2011 50th IEEE Conference on Decision and Control and
European Control Conference (CDC-ECC)
Orlando, FL, USA, December 12-15, 2011

On stability of continuous-time quantum filters

H. Amini

Abstract— We prove that the fidelity between the quantum
state governed by a continuous time stochastic master equation
driven by a Wiener process and its associated quantum-filter
state is a sub-martingale. This result is a generalization to non-
pure quantum states where fidelity does not coincide in general
with a simple Frobenius inner product. This result implies the
stability of such filtering process but does not necessarily ensure
the asymptotic convergence of such quantum-filters.

I. INTRODUCTION

The quantum filtering theory provides a foundation of
statistical inference inspired in e.g. quantum optical sys-
tems. These systems are described by continuous-time quan-
tum stochastic differential equations. These stochastic mas-
ter equations include the measurement back-action on the
quantum-state. The quantum filtering theory has been devel-
oped by Davies in the 1960s [10], [11] and in its modern
form by Belavkin in the 1980s [4], [5], [3].

To these stochastic master equations are attached so-called
quantum filters providing, from the real-time measurements,
estimations of the quantum states. Robustness and conver-
gence of such estimation process has been investigated in
many papers. For example, sufficient convergence conditions,
related to observability issues, are given in [20] and [19].
As far as we know, general and verifiable necessary and
sufficient convergence conditions do not exist yet. For links
between quantum filtering and observers design on cones
see [6]. In this paper, we generalize a stability result for
pure states (see, e.g., [12]) to arbitrary mixed quantum
states. More precisely, we prove that the fidelity between the
quantum state (that could be a mixed state) and its associated
quantum-filter state is a sub-martingale: this means that
in average, the estimated state tends to be closer to the
system state. This does not imply its asymptotic convergence
for large times. To prove such convergence, more specific
analysis depending on the precise structure of the Hamilto-
nian, Lindbladian and measurement operators defining the
system model is required. This paper can also be seen as an
extension to continuous-time evolution of [18].
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This paper is organized as follows. In section II, we
introduce the non linear stochastic master equations driven
by Wiener processes and providing the evolutions of the
quantum state and of the quantum-filter state and we state
the main result (Theorem 2.1). Section III is devoted to
the proof of this result: firstly we consider an approxi-
mation via stochastic master equations driven by Poisson
processes (diffusion approximation); secondly, we prove the
sub-martingale property via a time discretization. In final
section, we suggest some possible extensions of this work.

II. MAIN RESULT

We will consider quantum systems of finite dimensions
1 < N < oco. The state space of such a system is given by
the set of density matrices

D:={peCVN p=pl,

Tr(p) =1, p=0}

Formally the evolution of the real state p € D is described
by the following stochastic master equation (cf. [3], [7],
[22])

dpe = —4[H, pi] dt + L(p) dt + Apr) dWy, (1)

where

« the notation [A, B] refers to AB — BA,;

o H = H' is a Hermitian operator which describes the
action of external forces on the system;

o dW; is the Wiener process which is the following
innovation

AW, = dy, — Tr (L + LT) p;) dt 2)

where y; is a continuous semi-martingale with quadratic
variation (y,y); = t (which is the observation process
obtained from the system) and L is an arbitrary matrix
which determines the measurement process (typically
the coupling to the probe field for quantum optic
systems) ;

« the super-operator £ is the Lindblad operator,

L(p) = —{L'L, p} + LpL',

where the notation {A, B} refers to AB + BA,;
o the super-operator A is defined by

A(p) :== Lp+ pL' — Tr (L + L")p) p.

All the developments remain valid when H and L are
deterministic time-varying matrices. For clarity sake, we do
not recall below such possible time dependence.
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The evolution of the quantum filter of state p; € D is
described by the following stochastic master equation which
depends on the time-continuous measurement ¥, depending
on the true quantum state p; via (2) (see, e.g., [1]):

dpy = — 4 [H, pr)dt + L(py) dt
+ A(py) (dy, — Tr (L + LT)@) dt).
3)

Replacing dy; by its value given in (2), we obtain
+ A (Tr ((L+ Lhpy) = Tr (L + LN) )dt.

A usual measurement of the difference between two quan-
tum states p and o, is given by the fidelity, a real number
between 0 and 1. More precisely, the fidelity between p and
o in D is given by (see [16, chapter 9] for more details)

Fip.o) =17 (\/V3rvp). @

Here F(p,0) = 1 means p = o, and F(p, o) = 0 means that
the support of p and o are orthogonal. F'(p, o) coincides with
their inner product Tr (po) when at least one of the states
p or o is pure (i.e., orthogonal projector of rank one). It is
well known that the stochastic master equations (1) and (3)
leave the domain D positively invariant. This results form
the fact that, using Ito rules, we have

Pt+dt =
, . , , ;
(Hf%dtféLTLdthLdyt) s (Hf%dtféLTLdtJrLdyt)
, , -
Tr((]lf%dtféLTLdt+Ldyt) i (Hf%dtféLTLdH»Ldyt)
(5
and
Divdt =
, . , , ;
(Hf%dtféLTLdthLdyt) P (Hf%dtféLTLdtJrLdyt)
H N i H T
Tr((HflTLdtféLTLdH»Ldyt) A (Hf%dtféLTLdH»Ldyt)
(6)

where dy; = Tr ((L + L1 pt) dt + dW;.

These alternative formulations imply then directly that, as
soon as, pp and pg belong to D, p; and p; remain in D for
all ¢ > 0. Therefore the expression of fidelity given by (4)
is well defined.

We are now in position to state the main result of this paper.

Theorem 2.1: Consider the Markov processes (p:, p;) sat-
isfying the stochastic master Equations (1) and (3) respec-
tively with pg, po in D. Then the fidelity F'(p;, p;), defined in
Equation (4), is a submartingale, i.e. E (F'(p¢, pt)|(ps, ps)) =
F(ps,ps), for all t > s.

We recall that the above theorem generalize the results
of [12] to arbitrary purity of the real states and quantum
filter. If py is pure, then p; remains pure for all ¢ > 0. In

this case, F'(p¢, pr) coincides with Tr (p¢p;). It is proved in
[12] that this Frobenius inner product is a sub-martingale for
any initial value of py: % E (Tr (p¢p;)) > 0. The main idea of
the proof in [12] consists in using Itd’s formula to reduce the
theorem to showing that E (Tr (dpip; + pidpy + dprdpy)) >
0, and then using the shift invariance of the operator L in
the dynamics (1) and (3) and choosing an appropriate value.
In the absence of any information on the purity of the
real states and the quantum filter, the fidelity is given by (4),
and the application of Itd’s formula for the above expression
becomes much more involved. In particular, the calculation
of the cross derivatives was so complicated that it became
hopeless to proceed this way. As the proof presented in the
next section shows, we had to choose an undirect way to
approach the theorem which allowed us to avoid the heavy
calculations based on second order derivative of F'.

III. PROOF OF THEOREM 2.1

We proceed in two steps.

« In the first step, we describe briefly how we obtain the
stochastic master equations (1) and (3) as the limits of
the stochastic master equations with Poisson processes
using the diffusive limits inspired from the physical
homodyne detection model [2], [23].

« In the second step, we show that the fidelity between the
real state and the quantum filter which are the solutions
of stochastic master equations with Poisson processes
is a submartingale.

Step 1. Take o > 0 a large real number and consider the
evolution of the quantum state pg* described by the following
stochastic master equation derived from homodyne detection
scheme (see section 6.4 of [8] or [2], [23]) for more physical
details):

dp¢ = — L[H, p?ldt — LA (p@)dt + Yo (p)dN:  (7)
— IA_a(p)dt + T _o(pf)dNs

where the super-operators Y, is defined as follows

 (L+a)p(Lt +a) B
Yalp):= Tr (L + a)p(LT + «)) P

and the super-operator A, is defined by
Ao(p) = (L+a)p+p(LT +a) = Tr (L + LT + 2a)p) p.

The super-operators A_, and Y _, are just obtained with
replacing a by —« in the expressions given in above.
The two processes dN; and dN, are defined by

dNy := Niyg — N} and  dNy:= N2 5 — Nf

where N' and N? are two Poisson processes. dN; and d N,
take value 1 by probabilities Tr (L' + a)(L + a)pf*) dt and
1Tr (L' — @) (L — a)pf") dt, respectively, and take value 0 by
the complementary probabilities.
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Similarly, the following stochastic master equation de-
scribes the infinitesimal evolution of associated quantum
filter of state py* (see [1]):

dp~ = — %[H,ﬁto‘]d

- iAfa(//)\t

LA (A®)dt+ T o
)dt + T_o(5*)dNs.

“)dN1 (8)

The following diffusive limit is obtained by the central
limit theorem when « tends to +oo for the semi-martingale
processes applied to dN,, g = 1,2, (see [15] or [14] for
more details)

AN, 25 (o) g 4 /(4N

<) dWy , 9

where the notation (A) refers to the mean value of A.
Here (dN1) = 4Tr (LT + o) (L + a)pf) dt and (dNp) =
3Tr (LT — o) (L — a)pg) dt and dW; and dW, are two
independent Wiener processes and the convergence in (9)
is in law.

The stochastic master Equations (1) and (3) are obtained
by replacing the processes dIN,, for ¢ € {1, 2} by their limits
given in (9) in the master equations (7) and (8) and taking
the limit when « goes to +oo and keeping only the lowest
ordered terms in o~ *. Such a result is usually called diffusion
approximation (see e.g [9]).

Notice that dWW appearing in the stochastic master equa-
tions (1) and (3) is given in terms of its independent
constituents by

AW = /L (aW, +awn),

and is thus itself a standard Wiener process.
The following theorem from [17] justifies the diffusion
approximation described above.

Theorem 3.1 (Pellegrini-Petruccione [17]): The solutions
of the stochastic master Equations (7) and (8) converge in
law, when o@ — 00, to the solutions of the stochastic master
Equations (1) and (3), respectively.

Step 2. We now prove that the fidelity between two
arbitrary solutions of the stochastic master Equations (7)
and (8) is a submartingale.

Proposition 3.1: Consider the Markov process (p%, p%)
which satisfy the stochastic master Equations (7) and (8).
Then the fidelity defined in Equation (4) is a submartingale,
i.e., for all ¢ > s, we have

E(F(pf', p)I(0s 5 p9)) = F(pS, 05)-

Proof: ~ We consider approximations of the time-
continuous Markov processes (7) and (8) by discrete-time
Markov processes & and &j:

M., & M] > M., & M]
= — Tk = = Pk 1
Ekt1 Te(M,u, €x M}, ) and {1 Te(M,., M, ) (10)
where
e k{0, - ,n} for a fixed large n;

o initial condition &, = p% and &= %,

e iy is a random variable taking values p € {0, 1,2} with
probability P, j = Tr (M &, M}) ;

e The operators My, My and M, are defined as follows

My :=1- (LT +a)(L +a)e,
— L' —a)(L - a)en — tHeyp;
Ml = (L—FO&)\/ %en;
and
My := (L — )4/ %en;
with ¢, = =2

=,
In the following lemma, we show that &, and En corre-
spond to the Euler-Maruyama time discretization. Since (7)

and (8) depend smoothly on p¢ and pY, &, and &, converge
in law towards p¢* and pY when n — —+o0.

Lemma 3.1: The processes & and Ek correspond up to
second order terms in €,, to the Euler-Maruyama discretiza-
tion scheme of (7) and (8) on [s,].

Proof: we regard the three following possible cases
which arrive in according to the different values of py .
In each case, we show that &, and «fk for k € {0,--- ,n}
are the numerical solutions of the dynamics (7) and (8)
respectively, with the following partition s < s+¢, < - <

s+ (n—1)e, <t, where the uniform step length €, is t_TS

Case 1. We first consider the case where u; = 0 which
arrives with probability P j, = Tr (Moko(;r ) . Note that

Mo&eM{ =&, — l{(LT +a)(L+a),&}en
- HIT=a)(L—a),&} en
—4lH.¢ ]6n+0( n)-
Therefore

Tr (Mongg) =1- 1T (LT + ) (L +a)&) e
— STr (LT = a)(L — a)é) en + O((en)?)

and

(Tr (Mokog) )_1 ~1+ %Tr ((LT + a)(L + a)k) ent
%Tr (LY = a)(L — @)&) €n + O((€n)?).

Therefore, we find the following dynamics

~ & — 1{(LT+ ) (L +a),&}en

- HE =o)L —a) & e

+ %Tr ((LJr +a)(L+ a)§k) &k €n

T (L = a)(L — a)6) € en + O(E2).

Eht1
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This can also be written as follows

Chr1 — & = — $Aa(&r) en — FA_a(&) €n + O(el). (11

Obviously, this dynamics in the first order of ¢, is
equivalent to the dynamics of the numerical solution of the
stochastic master Equation (7) with the partition s < s+e¢, <
- < s+ (n—1)e, <t, when

1 1 _ 2 A2 _
Neteyen ~Natke, =0 and N7 gy —Nige, =0,

which arrives with probability

(1= 3T ((L+ o)Ll +a)&) en) -
1
(1= ST (L - a)(LT — a) &) €n).
This probability, in the first order of ¢, is equal to
T (Mongg ) .

Case 2. The second case corresponds to ji;, = 1 which ar-
rives with probability Tr (M1 oM} ) . We find the following
dynamics

_ _(4o)&(Li+a)

We observe that the numerical solution of the stochastic
master Equation (7) follows also the same dynamics when

1 1 2 2
Netteyen Nogre, =1 and N7 gy —Nige, =0,

which arrives with probability

(AT ((L+a) (LT +a)&) e) -
(1 - %Tr ((L _ a)(LT _ Oé)ék) €n)-

This is equal to Tr (leleT ) , in the first order of €,,.

Case 3. Now we consider the last case p; = 2 which
arrives with probability Tr (Mgngg ) . Therefore, we have

—a .
Skt1 = % =T _o(ék) + &-

Which can also be written by the stochastic master equa-

tion (7) with taking & as the numerical solution and

Nsl+(k+1)sn *Nsl+ken =0 and Ns2+(k+1)en*Ns2+ken =1,

which arrives with probability
(1- %Tr (L+a) (L +a)&) €)
(3T (L= a)(LT = a) &) en).

Where in the first order of ¢, this probability is equal to
Tr (M2§kM§ ) .

Remark that, if we neglect the terms in the order of

¢, The probability of NJ, .. — Ny = 1 and
- N

N32+(k,+1)5n Sziken = 1 is negligible. Now it is clear that

&, and similarly &, are respectively the numerical solutions

of the stochastic master Equations (7) and (8) obtained by
Euler-Maruyama method. As the right hand side of the
stochastic master Equations (7) and (8) are smooth with
respect to p and p, we can use the result of [13, Theorem 1]
to conclude the convergence in law of &, and &, to pf and
py for large n.

H

Now we notice that

MMy + MMy, + MIMy =T+ O(2) := A,

Take M, := (VA)"'M, for r = 0,1,2 which satisfy
necessarily
Ry Ty L e
My Mo+ My My + My My =1. (12)
Now we define the following Markov processes yj and
Xk by

vl

kaM

— M
Xk41 = =& (13)
+ Tr(M,LkaM“,kT)
and o
~ M, Xk M.,
Xkl = 7=y (14)
Tr(MMka-,MukT) ’
where

e k€{0,---,n} for a fixed large n;

¢ Xo = pg and Xo = p;

e Ly is a random variable taking values p € {0, 1,2} with

probability P = Tr (M, s} )

Clearly x5 and X can also be seen as the numerical
solutions of the stochastic master Equations (7) and (8), since
(VA)™' =1—0O(€2), therefore in the first order of €,, the
solutions & and &y, are equal to x and X, respectively. But,
the advantage of using X and Xy instead of & and & is
that the operators M, are Kraus operators since they satisfy
Equality (12). Thus we can apply Theorem 1 in [18], which
proves that F'(xx, Xx) is a sub-martingale.

Theorem 3.2 ([18]): Consider the Markov chain (xx, Xx)
satisfying (13) and (14). Then F'(xy, Xx) is a sub-martingale:
E (F (X415 Xe4 1) (X Xk)) = F(Xk> Xk )-

Thus we have

E (F(XnsXn) | X0:X0) = F(x0.Xo0) = F(pg, p5)

Therefore by Lemma 3.1, we have necessarily

E (F(pf', 07)ps, ps)) = F (0, %),

for all ¢ > s, since we have (convergence in law) pg =
limy, 500 Xns A7 = limy 500 Xn, Xo = p§ and Xo = p§.
|

We now apply Theorem 3.1 and we use the fact that the
function F' is bounded by one and continuous with respect
to p and p:

E (F(pt, pe)|(ps; Ps)) = F(ps, bs),
for all ¢ > s, which ends the proof of Theorem 2.1.
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Fig. 1. The average fidelity between the Markov processes p and p, over
500 realizations, time ¢ from O to 7" = 3 with discretization time step
dt =107%.

IV. NUMERICAL TEST

In this section, we test the result of Theorem 2.1 through
numerical simulations. Considering the two-level system
of [21], we take the following Hamiltonian and measurement

operators:
0 —i 1 0
Hcry(l. 0> LO’Z<O _1>.
The simulations of figure 1 illustrates the fidelity for 500
random trajectories starting at

11 R 1
o) (i D)
4 2 3

In particular, we note that both initial states are mixed ones.
As it can be seen the average fidelity is monotonically
increasing. Here, the fidelity converges to one indicating
the convergence of the filter towards the physical state. An
interesting direction here is to characterize the situations
where this convergence is ensured.

Here in order to simulate the Equations (1) and (3), we
have considered the alternative formulations (5) and (6) and
the resulting discretization scheme (k € N and time step
0<dt<l)

Mep(ran M},

o _ MiBan M},
(k+1)dt Tr(Mkp(kdt)ML) )

Pk+1)dt = Tr(Mkﬁ(kdt)ML) >

where My, =1 — 2 dt — 1 LTLdt + Ldy(ar) and dy(an =
Tr (L + L") pkary) dt + dW gar). For each k, the Wiener
increment dW;q4;) is a centered Gaussian random variable
of standard deviation \/dt. The major interest of such dis-
cretization is to guaranty that, if pg, py € D, then py and py
also remain in D for any k > 0.

V. CONCLUDING REMARKS

The fact that the fidelity between the real quantum state
and the quantum-filter state increases in average remains

valid for more general stochastic master equations where
other Lindbald terms are added to L(p) appearing in (1).
In this case the dynamics (1) and (3) become

/
m

dpy = —3[H, ps] dt + Z'C;(Pt) dt

v=1
+) " Lulpr)dt+ > Ay(p)dW
p=1

p=1
and

’

dpy = — £ [H, pi] dt + Zﬁlu(ﬁt) dt + Z L,.(pr) dt

v=1 p=1
+ Z A, (Pr) <dyf = Tr ((L, + LL)@) dt).
p=1

where dW/' are independent Wiener processes,
1

L,(p) == = ALl Ly p} + LupL),,

L(p) == —t{L,' L}, p} + L,pL},

and A, (p) == L,p+ pLL —Tr ((L, + LL)p) p.

Here m, m’ > 1, and (L:/)lgygm’ and (Lu)lgugm
are arbitrary operators. The special case considered here
corresponds to m = 1 and m’ = 1 with L; = L and L} = 0.
The formulations analogue to (5) and (6) read then

Derar = (I—dMy)pe(1—dM )+ L, po L), dt
A Te(I-dMy)pe (1—dM])+ 327" | Lt pe L1, Vdt)

and

- ’"L/ - i
(I—dMy)p (I—dM)H)+3"m L) 5 L), T dt
Te((I—dMy)pe (I-dM)+> 7" ) LY, B L), Tdt)

Pt+dt =

where, denoting dy}' = Tr (L, + L},)p;) dt + dW}",

_ iH S t
dM; = GLdt + 2> " L' L,dt
v=1

1
+2 Y L Ludt =) Lyl
p=1 p=1

For this general case, the proof of Theorem 2.1 should follow
the same lines: first step still relies on Theorem 3.1; second
step relies now on [18, Theorem 2].
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