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Robust Control of Nonlinear Strict-feedback Systems with
Measurement Errors

Tengfei Liu, Zhong-Ping Jiang and David J. Hill

Abstract— This paper presents a new method for robust con-
trol of a class of uncertain nonlinear systems in strict-feedback
form with state measurement errors. The measurement feed-
back control problem is solved by recursively designing input-
to-state stability (ISS) induced nonlinear state estimators and
virtual control laws. With the gain assignment technique, the
closed-loop system can be transformed into an interconnection
of ISS subsystems, the ISS and input-to-output stability (I0S)
of which can be guaranteed by the cyclic-small-gain theorem.
Moreover, the I0S gain from the measurement error of the
system output (the first state) to the system output can be
designed to be linear and arbitrarily close to the identity
function.

I. INTRODUCTION

Robustness with respect to measurement errors is essential
for automatic control systems. Fundamentally different from
linear systems, controllers for nonlinear systems often need
to be carefully designed to achieve such robustness; see
[1, Section 6.1] for examples. Input-to-state stability (ISS)
invented by Sontag is a tool to describe how external inputs
affect the internal stability of a nonlinear system, i.e., the ro-
bustness of a nonlinear system with respect to external inputs
(see [2] for a tutorial). With the development of networked
control, ISS with respect to measurement errors appears to be
fundamental in several recent networked controller designs;
see e.g., [3] on quantized control, [4] for time-delayed
nonlinear systems, [5] on sampled-data control. It should
be noted that measurement errors are usually non-smooth
or even discontinuous signals. For example, a quantizer can
be mathematically modeled as a discontinuous map.

Despite its importance to practical control problems, ro-
bust control of nonlinear systems with measurement errors
has not yet been paid enough attention. Reference [6] studied
the input-to-state stabilization of first-order nonlinear sys-
tems with measurement error. In [7], the conditions under
which a system can be stabilized insensitively to small
measurement errors were given. Reference [1] introduced
a robust control design approach based on the well-known
backstepping methodology (see the book [8] for an excellent
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introduction to backstepping) and flattened Lyapunov func-
tions to the control of strict-feedback nonlinear systems with
bounded measurement errors. In [9], a hybrid controller was
developed for a class of nonlinear systems to achieve ISS
with respect to measurement errors. Reference [10] studied
nonlinear systems composed of two subsystems, one is ISS
and the other one is input-to-state stabilizable with respect
to the measurement error. In [10], the ISS of the closed-
loop system is guaranteed by the gain assignment technique
introduced in [11], [12], [13] and the nonlinear small-gain
theorem proposed in [11], [14]. In our very recent work [15],
we developed a fundamentally new approach by using set-
valued maps to cope with the discontinuous measurement
errors caused by sensor noise in decentralized control sys-
tems. However, most of the existing results of high-order
systems consider bounded measurement errors. In addition,
these results are not directly applicable to networked control
systems design.

Reference [16] firstly announced an extension of the ISS
small-gain theorem in [11], [14] for networks of discrete-time
ISS systems. Shortly, [17] independently developed a matrix-
small-gain criterion for networks with plus-type intercon-
nections and mentioned the cyclic-small-gain condition. In
[18], the dynamical network with max-type interconnections
in the ISS gain formulation was systematically studied and
more general cyclic-small-gain criteria were developed for
networks of I0S systems. The ISS-Lyapunov based cyclic-
small-gain theorem was developed in [19]. The cyclic-small-
gain condition can be roughly described as follows: every
loop-gain, i.e., the composition of the gain functions of the
subsystems along every simple-loop in the network, is less
than the identity function.

In practical industrial control applications, low-pass filters
are usually employed to attenuate high-frequency measure-
ment noise and to estimate the measured signals. Motivated
by low-pass filters, in this paper, we develop new ISS-
induced estimators to estimate the measured states, “pol-
luted” by measurement errors. Based on the estimators, a
dynamic state feedback control law will be designed to
transform the closed-loop system into an interconnection
of ISS subsystems. Then, the ISS property of the total
interconnected system will be guaranteed by checking the
loop-gains with the cyclic-small-gain theorem. The closed-
loop system will also be designed to be input-to-output stable
(IOS) from the measurement errors to the control errors.
Moreover, it will be demonstrated that the IOS gain from
the measurement error of the system output to the system

Engineering, The University of Sydney, NSW 2006, Australia . ; ) ) ”
djhill@sydney.edu.au output can be designed to be arbitrarily close to the identity
978-1-61284-799-3/11/$26.00 ©2011 IEEE 2034



function.

II. PROBLEM FORMULATION

In this paper, we consider a class of nonlinear uncertain
systems in the strict-feedback form:

K=xi+Ai%), i=1,...,n ()
def
Xntl = U 2
XM=xi+di, i=1,....n 3)
where [x{,...,x,]7 :=x € R" is the state, u € R is the control
input, % = [x,...,x]7, x" € R is the disturbed measurement

of x; with measurement error d; € R, and A;’s fori=1,...,n
are unknown locally Lipschitz continuous functions.

Assumption 1: For each A; with i =1,...,n in (1), there
exists a known yj, € . such that for all X;,

Ai (%] < wia, (|%il)- 4)

Remark 1: In our previous work, e.g., [15], the measure-

ment errors d; are assumed to be bounded by some unknown
constants. We do not make such assumption in this paper.

The objective of this paper is to design a continuous

dynamic state-measurement feedback controller of the form

=0 x"); u=2(0) )

such that the system (1)—(3) is made ISS with d;’s as the
inputs. Moreover, the closed-loop system is input-to-output
stable with d;’s as the inputs and x; as the output, and the
IOS gain from d; to x; can be assigned arbitrarily close to
the identity function.

III. MODIFIED GAIN ASSIGNMENT

The gain assignment technique has been proved to be
extremely useful in small-gain based controller designs [11],
[12], [13], [10]. In this section, we present a modified
gain assignment lemma for the dynamic state-measurement
feedback control design in this paper.

In this paper, we will transform the closed-loop system
into an interconnection of first-order nonlinear systems in
the following form:

n=9¢Mn,o,...,0n) +K (6)
n" =1+ O @)

where 1 € R is the state, K € R is the control input,
@1,...,0,11 € R represent external inputs, N € R is the
measurement of 7], the nonlinear function ¢(n, ®,...,®,)
is locally Lipschitz and satisfies
m
[0, @1, 0n)] Sy (InD)+ ) wg*(lonl) — (®)
k=1
with y, " ..., W5 € He. Define ay (s) = 12 forseRy.
Lemma 3.1 presents a modified gain assignment technique
for system (6)—(7).
Lemma 3.1: Consider system (6)—(7). For any specified
0<c<l,e>0,(>0and¥",..., " € Hew, we can design
a measurement feedback control law

K =x(n")=-v(n")n" ©)

where v: Ry — R, is positive, nondecreasing and continu-
ously differentiable on (0,c0), and satisfies

(I=c)v((1=c)s)s
n " o o\~ 1 4
> v, (s>+kg1 Yoto(m') ecav(s)+5s  (10)
for all s > v/2€. Moreover, K is continuously differentiable,

odd, strictly decreasing and radially unbounded, and Vy (1) =
oy (|n]) satisfies the following implication:

{Yn (|oxl), }

Va(n) > > _max

= VVn(n)n < —Wn(n) (11)
where %" (s) = ay (£) fors€R+
Proof: Because I//¢( )+ v o (mb) 1oocv(s)-i-

%s is a . function of s, from Lemma 1 in [13], for

any 0 <c <1, € >0, we can find a v:R; — R, which
is positive, nondecreasing and continuously differentiable
on (0,00), and satisfies (10) for all s > V2¢. It can be
directly proved that the x defined as k(r) = —v(|r|)r is
odd, strictly decreasing, radially unbounded and continuously
differentiable on (—o0,0) U (0,00). With direct calculation,
we have lim,_,o+ dx d( N = lim,_,o- d';(r) and x is continuously
differentiable.

Recall V;;(n) = o (|n]) = n>. Consider the case of

Va(n) = _max {vn (lax]). €} (12)

k=1,...,

In this case, we have || < (}/,(,0")_1 ooy (|n|) for k =
1,...,m, @it <ot ' (Vn(n)) =c¢|n| and || > v/2€. Recall
K=xk(N") =N+ Ont1). With 0 <c¢ <1 and @4 <
c[n|, when n # 0, we have sgn(n™) = sgn(n), |n"| =
M+ Onir| > (1 =c)[n] and v(In")[n"] = (1 —c)v((1 -
c)nhnl.

Using (8), (10) and the discussion above, for any K
satisfying (9), in the case of (12), we have

VVa(m)(¢(n, 01,...,0n) + &)
= n(¢(n7w17"'7wm) - V(|nm|)nm)
<Inll¢(n,o1,...,0n) = nlv(n™)In"|

<m(wwnw+z “(Jax )
—(1=ev((1=e)nDn])
< Inl (w3 nl)+ 3 e (77!

—(1=ev((1=o)nDn])

¢
< 5P =—tvy(n).

oo (|nl)

13)

This ends the proof. [ ]
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IV. DYNAMIC STATE-MEASUREMENT FEEDBACK
CONTROL DESIGN

In this section, we recursively construct the dynamic state-
measurement feedback controller to transform the closed-
loop system into an interconnection of ISS subsystems.
Specifically, given the e;-subsystem with x;;; as the virtual
control input, we design an estimator with state é; to estimate
e; such that the estimation error subsystem with state &; =
é; —e; is ISS. Then, we design a virtual control law xy>(é;)
to render the é;-subsystem to be ISS. A new state e;y; is
defined as e;11 = x;+1 — K12(€;). A new system with state
[61,81,...,6n,&,]" is constructed from the x-system. With the
employment of the estimators, the problems caused by the
discontinuity of the measurement errors are solved.

For each é;-subsystem and each é;-subsystem, we define
the following ISS-Lyapunov function candidates, respec-
tively:

NN N (14)

i=1,....n, (15)

where oy (s) = %sz for s € R, . In the following discussions,
we simply use Vz and V;, instead of Vj(¢;) and V;(é:),
respectively.

For convenience of notations, define éy = ¢y =0 and dy =
0.

For i=1,...,n, the ¢;’s are recursively defined as

€] = X1 (16)
ei:xi_K(i—l)Z(éi—l)v i:2,...,n (17)

where K(;_1); : R — R is a continuously differentiable, odd,
strictly decreasing and radially unbounded function, and é;_
is an estimate of e;_;.

Since x; (and thus ¢;) is not available for feedback, we
define

e = xj (18)
ef" :xﬁn—K‘([_l)z(éi,I), i:2,...,n (19)

and construct the following estimator for e;:
éi=rkn(éi—ef")+ 0 (20

where é; € R is an estimate of ¢; and k;; : R — R is an odd
and strictly decreasing function to be determined later.
The structure of the é;-subsystem is shown in Fig. 1.

A

éi_1
d; K(i-1)2
x; Ql X" 0

Fig. 1.

The estimator for e;: the é;-subsystem.

Define
éi=¢é —e 21

as the estimation error for ¢;. Taking the derivative of é; and
using x]" = x; +d; and xlf{’H = Xij+1 +dit1, direct calculation
yields:
éi = éi —é;
IK(i—1)2(éi-1) .
— 5,  €i-1
¢4

=K1(& — di) +diy1 +xip1 — Ai(F;) — xiq 1

n IK(i—12(€i-1) ,

=¢;— X+

9, €1, 22)
or equivalently,
e =Aj(é1,81,...,6;,8,di_1,di,dis1) + k1 (& —di)  (23)
where
f(é,ér,. .., éé,di—1,di,diy)
iy — AT+ 9K(i71)z(éi—1)é 24)

= i—1-
08,1 '

With Assumption 1 satisfied, we can find I/IZA’I;l , l//i’%l € Ko
with k=1,....i and wjg‘,wj% : wZ}j‘ € ¥ such that

|A}i(é1,€1,...,8i,é,di—1,d;,diy1)]
i A ~

< Y (Wi (led) + vt (e

k=1

di— di di
—|—IIIA?11(|d[_1|)—|—IIIA?I(|di|)—|—l[/Agl(|d,‘+1|). (25)
By using x]" = x; +d; and x]\| = xi41 +di+1, we can

rewrite the é;-subsystem as

éi = k(& — d;) +div1 +xi11. (26)

Consider x;;; as the virtual control input of the é;-
subsystem. We design a virtual control law kj»(&;), with k; :
R — R continuously differentiable, odd, strictly decreasing
and radially unbounded, to be determined later. Define

eiy1 = Xip1 — Kp(&i). (27)

Note that x; ;1 (and thus e;;1) is not available for feedback.
We use é;+; to denote the estimate of e; | and define é;;| =
éi+1 —ei+1. Then, the é;-subsystem (26) can be rewritten as

6i = N5 (8i,8141,6141,di,div1) + K (&) (28)
where
A (81,8141, 8i41,di,diy 1)
= K18 —di) +diy1 + 801 —Eiy 1. (29)

Because kj; is odd and strictly decreasing, we can find
& @it it o di o dig
WAliz’WAl,-z ’WAI,Q 7‘VA:.271I’A:2 € J4 such that
X (= = A
|A; (€141, 8141, di,dit1)]
—vo (lg: Cirl (| 5. 2it1y15.
=i (&) + v (2 ) + vt (@i )

+ WA (ldi]) + W (|dig])- (30)
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5k/el 67\ €ir1
k=1 i—1

Fig. 2. The interconnection in each é;-system (i =1,...,n).

Denote &; = [¢;,&;]T fori=1,...
the &;-subsystem is shown in Fig. 2. Denote &; = [e"lT,.
fori=1,...,n. o

Given the é&-subsystem, we choose )/efl_",y;" € . with
k=1,...,i such that the compositions of the gain functions
along all the simple loops through the é;-subsystem in the
(87 |,&;]" -subsystem are less than the identity function.

Consider the é;-subsystem defined in (23). Using Lemma
3.1, for any spe01ﬁed constants 0 <cip<l,&g >0 and €,1 >
0, any specified ye }/e‘ ! Q/eil ye’“ € Heo, and the ¥, 58
o fork=1,...,i chosen above we design kj; in the form
of (9) such that Vgi satisfies

,n. The interconnection in
T
N

7’5"( 15 (Ve 5 (Vey),
Vez, max 3 7 (i), (],
v (Idiv1l), €n

= Ve < —ly Vg (3D
where
. s
Y= ay (—) (32)
Cil
for s € Ry.

Given the [¢;_1,&;]7-subsystem, we choose ye € JHe such
that the compositions of the gain functions along all the
simple loops through the é;-subsystem in the &-subsystem
are less than the identity function.

Consider the é;-subsystem defined in (28). Using Lemma
3.1, for any specified constants &, > 0 and £; > 0, any
specified }/:‘“,}/:‘“ € . and the y:’ chosen above, we
design kj» in the form of (9) such that Vp, satisfies

el+l el+l
Vo= max] % 0% Ve o Ve): L g
Jéi(ldzl),n;. (Idis1l), €2
=VV;,éi < Vs, (34)
In the case of i =n, x4 :xﬁl =u, éir1 =eiy1 =0 and

dit+1 = 0. The dynamic state measurement feedback control
law is designed as

u=1K;(&,). (35)

Remark 2: In standard backstepping, we usually design a
virtual control law in the form of k;(e;) for the e;-subsystem.
Due to the measurement error d;, e; is not available for
feedback, and an intuitive modification is k;(e; + d;). How-
ever, the discontinuity of d; makes it impossible to take
the derivative of k;(e; +d;), and the differentiation-based
standard backstepping cannot proceed.

Remark 3: In our very recent paper [15], we introduced
a set-valued map based static feedback control design to
overcome the problem caused by the discontinuity of the
measurement errors. The dynamics of the closed-loop system
are represented with differential inclusions. That method
is effective for only bounded measurement errors and can
only achieve local ISS. In this paper, by introducing the
estimators, we do not make any assumption on the bounds of
the measurement errors. Moreover, with the help of the es-
timators, the closed-loop system can be directly represented
with differential equations.

V. STABILITY ANALYSIS AND MAIN RESULTS

The system digraph of the [¢},...,&,]” -system is shown

in Fig. 3.

Fig. 3. T _system.

The system digraph of the [&1,...,&,]

According to the recursive design, given the &;_;-system,
by designing k;; for the &;-subsystem, we can assign the ISS
gains )é,",yefi’"s for k=1,...,i—1 such that all the simple
loops in the [EiT_ 1,€i]T-system through the &;-subsystem sat-
isfy the cyclic-small-gain condition. By designing k;> for the
é;-subsystem, we can assign the ISS gain y:l’ such that the
simple loop in the ¢&-system through the &;-subsystem sat-
isfies the cyclic-small-gain condition. Through the recursive
control design procedure, the e-system satisfies the cyclic-
small-gain condition and is ISS [18], [19].

For the e-system, we construct an ISS-Lyapunov function
in the following form:

Ve(e) =  max {011 (V5

’” 7"

1(8i)),00(Ve,(é1)) }

where o1 = 1Id, and o;; with i =1,...,n and o; with
i=2,...,n are compositions of }7((_'))’s which are smooth on
(0,00) and slightly larger than the corresponding }/((_'))’s, and
still satisfy the cyclic-small-gain condition. Here it is not
necessary to give an explicit representation of the o;; and
Oj» to analyze the effect of the measurement errors.

Correspondingly, the influence from d; and g for i =
1,...,n can be represented as:

cmon’ Y(Idi1]), 01 0 Vo (|di),
:1O?’g,.'+l(|dz+1|)7011(8,1),
01 0 Yy (|dil), 6120 Yo (|dig]), 0 (€1)
(37)
From the Lyapunov-based cyclic-small-gain theorem, it
holds that

(36)

0 = max

i=1,..., n

Ve(e) > 0 = VV,(e)ée < —a,(Ve(e)) (38)
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wherever VV, exists, with (xe positive definite.

By default, )€:+ =0, 60 =0, eo =0, O(n+1)1 :=0 and
oo :=0.
Define
G(Hrl)l 0 ’Jé;l (S), Gi1 ° ’)/e"{l (s)a
’Jéii (S) = max 6(171)1 o ’)éi,l (S), Oj © éll (S), (39)
O(i-1)2° é:;l(s)
€= max {0;(&1),0n(&2)}- (40)

i=1,...,n

Then, the 0 defined in (37) can be equivalently represented

N 0 = max {)f”(|d,»|),e}.

i=1,...,n

(41)

()

By choosing the Yy's small enough, we can make o;; for
i=1,...,n and op for i =2,...,n small enough such that

Gi 0 Y (s)

cizoyZ‘(s), O(i—1)2° e,’ (5)
In this way, we achieve

0 = max {Gilojfj’ |di]), }

i=1,...n €i

(43)

Property (38) implies that there exists a 8, € # % such
that

Ve(e(t))SmaX{Be(Ve(E(to))J—to), sup (9(T))} (44)

to<t<t

where
0(7) =

‘max {Giloyg"(|d,~(t)|),8}.

i=1,...,n

(45)

From the definition of V, in (38), using o1, = Id, we have

lx1| = [er] = [é1 —é1] < [é1]+éi]
=o' (Vo, (81)) + 0 ' (Ve (€1))
<oy ooy, (Ve(e)) +ay ooy (Ve(e))

= (o' + oy ooy )(Vele)). (46)
Define
;ﬁ;:(a‘;1+aglooﬁl)ooilo;/e{f, i=1,....n (47
By = (o' + 0 00y, ) 0 Be (48)
&, = (o' + oy ooy (o). (49)
Then, from (44) and (45), we obtain
()] <(ay ' + a0 071 ) (Vele(r))
<max{ By, (Ve(e(t0)),1 ~ 10),
sup ( max 772’(|d,(7)|)),8} (50)

<<t i=l.n

Thus, the closed-loop system is IOS with x; as the output
and the IOS gain from d; to x; is )'éjl’ [11].

Recall 3/;11 (s) =ay(s/ci1) for s € Ry. From the definition
of #1 in (47) with i = 1, we have

%1'11 _ ((X‘;I—F(X‘;IOGﬁI)OGuO%{I

:(Id—i—a‘;loclloav)<ci“>. (51)

Note that for i =1,...,n, each 0; is a composition of ?Q’s
which can be chosen arbitrarily small. Thus, the IOS gain
77)?1" for i =2,...,n can be designed arbitrarily small. If we
also choose cq; arbitrarily close to one, and o7; arbitrarily
small, then )‘ﬁl is arbitrarily close to the identity function.

The main result of this paper is summarized in the
following theorem.

Theorem 1: With Assumption 1 satisfied, the system (1)—
(3) can be input-to-state stabilized with the dynamic state
measurement feedback control law defined in (17), (19), (20)
and (35). Moreover, the close-loop system is I0S with the
measurement errors dy,...,d, as inputs and x; as output, the
IOS gain from d; to x; can be designed to be arbitrarily close
to the identity function, and the IOS gain from d>,...,d, to
x1 can be designed to be arbitrarily small.

VI. AN EXAMPLE

To verify the main result of this paper, consider the
following second-order nonlinear system:

X1 =X (52)
=0.2x3 4+ u (53)
x'l" =x1+di; x’f:xz—kdz. (54)

For the sake of simplicity, assume d, = 0.
Define e; = x;. Following the design procedure in Section
1V, we have

5.

11(é1 —di) +ér—ér+Kk12(é)
11(é1 —dy)

where é; is the estimate of e, &, = é; — e, and é; and &,
will be defined later.

Consider the é;-subsystem. Clearly, A]; = 0. We choose
c11 = 0.8 and ¢1; = 0.02. Then, the xj; is designed in the
form of &11(r) = — vy (|r|)r with vy satisfying

(55)
(56)

1 K
K

Ve

1

(1 =ci)vii((1 —c11)s)s > 0.01s. (57)

Then, we choose vji(s) =0.05 for s € Ry and xy;(r) =
—0.05r for r € R.

With &, designed, we have Alz(el,ez,ez,dl) =-0.05¢; +
0.05d; + é; — &,. Thus, y,! 12( s) = 0.05s, l/IA* (s) = 0.05s,
1//2%2 (s) =s and 1//53;2 (s) = s. Choose /1, = 0.02, yeell (s) =
%2 (s) = 0.99s, ¥'(s) = 0.55 and ¥*(s) = s. Then, the
k12 is designed in the form of Klz(r5 = —va(|r))r with
Vlz(s) =2.11 for s € R+.

Define ¢y = x, — K12(€1). The estimator for e; is designed
in the following form:

é) = K1 (52) +u (58)
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where é; is the estimate of e;. Define é; = &, — e5. By directly
taking the derivative of &, we have

& =N05(81,81,82,62,d)) + K21(&2) (59)

where |A},(€1,81,é2,6,,d,)| satisfies |A},(€1,81,62,62,d,)| <
0.1055|1| + 1.7344[é1)> + 4.4521]é] + 0.822|é> +
2.11]é| + 0.822]é5]* + 2.11[é3| + 0.1055|d1|. Thus, we
have ‘/’Zil@ =0.8225> 4 2.11s, ‘VZZ (s) = 0.822s% +2.11s,

l/liil(s) = 1.73445” + 445215, WL (s) = 0.10555 and
wgl(s) = 0.1055s. We choose {51 = 0.02, %! (s) = 0.99s,

£2(s) = 0.99s, % (s) = 0.99s and % (s) = 0.55%. Then,
the 7»; is designed in the form of &z (r) = —vai(|7])r with
Vo1 (s) =3.3784s+8.7876 for s € Ry.

With i) designed, we have A3,(é2) = —3.3784(&,(&; —

8.7876¢,. Thus, V’Zéz(s) = 3.3784s% + 8.7876s. We choose

fy = 0.02 and 7522 (s) = 0.99s. Then, the ky is designed
in the form of Ky (r) = —vau(|r|)r with vy (s) =3.3784s+
8.7976 for s € R,

In the construction of the ISS-Lyapunov function for the
closed-loop system, we can choose all o) = Id. With direct
calculation following the procedure in Section V, we have
)7;]1' (s) =2.5s5 for s € R;.

Simulation results with d; = 0.3sgn(sin0.2¢) + 1.7 shown
in Figs. 4-5 are in accordance with the theoretical design.

Measurement error d,

time.

The measurement disturbance and the system states.
The estimates of e, and e,
0. T T

time.

Control input u

L
0 50 100 150
time

Fig. 5. The estimator states and the control input.
VII. CONCLUSIONS

This paper has presented a new dynamic state measure-
ment feedback control strategy for nonlinear systems with

discontinuous measurement errors, based on the cyclic-small-
gain theorem. ISS-induced estimators are recursively con-
structed to estimate the disturbed state and the dynamic state-
measurement control law is designed to transform the closed-
loop system into an interconnection of ISS subsystems. ISS
and IOS properties of the closed-loop system are guaranteed
by the cyclic-small-gain theorem. In particular, the IOS gain
from the measurement error of the system output to the
system output can be designed to be arbitrarily close to the
identity function.
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