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Optimal Control of Linear Systems with Stochastic Parameters
for Variance Suppression

Kenji Fujimoto, Yuhei Ota and Makishi Nakayama

Abstract—In this paper, we consider an optimal control
problem for a linear discrete time system with stochastic
parameters in the infinite time horizon case. This paper focuses
on optimal control for systems with stochastic parameters
whereas the traditional stochastic optimal control theory mainly
considers systems with deterministic parameters with stochastic
noises. This paper extends the authors’ former result on the
same subject in the finite time horizon case to the infinite
time horizon case. The main result is to provide a feedback
controller suppressing the variation of the state and to prove
stochastic stability of the corresponding feedback system by
taking care of both the average and the variance of the state
transient. Furthermore, a numerical simulations demonstrate
the effectiveness of the proposed method.

I. INTRODUCTION

Stochastic and statistical methods are used in several
problems in control systems theory. In particular, system
identification and estimation methods rely on them. Recently,
it is reported that Bayesian inference and the related es-
timation tools in machine learning [1], [2] are applied to
system identification of state-space models [3], [4], [5], [6].
Consequently, statistical information of the system parame-
ters become available for control. There also exists a result
reporting that the quality of the manufactured products are
estimated by those methods in process control [7]. So called
randomized approach is also proposed to apply statistical
tools to controller design problems [8], [9].

On the other hand, optimal control is an important and
established control method. LQG (Linear Quadratic Gaus-
sian) method can take care of optimal control problems with
stochastic disturbances [10], [11]. Stochastic control theory
has been developed by many authors based on it which
mainly focuses on systems with deterministic parameters
and stochastic noises. In stochastic control theory, MCV
(Minimum Cost Variance) control [12], [13] and RS (Risk
Sensitive) control [14] are proposed which can suppress the
variance of the cost function with respect to the stochastic
disturbance. There is a paper comparing those method as
well [15].

Those existing results focus on the systems with deter-
ministic parameters with stochastic disturbances. In order
to utilize the Bayesian estimation results for state space
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models, controller design methods for state space systems
with stochastic parameters are needed. For this problem, De
Koning proposed a controller design method for state space
systems with stochastic system parameters [16], [17], [18]
which employs standard LQG type cost function. The results
in the paper, however, cannot suppress the variance of the
state transient of the resulting control system caused by the
variation of the system parameters.

The authors proposed a generalized version of [16] to
take the variation of the state into account by adopting a
novel cost function including the covariance of the states
[19]. But the result in [19] only considers an optimal control
problem in the finite time horizon case. The present paper
extends the authors’ former result to the infinite time horizon
case. The optimal state feedback controller suppressing the
variation of the transient is derived. Furthermore, stability
of the corresponding feedback system is proved using the
analysis tools for stochastic systems provided by De Koning
[16]. Furthermore, numerical simulations demonstrate the
effectiveness of the proposed method. The proposed method
can provide a new framework to stochastic control which
can be used together with Bayesian inference of the system
parameters.

II. PRELIMINARIES

This section gives notations and some preliminary results
according to [1], [16].

o The symbol N denotes the space of natural numbers. R™
denotes the n-dimensional Euclidean space. M'" and
M™ denote the space of m x n real valued rectangular
matrices and that of n x n real valued square matrices,
respectively. S™ denotes the space of n x n real valued
symmetric matrices.

o The symbol vec(-) denotes a function satisfying

aj Qa4
vec(A) = eR™, a;:= e R™.
An, Ami

where a;; is the (¢, j) element of the matrix A € M™".
o The expectation of a time-varying stochastic parameter

a; is denoted without the time parameter ¢t as E[a]

instead of E[ay], if its statistics is time invariant.

We use several transformations for symmetric matrices.
Let us define a monotonic transformation.

Definition 1: [16] A transformation for symmetric matri-
ces A : S® — S" is said to be monotonic if it satisfies
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AX =< AY, for any symmetric matrices X,Y € S”
satisfying 0 < X <Y.

The following lemma holds for monotonic transforma-
tions.

Lemma 1: [16] Consider the following equation.

X=AX+B, X,BeS" (1)

Suppose that the transformation A is linear, monotonic and
stable and that B > 0. Then there exists a solution X > 0
satisfying (1).

Further, the next lemma holds.

Lemma 2: Suppose that the transformation A; : S — S”
is monotonic and X > 0 = A4; X > 0 holds for any integer
1. Then a composition of the transformations A;’s

ij . | AA A (D<)
AJ'_{ id (i > ) @
is monotonic and X > 0 = A*X > 0 holds for any
integers ¢ and j.
Proof: Lemma is proved by induction. In the case
7 — 1 < 0, the claim holds obviously. Suppose that it
holds when j — i = k for a non-negative integer k. Then
A%¥J is monotonic. Since Ajq1 is also monotonic, we have
X =0 = AYX = 0 => A1 AYX = A0 =
A%IFTLX = 0. Further, the monotonicity of A%/ and A;q
implies 0 < X <Y = AYX < AYY = A; 1 AX <
Aji1 ABTY = 0 < ATLX < ALY Therefore, A% 11
is monotonic. This implies that the claim holds for the case
j —1i=k+ 1. Hence the claim holds for any integers ¢ and
7, which proves the lemma. [ ]
Next, let us consider a discrete time system

Tpp1 = Ay + Brug 3)

where x; € R” is the state, u; € R™ is the control input,
Ay € M"™ and B, € M™™ are the system matrices. Suppose
that the system matrices A; and B; consist of stochastic
variables with time invariant statistics. Assume also that the
initial state x( is deterministic. Apply a state feedback

Uy = _th (4)

to the system (3) with a feedback gain L € M™". Then the
resulting feedback system is described by

Ti4+1 = \I/L7tmt (5)

with a new system matrix ¥, , := A, — B;L € M". Stability
of this feedback system is defined as follows.

Definition 2: [16] The feedback system (5) is said to be
m-stable if lim;_, o E[z:|zo] = 0 holds for Vo € R™. It is
said to be ms-stable if lim;_ o, E[|| 2 ||? |zo] = 0 holds for
Vxg € R™.

In order to describe the behavior of the state x; with its
variance, let us define a transformation A; : S" — S"
describing the expectation of a quadratic function along the
feedback system (5) as follows.

ALX =E[VIXV;], Xes" (6)

The transformation Ay, thus defined satisfies the following
lemma.

Lemma 3: [16] (a) E[z] Xw;|zo] = 23 A% Xa¢ holds
for any natural number 7 € N and any symmetric matrix
X esm
(b) The transformation .AiL is linear and monotonic for any
natural number i € N.

(c) The feedback system (5) is m-stable if and only if E[¥ ]
is Hurwitz (asymptotically stable). Furthermore, it is ms-
stable if and only if the transformation Ay, is stable.

Stabilizability of the system (3) with (A, B;) is defined
as follows.

Definition 3: [16] The pair (A, B;) is said to be m-
stabilizable if there exists a feedback gain L € M™" in such
a way that the feedback system (5) is m-stable. It is said to
be ms-stable if if there exists L such that (5) is ms-stable.

Lemma 3 (c) and Definition 3 imply the following lemma.

Lemma 4: [16] The pair (A4, B;) is m-stabilizable if and
only if there exists a feedback gain L in such a way
that E[U] is asymptotically stable. Furthermore, it is ms-
stabilizable if and only if there exists L such that Ay is
stable.

III. OPTIMAL CONTROL FOR VARIANCE SUPPRESSION

This section is devoted to optimal control for variance
suppression.

A. The finite time horizon case

In the authors’ former result [19], optimal control for
variance suppression in the finite time case is presented. This
subsection briefly reviews this result.

Consider a linear discrete-time system with stochastic
parameters

i1 = Arwy + Brug + Gy @)

where €; € R™ is a stochastic external noise. Matrices A; €
M", B, € M"™, and G; € M" are stochastic parameters
defined by time invariant statistics. For this system, let us
consider the following cost function.

N—1

JN(UN,xo) =E lz {l’tTQ(Et + UtTRUt

t=0

+ tr(S cov[xsiq |xt])} + 2N Fay

mo] ®

Here the matrices Q@ - 0€S", R0 S™, F=0¢e 8",
and S = 0 € S" are design parameters and Uy = {us,0 <
t < N — 1} denotes the collection of the input. The third
term in the right hand side of Equation (8) reduces to

tr (S cov|xeiq|as])

= B [2{415%041]20] — Elzeia|2d] TS By o]

which is the weighted sum of the covariance of the states.
The coefficient matrix S can be used to select the weights
between the variation and the average of the state.

For this system, the optimal control problem for variance
suppression is defined as follows.
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Definition 4: Consider the system (7) and the cost func-
tion (8). For a given initial condition zy € R™, find an input
sequence Ux = {u},0 <t < N — 1} minimizing the cost
function Jn (Un,xo) and the corresponding minimum value
of the cost function J3 (x). We call this control problem as
a finite time optimal control for variance suppression.

Before solving the variance suppression problem, let us
consider the relationship between the value of the cost
function at the time ¢ with the state x; and that at the time
t — 1 with the state x;,_;. Suppose that a state feedback
u; = —Lx; is employed, then the term to evaluate the
variance of the state E[tr(S cov[xiyi|ze])|xo] in the cost
function can be calculated as E[tr(S cov[zsi1|2:])|xo]

E [tr(S cov]zii1|a])|2o]
— Elzg 1] S Elwg i 4]|ao]
LJSE[WL]) 2]

=E [E[.I?tT+1S.’I,‘t+1‘It]

[ ( S\IILt] - [\II

E [z} (AL,S E[WU] ]SE[WL,]) z¢|zo]

[Stl‘t 1AL,5 (ALtS E[\I/Et]SE[\I/LtD Tt 1|.’L‘0]

E [zg {A}'S — A}" (E[VT,]SE[¥L,]) } wo|zo]
=y {AV'S — AP (E[WT JSE[W.,]) } o )

Here we use the notation AZL = A, Ar,_, -+ Ag, as in

Equation (2). Now the function Bz, : S™ — S™ is defined by
BrX :=A X +Q+L"RL+ALS —E[VT|SE[T,],
X es". (10)

The function 3 : S™ — R is defined by

B(X) :=E["GTXGe|. (a1

Then the value of the cost function (8) becomes

IN(Un, xo)
N—

BElY {xt (Q+ LT RL,)x,

t=0

:

+ AL, S — E[\IJEO]SE[@LOO + A%NF}xO

N-1 t—1 )
+5 ( > {AgtF+ZAgJ

t=0 §=0

+ tr(S cov|ziyy |xt])} +anFry

N-1
- xg{ DAY (Q +Li RLg

t=0

(Q + LY RL,

+ A, S - E[¥] ]S E[\I/Lo]> } + NS >

N-1

=2y BYN " Fx 4+ 8 (NS + Z Bf%“) (12)

t=0

We can prove a property of the transformation BY Loas
follows.

Lemma 5: The transformation ng is monotonic and X >
0 = B}’ X = 0 holds for any non-negative integers i and j.
Proof: Proof is omitted for the limitation of space. W
Using this lemma, we can prove the main theorem which
provides the solution to the optimal control for variance
suppression.
Theorem 1: [19] The optimal control law to minimize the
cost function (8) and the minimum value of the cost function
Jx(zo) are given as follows.

uy = 7LB*N—t—1F§Ut, t=0,....,.N—1 (13)
N-1
T (x0) = aX BN Fag + 8 (NS +)° BiF) , Vo (14)
t=0
Here the function B, : S™ — S™ is defined by
B.X =B, X, XeS" (15)

The function By, is defined in Equation (10) and the gain
matrix Ly is defined by

Lx = (E[BYXB]+%pp+ R)™
Xes

where Y xy = E[XTSY] - E[X]|TSE[Y].
Let us denote the value of the cost function at the time ¢ by

Vi = :EOTHtxO. Then Equation (15) reduces to the following
recursive equation similar to the Riccati equation.

;1 = Q+Yaa+E[ATILA] — (E[ATIL,B] 4+ S45)

(E[B"ILB] + Spp + R) ' (E[BILA] + Sp4)
17

H(E[BT XA] + Epa),
(16)

Here IIy = F and B*F = IIy_}, namely,
’U/: = —Lntl‘t.

Furthermore, Equation (17) reduces to a Riccati equation for
the conventional LQG problem if the parameters A; and By
are deterministic. This implies that the proposed method is
a natural generalization of the conventional LQG method.
Note that the computation of II; using Equation (17) needs
the 2nd order statistics of the stochastic variables A; and B;.

B. The infinite time horizon case

This subsection derives the optimal control law for the
infinite time horizon which is the main result of the present
paper. Let us consider the system (7) with G; = 0, that is,
the system (3) without the noise €, is considered.

For this system, the following cost function with the
infinite time horizon is adopted

oo

JOO(UOO,I'()) =E |: Z{iftTQfEt + ’LL;I‘R’U,t

t=0

+ tr(S covixeti|ae]) p | To

(18)

where Uso = {ug,u1, ...}
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The optimal control problem considered here is formalized
as follows.

Definition 5: Consider the system (3) and the cost func-
tion (18). For a given initial condition zq, find the control
input U% = {u}} minimizing the cost function J (U, o).
The corresponding minimum value is denoted by JX (zo).
This problem is called an infinite time optimal control
problem for variance suppression.

Before stating the main result, we need to clarify some
properties of the optimal control for variance suppression in
the finite time horizon case.

The transformation B, : S™ — S™ in Equation
(15) is to convert the matrix II; characterizing the cost
Vi(xy) = x4 to another II;_; corresponding the cost
Vioi(ze—1) = af {1, 124_1. The difference between B,
and B defined in Equation (10) is explained as follows.
Since B; corresponds to the constant feedback gain L,
the resulting cost function is J(zg) = xd BY Fg. On the
other hand, since B, := Br, corresponds to the time-
varying feedback gain Ly, the resulting cost function sat-
isfies J% (wo) # af BY Fxo whereas we can still use the
expression J3 (z9) = xg BY Fzg. The following lemma on
the transformation B, is useful in proving the main theorem.

Lemma 6: (a) An inequality 0 < BNF < BYN-1p

holds for any natural number N € N, any matrix L €
M"™*™ and any symmetric matrix F' = 0, F' € S™.
(b) The transformation B*N is monotonic for any natural
number NV € N.
Proof: (a) Due to the optimality of the solution, we
have

0 S J}'{,(LC()) S JN(UN7.Z‘0)
0< xOTBiVFmO < $§B%:N71FCU0, Vg
Hence the claim of the lemma holds.
(b) The part (a) implies that B, X > 0 holds for any X > 0.
Lemma 5 suggests that B,X = Br, X < B, Y = B.Y
holds for any X and Y satisfying 0 < X =< Y. Hence
B, is monotonic. It follows from Lemma 2 (a) that BY is
monotonic for any natural number N € N. [ |
Now we are ready to prove the main result.
Theorem 2: Suppose that the system (Ag, B;) is ms-
stabilizable. Then I := limy_.o, B0 exists and II is the
minimum positive semi-definite solution to

I = B.1I
= Ap, 11+ Q + LERLy + Ay, S — E[V] JSE[W,,]
=Q+Yaa+E[ATTA] — (E[A™IB] + Sap)
(E[BTIB] + 55 + R) ' (E[B'TIA] + Xp.4).

(19)
Furthermore, the optimal feedback input is given by
uy = — Ly
= —(E[B™MIB] + R+ Xpp) "(E[B™TIA] + Xpa)z;
(20)

for which the cost function (18) takes its minimum value
J* (20) = xd Txo.

Proof: First of all, we prove that the function J3 (o)
is monotonically non-decreasing with respect to the terminal
time N. Select N; and N satisfying 0 < N; < N, then
the following equations hold for any initial state xg.

Iy, (xo) = :ch*Nleo

I, (z0) = g BY? 0.

The definition (15) of the transformation B, implies that
B.0 = 0. Furthermore, it follows from Lemma 6 (b) that
BY is monotonic hence

BN:0=BY>"'B.0= BN T0= -
= BNt = pMiB.0 = BMo.

This means J, (xg) < X, (z0) and, consequently, the
cost function J3 (x) is monotonically non-decreasing with
respect to the terminal time V. Therefore, there exists a lower
bond of J} (o).

Next we prove the existence of I = limpy_ oo BiX.
Since the system (A;, B;) is ms-stabilizable, it follows from
Lemma 5 that there exists a feedback gain L such that Aj

is stable. Hence Lemma 1 implies that the equation
M =B0(=AT+Q+ L "RL+ ALS — E[U]]SE[¥.])

has a solution IT > 0. Further, by induction, we have BZLV II =
II. Lemma 6 suggests

I = BN = BN = BYo. 1)

So the sequence {BXN0} has an upper bound and is
monotonically non-decreasing. Therefore, the limit II =
limy_o BY > 0 exists. The equation BNT10 = B,BN0
implies

II = B.II (22)

by taking the limit N — oo.

Next we prove that IT = limy ., BY > 0 is the minimum
solution to (22). Suppose that IT > 0 is another solution of
(22). Then Lemma 6 (b) implies that BY is monotonic for
any natural number N € N. Hence BY0 < BNTI = I holds.
Taking the limit N — oo, we obtain II =< II which means
that II is the minimum solution.

Finally, let us prove that the feedback (20) is the optimal
input. Let Uy = {4}, t > 0 denote the sequence of the
feedback input @; = —Lyx;. Let Jy(Un, o, X ) denote the
cost (8) where the terminal time is /V and the terminal cost
F = X. Then we have

JN(UOO,JCO,O) < JN(UOO,:EO,H) = xOTB]LVHHxO = 2 [z
for any N € N. Taking the limit N — oo,
Joo(Uso, 20) < g Ty, (23)
On the other hand,
2y BY 0o = T3 (20,0) < J3(20) < Joo(Uso, o) (24)
also holds. Inequalities (23) and (24) suggest

I BN 0o < J% (20) < Joo(Use, o) < d Izg.
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Again, taking the limit N — oo,

5 (20) = Joo(Uso, 20) = xg Ty, (25)
which implies U* = U.,. Therefore u} = @iy = — Lya; for
t > 0. This completes the proof. [ ]

Equation (19) reduces to the algebraic Riccati equation
for the (conventional) discrete time optimal control if the
system parameters A; and B; are constant (deterministic).
However, in the stochastic case, Equation (19) is not a
Riccati equation anymore and it cannot be solved with
the conventional technique in the linear control systems
theory. For instance, although E[ATTIB] is linear in II, there
does not exist constant (deterministic) matrices X and Y
satisfying E[ATIIB] = XTIY in general because the system
parameters A; and B; are stochastic variables. Therefore we
need to employ nonlinear optimization to solve Equation
(19). Here we use the following procedure to obtain the
solution II. First of all, define the cost function for nonlinear
optimization I'(IT) as follows.

() : = —I1+ Q 4 Y a4 + E[ATTIA] — (E[A™IB] + S 45)

(E[B™IB] + Xpp + R)"HE[BTIA] + £p.4)

Since Equation I'(IT) = 0 is equivalent to Equation (19),
we compute IT numerically by minimizing ||[[(IT)||r =
| vec(T'(T1))|| where || - || is the Frobenius norm. Here
we select the initial value II IIy the solution to the
conventional Riccati equation in the deterministic case

Iy =Q + X 44 + E[A]TTI E[A] — (E[A]" T, E[B] 4+ X 4B)

(E[B]"Io E[B] + £55 + R) " (E[B]'Tly E[A] + £54).

This procedure often gives us the true solution when
the variances of the system parameters are small. When
the nonlinear optimization does not give the global optimal
(the solution to Equation (19)), then applying the nonlinear
optimization procedure recursively by changing the variances
of the system parameters from 0 to the true value would give
us the global optimal.

IV. NUMERICAL EXAMPLE

This section gives a numerical example to demonstrate
the effectiveness of the proposed method in comparison to
the conventional LQG method. Let us consider the plant
described by Equation (3) with the state ; € R? and the
input u; € R.

cov [vec([A, B])]

0 0 0o 0 |0 0
040x10%0 0 |0 0
_l0 0 0 0 |0 0
~lo 0 0 0.0392(0 0
0 0 0 0 |0 0
0 0 0 0 |0 40x10°¢
10 0
Q‘[o 10}
R=1
~[10
o =119

The covariance cov [vec([4, B])] are selected in such a way
that the parameters As;, Aos and By have 20% standard
deviations. Fig.1 shows the time responses of 100 random
samples of the feedback system with the conventional LQG
controller. Fig.2 shows the time responses by the proposed
method with the design parameter S = 1000/. In those
figures, the plus signs + denote the upper and lower bounds
of the 1o deviation from the average and the solid lines
denote the sampled responses.

Figures show that both the conventional LQG controller
and the proposed controller achieve both m-stability and ms-
stability. The response with the proposed controller in Fig.2
achieves smaller variance than that with the LQG controller
in Fig.1 which indicates the effect of the proposed method.

state x1
state x2

100
time

200 100

time

200

(ii) State transition of x>
State transition (LQG)

(i) State transition of 2!
Fig. 1.

state x1
state x2

100
time

100 200

time

200 0

(i) State transition of x' (ii) State transition of x>

Fig. 2. State transition (proposed method)

Next, Figs.3—4 show the case in which the variances of
the parameters are bigger than the case in Figs.1-2. The
covariance of the system parameters A and B is selected as
follows in such a way that the parameters Aoy, Aoo and Bo
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have 40% standard deviations.

cov [vec([A, B])]

0 0 0 0 |0 0
016x10°0 0 |0 0
_l0 0 0 0 |0 0
~ 10 0 0 0.1568|0 0
0 0 0 0 |0 0
0 0 0 0 |01.6x10°7°

Figs.3—4 show the time responses of 100 random samples by
the LQG method and the proposed method with the design
parameter S = 10001, respectively. In those figures, the
plus signs + denote the upper and lower bounds of the lo
deviation from the average and the solid lines denote the
sampled responses as in Figs.1-2.

state x1

0 100 200 0 50 100 150 200
time time

-100

(i) State transition of z? (ii) State transition of 2

Fig. 3. State transition (LQG)

100

50

state x1
state x2

-50

100, 100 200 ] 100 200
time time

(i) State transition of ! (ii) State transition of 2

Fig. 4. State transition (proposed method)

Fig.3 shows the time responses of the state of the feedback
system with the LQG controller. In the figure the states
diverge, since the LQG controller does not take care of the
variance of the system parameters. Fig.4 shows the time
responses of the state with the proposed controller for the
parameter S = 1000/. This result shows that the proposed
method can stabilize the variance of the states in the sense
of ms-stability, whereas the variance of the feedback system
with the LOG controller becomes unstable (in the sense of
ms-stability). Those results confirms the effectiveness of the
proposed method.

V. CONCLUSION

This paper generalizes the authors’ former result on op-
timal control with variance suppression to the infinite time
horizon case. We have derived an algebraic equation similar
to the algebraic Riccati equation to characterize the solution
to the optimal control problem and proved stochastic stability

of the corresponding feedback system by taking care of the
average and the variance of the state transient. Furthermore,
some numerical simulations exhibit the effectiveness of the
proposed method. We believe that the proposed method
provides a new stochastic control framework to work with
the Bayesian inference methods.
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