finite time interval. Indeed, if it does
not exist, then

[Isign (@ (1)],,| = 1

that leads to 6 > 0, and the increasing gain k () will reach
the value k* which is sufficient for enforcing sliding mode
for any value of parameter a.

Show that in sliding mode the adaptation process (4) is
over ¢ (t) = 0 after a finite time ¢;. To do that calculate the
time derivative of the Lyapunov function V'(§) = §*/2. First,
assume that during the adaptation process k (t) € [u, k7]
which means that |a| /o > p. Then

V6 (0) =35 (1) = (1) o [Isen (2 ()], =
(1) 5 (lal /k) = ~lal 5 (1) k=2 =

[a] & (£) kLsign (5 (£) -M [k(t) — k*], +M [u— k(®)],)
— — Jal8 (6) k™ sign (5.(4)) = — lal k1|6 (1)

< Vil TG )

&)
It is evident from the solution
la]
0< V(6 (1) <VV(6(0)) — t
< VB0 < VVB0) - <5
of the differential inequality (5) that \/V( (¢)) = 0 at least
after
k* k*
b= Tal 2V(6(0)) = 16 (0)]

|al
and, as a result, 0 (t) becomes equal to zero identically after
the finite time ¢y.

After the adaptation process is over (¢ > t; ) we have

sign (@ ()], = 1 =@

s0, k = |a| /a. If |a| /a < p, then the gain k decreases until
k = p and then, as it follows from (4), it is maintained at
this level.

Remark 1: The function [sign (z (t))],, is needed here for
the implementation of the adaptation algorithm (4). As it
was mentioned above, it can be derived by filtering out
a high frequency component of the discontinuous function
sign (z (t)) by a low pass filter

724z =sign(z(t)), 2(0) =0

with a small time constant 7 > 0 and the output z (¢) which
is, in fact, an estimate of [sign (z (t))],, satisfying

z (t) — [sign (z (£))]oq| < O(7)

Then the convergence analysis of (4)-(5) with 6 (t) = z (t) —
«a is valid beyond the domain |J (¢)| < O (7). This inequality
defines the accuracy of adaptation. The switching frequencies
of the modern power converters are of order dozens of kHz,
and very small time constant 7 can be selected to get a high
accuracy of adaptation.

Remark 2: The adaptation algorithms

ki (t) = pk(t)sign (5 (£)) = M [k(t) = k*]  +M [ —k(1)],

with p > 0 works as well, if the parameter a is time
varying (¢ = a(t)) with bounded time derivative, namely,

— 0
T7—0

IN

d, = const. Indeed, again assuming that

— |a(?
% Ja(t)
k(t) € [u, kT] or, equivalently, a/a > p, we have

V(6 (0) =815 (1) =5 (1) & [isien (2 ()], =
1) % (lal /k) = —lal 6 (1) k=2 +3 (1) k= Ja(t)] <
a8 (1) k~sign (5 (1)) +16 ()] k" do <
— o ()l lal pk~ + 10 ()| dap™" < —p |0 (t)| por/k*
15 (O] dup = 15 (1) (ppar/* — da ) =

—po/2V (0 (t), po = puce/kT —da/p

If p > dk™*/ (ap?) it follows that py > 0, and similarly to
the analysis for a = const it can be shown that ¢ (¢) = 0

after the finite time ¢y = p—OQ |0 (0)|. If in the course of the

motion the gain k(t) decreases and becomes equal to p, then
it will be maintained at this level. Since the gain a (¢) is time
varying its increase can result in |a| /4 = « and § = 0 at
some time ¢,,. As it follows from the above analysis, for the
further motion in the domain k (¢) € (u, k™) with the initial
condition ¢ (t,,) = 0 the time function ¢ (¢) will be equal to
zero identically with |a| /k = «.

Certainly, we have described the idea only. The general-
ization of the adaptive procedure (4) for the, so-called, super-
twist controller (with a high-order sliding mode) constitutes
the main result of this paper.

II. MAIN PROPERTIES OF THE STANDARD SUPER TWIST
WITHOUT ADAPTATION

Consider the simple two dimensional nonlinear system
containing discontinuous nolinearities in the right-hand sides
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of both components of the corresponding ODE:

&(t) = y(t) — ay/|a(t)|sign(z(t))
y(t) = o(t) + u(t) (6)
u(t) := —psign(z(t))

referred below to as the "super-twist” controller [12], [13]
and [14]. In (6) there is supposed that

a>0and |p(t)] < ¢y < B @)

a) The both state variable are sign-varying, therefore the
initial conditions can be selected as follows

ZC(O) = —Zo, To > 07 y(o) =0
In our case #(0) > 0 and, hence, z(t) is increasing. Denote
t7:=inf{t >0:2(t7) =0, z(t) < 0 for t € [0,¢])}

Next, compare two ODE’s:

o =) _
i(t) =yt) — =olk 2(0) = —x9 < 0 (®)
where .
y(t)= [ [B+o(r)]dr
=0
satisfying
yt)> [ [B—do]dr=m-t, m:=5—¢;>0
=, ) ©9)
y(t) < !0 [5 + ¢0] dr = Mt, M =+ ¢,
and
o _ (1) _ _
z(t)—m-t—a\/—%, z(0) =z(0) = -2 <0  (10)

Obviously that the ODE (8) is equivalent to (6). Since |z (¢)|
is decreasing it follows that

L
[z(t)]  VTo

For any ¢ € [0,¢}) we have z(t) < 0 and z(t) < 0 which
implies #(t) > 2(t) and, as the result, z:(¢) > z(t). So that

:=ko fort >0

t7 <t :=inf{t >0:2(t) =0}

The solution to (10) is

m 1 m —akot
2)=— t— = )+ | ——= —z0| e
0= (-~ ak) [(@ko)z 0]

and, in view of this, one can conclude that
t'= (ko) 'O N mo(L)<w
= (Ko &)= 0 v 1
and by (9) it follows that y(t) < Mt and hence

1
y(t7) < Mt; < Mt = M /2,0 <_>
(0%

b) For ¢t > t; we already have that z (¢t) > 0 and y(t) is
a decaying function since

y(t) = (t) — Bsign(a(t)) = o(t) = B <0

that implies

y(t) <y(t)) —m-t (11)
For the instant ¢7*
t7" :=1inf {t > ¢] : y(¢t) = 0}
we have
< ) m =1+ im0 (£
(12)
M 1
= (14 50) vao (3)
So, by (6) and (11)
2
2(t) = | |u(r) - ay/[a(r)lsign(a(r))] dr
T=t]
tr t (13)
= | [y -avaml|dr< [ ytdr =
T=t} T=t}
y(t7) (17" — 1) < y*(t1)/m < yao
where ) )
V= A {O <1>} (14)
m [0

Selecting « large enough we may conclude that v € (0, 1)
and
z(t") < yao

Here x(t7*) is an initial value of (6) for the second interval
Aty = t5* — t7* where

5" :=inf {t > 7" : y(t) = 0}
Similarly to (13)

[o(t37)] < y2(t]") < 7m0 (15)
c) Iterating this process we may conclude that
() < vl < <o (16)

and

At =t =t < J|a (87| <1 * m> ¢ <a>
. M 1
<¢”¢m<y+m>o<)

o)
A7)

Last two inequalities permit to formulate the following
result.

Proposition 1: If |¢(t)] < ¢, < B, then for any initial
value z(0) from bounded domain there exist large enough
& > 0, such that the super-twist procedure (6) has a finite
time convergence or reaching time proceeding , the following
properties holds:

1) for large enough & we may guarantee that

)] -
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2) as the result,
|z(t)| ~ O (7t/2) B 0
Proposition 2: The reaching time

treach = igg {t .’E( ) =0 for all t > ﬂ

is estimated by
x M
treach S Z Atz S V2o 1 + —

;‘ﬁﬁm(Hg)O

The important comments can be done:

QI =

)Z’W?

Q| —
—

(18)

« the reaching time tends to zero with gain & — o0;

« a finite-time convergence takes place for any small m :=
B — ¢y >0;

« the sufficient convergence conditions, derived in pre-
vious publications(see, for example, [13], [18]) led to
upper estimate of admissible disturbance less than 0.54.
Note that the system is not even asymptotically stable
for L > f3. As it follows from (6) in this case y (t) is
constant or diverging, if the disturbance ¢ is such that
| (t)| > B, and has sign opposite to control u (t).

« the upper bound (18) for the reaching time t,cqcp 1S
proportional to the root of the initial state, namely,
v/|zo| and inverse-proportinal to the parameter @, i.e.,

1
a
A. Numerical simulations of the super-twist control without
adaptation
The figure 1 illustrates the dynamics of the super-twist

controller with the following parameters:

a=4, B=1, ¢y=0.1and z(0)=[ 01 —02 ]

One can see a finite-time convergence to zero (approximately
in 0.3 sec.) of the first state variable z (¢) and the correspond-
ing discontinuous control of the amplitude 5 = 1.
ITI. SUPER-TWIST CONTROL WITH ADAPTATION
Denoting -
T2 =Y, k.= 6

the system (6) can be represented as

r1 =,

&1 = x2 — an/|z1]|sign(zy)
.’1"}2 = ¢(t) +u
u:= —ksign(z)

or, in the vector format

= f(t,z)+b(t,x)u

with
Flta) = ( Ty — @ gblzﬁtl)\sig“(:m) )7 b(t,z) = ( (1) )
Taking

o(x) =z

x10°
0.4
X X
1 1 1
0.2 __ _x 5 . _x
< 2 X 0 2
w0 (%2}
g 0 )
s i IRy
%] ! »n 5 |
0.2 ¢/ h
! 0 /—
0.4 ‘
0 2 4 6 0 2 4 6
Time [sec} Time [sec}
2
s 1r
c
k=)
w
3 O ]
€
Q
o -1 b
) i i i i
0 1 2 3 4 5
Time [sec}

Fig. 1. The states and the control signal for the super-twist controller
without adaptation of the gain parameter 3.

and permitting for the gain parameter to be time-varying,

ie., k(t) = B(t), we may apply the following adaptation
procedure:
(Yo + 71 [l2]l] k(t)sign (4 (£))
I.{I(t): if0<,u<k()<k (19)
0 otherwise
where!
() :=z(t)/k(t) —a, € (0,1),A>0
k(1) |Isign (o (@))].,
2(t) = { i k() sign (0 @), | Zpu>0 OO

[ otherwise

A. The o—adaptation

Here, following to [17], we apply the adaptation law given
by

u(t) = —k(t)sign(e1 ()
Mﬂ={ (HU@@Db@MW((N—E)ifk()>ﬁ
i if k(t) <[
(21)
referred to as "o—adaptation". In (21) k(0) = 1, £ = 0.01
and n = 0.001. The specific feature of this procedure
is that the adaptation process practically stops after the
reaching time ¢,¢qcp, When o(x(t)) = z1(t) = 0 for any
t > treach, and, as the result, the gain parameter k(t) = 5(¢),
defining the size of the discontinuous control (or a chattering
amplitude) may be still too far from the disturbance level
lp(t)] < ¢, which is minimal possible one guarantying
the finite-time convergence. This effect is clearly seen in
the figure 2: the reaching time ¢,¢q.n ~ 0.2sec., but the

"The condition k(t) = 0 and z(t) = p can be fulfilled by addition the
discontinuous terms as in (4).
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gain parameter (the chattering amplitude) remains around the
initial level 1.0 which is too high comparing with ¢, = 0.1.
So, the adaptation period is to short to decrease significantly

the gain parameter k(t) = ((t), and in sliding mode regime
there is no adaptation.

0.4 0.03
. Xy Xy
0.2 ) — X 0.02 — -
x 2] x 2
g ol i
E E 0.01 RS
n ) « Ve
0.2 : ofh—
I
0.4 ‘
0 2 4 6 0 2 4 6
Time [sec} Time [sec}
2
s 1T
c
=)
w
3 OJ ]
€
o
o -1 b
) i i i i
0 1 2 3 4 5
Time [sec}

Fig. 2. The states and the control signal for the super-twist controller with
o-adaptation of the gain parameter 5.

B. Adaptation based on the "equivalent control”

The adaptation procedure (19)-(20) suggested here is
applied to minimize the magnitude of discontinuous input
Bsign(z(t)) in (6). In sliding mode y(¢) = 0 therefore

[sign (o (z ()], = 6()/B(t) = 6(t)/k(t)
and the algorithm (19)-(20) with A\ = v, = 0 can be used
directly for th1s case if time derivative of |¢(t)| is bounded,
namely, 1f |¢>( )| < L. Indeed, let us fulfill the following
steps a)-e)

Step a)Following to (20)

§ = (x ‘[sign (0 (2))]eq

+(1—X)u/k> -«

(22)
and hence for V(§) = 6%/2 we have
] V(E(1)=a(t)d(t) = ;
50) [xgp ([en o (@) + 10 5 /m)]
Here, according to (20),
- { k(t)|lsign (o (@))].,|=l0] i 10| = p>0
I it gl <n
Step b)If |p(t)] is differentiable then
9 (|isign (o @l.]) = 1 5101~ i

Step c).
V(5 (1) =
5 (t) {x Z 3 19— W —(1-y) :Qk}
1d
=) |xt 2 Jol - |¢|X+ uk]
(23)
Step d). )
k=k(vo+mlzl)sign (6 () (24

d
Step e)If ‘dt |¢>|‘ < L, then substitution (24) in (23) and

using the estimate

ol x + (1= x)p > p

imply
V() =) kg
o) PO (4o ) sign (3.4)

< 5@~ 501 (30 + 7 )
<[5 (1L~ pive) /

Taking v, > L/ and denoting s := py,
the last inequality we get

V(3(8) < = [0(8)] /b = —5/k*/2V (8 (2))
which proofs the finite convergence before t; =
|6 (0)] k% /3. So, the following statement can be

— L from

formulated.
Theorem 1 (on adaptive super-twist): The system
(6) with disturbances ¢(t) having a bounded

d _
derivative— |¢(t)| < L and with the parameter 5(t) = k(t)
adapted on-line according to the adaptation law

k(1) =k (t) (vo + 71 [l (2)]]) sign (6 (1))
0<pu<k()<k®, v>L/p
0 (t) is defined by (22)

converges in the finite time ¢ty = [0 (0)|k*/ (uy, — L) to
the sliding mode regime o(z) = x; = 0 maintaining within

the relation
o(t)/k(t) =a=1-¢

for small enough ¢ > 0.

To demonstrate the properties of the adaptation procedure
(19)-(20), simulation was performed for the case o(z) =
with the following parameters:

Yo=1,71=17=1 A=2
p=0.001, « =095 kT =10, k(0) =1
we obtain the following dynamics (see the figure 3):

Here is clearly seen from Fig. 3 that gain parameter
k(t) = B(t), defining the chattering amplitude in the sliding
mode (after the reaching time ¢,.q.p, =~ 0.2sec.), continues
to decrease attaining after 2.5 sec .the minimal possible level
0.11 which is 9 times less than under the "o—adaptation"
(see Fig. 2) and 10 times less than without any adaptation
(see Fig. 1).
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0.2
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At- oy
x 2 x
§ 0y g
© ©
& I &
-0.1 ¢
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Fig. 3. The states and the control signal (with the zoom) for the super-twist
controller with adaptation of the gain parameter 3 based on the "equivalent
control" signal.

C. Conclusions

In this paper an adaptation methodology is developed to
find the control gain of a sliding-mode control providing a
minimum value of discontinuity resulting in minimization of
the chattering effect. The application of this methodology
to the super - twist control enables reducing of the control
action magnitude to minimum possible value along with
a finite-time convergence. The numerical examples clearly
illustrate the positive effect of the gain coefficient adaptation
being applied to the high-order sliding mode controllers (in
particularly, to the super-twist controller).
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