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Abstract— We consider a large scale network comprised of
heterogeneous dynamical components. We derive conditions
on the input/output properties of locally defined subsystems
within the network, such that if these are satisfied the entire
interconnection is guaranteed to be stable. The conditions are
based on appropriately constructed functionals that lead to
graph separation. We illustrate how interconnection structure
can be exploited when determining the form of these functionals
so as to reduce conservatism in the certificates. Interpretations
of the stability conditions by means of disjoint convex shells
are also discussed.

Index Terms— control of networks, complex systems, decen-
tralized control, large scale systems.

I. INTRODUCTION

One of the main challenges in a large scale network is the
ability to guarantee stability of the entire interconnection by
conditions on only local subsystems. This is a problem that
has received considerable attention by the control community
from an early stage (e.g. the dissipativity approaches in [1],
[2]), with a renewed interest in recent years due to the
significance in many important applications such as data
network protocols, group coordination problems and power
distribution networks [3], [4], [5], [6], (7], [8], [9], [10]. A
major complication in such a setting arises when the par-
ticipating dynamics are heterogeneous and interconnection
structure needs to be exploited in this case in order to avoid
more conservative results that are based on weak interactions.

Our approach in the paper is to derive such decentral-
ized conditions by means of functionals that lead to graph
separation in %, with stability following by means of
appropriate homotopy arguments as in [11]. By exploiting
interconnection structure we show how different classes of
functionals can be considered that can reduce conservatism
while maintaining decentralization. Furthermore it is shown
how graph separation in this context can be interpreted by
means of disjoint convex shells.

The paper builds upon our work in [12], and also other
related works discussed throughout the paper, by incorpo-
rating richer classes of separating functionals, the form of
which is determined by the interconnection structure. This
allows to reduce conservatism while also retaining nonlinear
interpretations.

The paper is structured as follows. The notation that will
be used throughout the paper is first introduced. An overview
on the connection between quadratic graph separation and
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stability is then provided, and various properties of the Davis-
Wielandt shell are also mentioned. The main results are
given in section III. Conditions for graph separation are
derived first and it is then shown how these can lead to
corresponding stability certificates. Conclusions are finally
drawn in section IV. The proofs of the theorems in the paper
have been omitted due to page constraints (these are included
in an extended version of the paper [13]).

II. PRELIMINARIES
A. Notation

Real/complex numbers are denoted by R/C respectively
and R denotes the extended real line [—eo, +<o]. Nonnegative
reals are denoted by R, the halfplane {x € C: R(x) > o}
is denoted by Cy+, and R, := R, U{e}. For x € C", its
Euclidean norm is denoted by |[x|| and |/x||, denotes its p-
norm. For a matrix M € C"™" its conjugate transpose is
denoted by M*, its Moore-Penrose pseudoinverse by M, and
I, € R"" denotes the n x n identity matrix. For M € C"*"
eig(M) denotes its spectrum.

Z£1[0,00) is the Hilbert space of functions f :[0,00) —
R' with finite norm |f|| = (f,f)'/?> where (f,g) =
Jo> f*(t)g(t)dt. This is a subspace of Z4,[0,00) whose el-
ements need to be square integrable on finite intervals. The
fourier transform of f € Z4[0,0) is denoted by f(j®) =
i e 19 f (o).

For some T >0, Pr: %} [0,00) — £} [0,00) is the
projection operator defined as (Pr(f))(t) = f(¢) fort <T
and (Pr(f))(t) = 0 otherwise. An operator A : %} [0,00) —
Z3100,00) is said to be causal if PrA = PrAPr for T > 0.
This is bounded if the gain ||A| = sup{||A(N)||/IIf] : f €
10,0, f # 0} exists and is finite.

The Kronecker product is denoted by ®, and for IT: C —
Cmm A e CP*1 we denote IT®A the function IT®A : C —
Crr>ma (TI®A)(s) =TI(s) ®A. The direct sum of operators
A; i=1,...n is denoted by @ A;. For a set A in a real
vector space, Co(A) denotes its convex hull.

We say that convex sets A,B C R" are g-strictly separated
for some € > 0 if there exists a v € R" and a € R such that
x*v>e+aVveAand x*v <a Vxe B. We also say in this
case that the hyperplane {x:x € R" x*v =a} strictly sepa-
rates A and B. It is known from the separating hyperplane
theorem that if A, B C R" are non-empty, closed, convex sets
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with at least one compact, then A, B being disjoint implies
that they are strictly separated by a hyperplane (e.g. [14]).
A directed graph is denoted by ¢ = (V,E), where V =
{vi,...,v,} is the set of nodes and E CV x V, the set of
directed edges. The adjacency matrix A € R"*" of the graph
is defined as A;j = 1 < (v;,vj) € E and A;; = 0 otherwise. A
directed cycle is an ordered set of vertices {vo,vi,...,vnN,V0}
such that vo,...,vy are distinct with (v;_y,v;) € E Vi €
{1,2,...,N} and also (vy,v9) € E. We define a directed
graph as circular if it has a single directed cycle. A directed
graph is defined to be bipartite if its set of vertices can be
decomposed as V =AUB, where A and B are two disjoint
sets with any edge e, = (v;,v;) satisfying v; €A and v; € B,
or v; € A and v; € B. For a matrix M € C"*" we define its
underlying graph as the directed graph with adjacency matrix
A € R"" such that A;; = 0 iff M;; =0 and A;; = 1 otherwise.
We will be using the algebra of transfer functions in-
troduced in [15], [16], [17] (this has properties analogous
to those of proper real rational transfer functions). <7 (o)
denotes the class of transfer functions obtained as the Laplace
transform of impulse response functions h = h, + Y72 k; 6,
where h, : R — C satisfies [;” e %' |h(t)|dt < oo and hy(1) =0
for1<0,10=0,4>0fori>0,k € Cs.t. Y5 e fi|k;| < oo
and 0, denotes the #; shifted Dirac delta distribution. Func-
tions g € <7 (0p) are bounded on (chf’ and ® — g(o+ jo) is

continuous on R for 6 > 6y. Any g € </ (0p) defines in the
time domain a bounded causal operator in .Z,[0,0) defined
by a convolution integral [15]-[17]. We will denote by &7
the transfer functions that are in .7 (cy) for some oy < 0 and
also these are constant at infinity in (CGO+. /"™ denotes the
n x m transfer matrices with elements in .<#. We also denote
/™" the transfer matrices A € 7" such that for almost
all w € R, A(jow) and A*(jw) have the same nullspace (this
is for example the case when A(j®) is invertible or normal).

B. Quadratic graph separation and stability

Consider the interconnection of operators G : .£4,[0,0) —
Z234[0,00) and A : Z37[0,00) — gzle[()"”)

v=G(w)+f
w=A(v)+e (1)

where f € Z1[0,00) and e € Z3"[0,0).

Definition 1 (well-posedness, stability): We say that the

feedback interconnection of operators G and A is well-posed
if the map (v,w) — (e, f) in (1) has an inverse that is a causal
operator on ,,2”2[;’”[0,00). The interconnection is stable if this
operator is also bounded.
We will be considering in this section an IQC framework
for verifying stability of the interconnection [11], [18]. This
requires that the graphs of the interconnected operators be
separated in -Z4 ™[0, 0), with stability guaranteed by means
of an additional homotopy argument that ensures there is no
transition from stability to instability.

For an operator A : Z3"0,00) — £} [0,0) its graph is
defined as

Gy = {(A),v) : v € Z4[0,),A(v) € L3"[0,00)}

and its inverse graph as

?A = {(VvA(V)) ve ,szl[o,m),A(v) € me[Oaw)}
Operator A : Z37[0,00) — Z1 [0,00) is said to depend con-
tinuously on 7 if 8(Ag,As,) — 0 as |7 — 71| — 0, where
0(Aq,Ar,) is as defined in [18],

3 - |Prg—Prh||
O0(Ag,Ar,) := sup inf sup ———
(s [Prel

8€Sar, 1585, 70, Pre)| 0
8(AT1 aATz) = maX(S(Afl ’Afz)v S(Afz’Aﬁ ))
with Sa; = {(Ag(v),v) : v € Z5}[0,00)} denoting the ex-
tended graph of operator A (distance 0 is close to the
definition of the gap "8 in [19]).

For example, A; = TA depends continuously on T when
operator A is bounded. This is the case since

1Pr (Ac, (), w) = Pr(Ag, (W), w)|| _ |71 — B [PrA(w)|
[1Pr (Az, W) - el
< ln—nllAl

A functional 6 : .Z3'[0,00) — R is said to be quadratically
continuous [18] if for every € > 0 there exists C > 0 such
that

o(h) < o(g) +elgl*+Cllh—g|?,

We will be using quadratically continuous functionals of the
form

Vg, h € L0, 00)

on(h) = [ o) Tj)(jo)do @)

where IT: jR — C”" is a Hermitian valued function. Non-
negativity of ory(h) for all h € £}'[0,00) can be checked in
the frequency domain as stated in the following Lemma (e.g.
[20]).

Lemma 1: Let o : £5'[0,0) — R be defined as in (2).
Then or(h) >0 Vh € 230, 0) iff TI(jw) > 0 for almost all
weR,.

Definition 2 (quadratic graph separation): We say that
the graphs of operators G : %} [0,00) — £4"[0,0) and A :
m[0,00) — L4 [0,00) are e-quadratically separated by the
functional o : 92”2”’” [0,00) — R if o is quadratically contin-
uous, € >0 and

o(g) > lg|l? Ve €Yo
o(h) <0 Vh e G
Quadratic separation of the graphs of the operators is not
sufficient for the interconnection in (1) to be stable, but
it ensures that stability is preserved if these are perturbed
continuously from a stable interconnection. This is stated in
the Theorem below from [18].
Theorem 1: Suppose that the interconnection of operators
Gr: L4,]0,00) = £5m[0,00) and Ag : Z31[0,00) — .24 [0,00) is

(i) stable for T =0, well posed for T € [0,1], and G, A¢
depend continuously on 7,

(i1) there exists € > 0 and a quadratically continuous func-
tional & : £ ""0,00) — R s.t. for all 7€ [0,1] the
graphs of G; and A; are €-quadratically separated by o,

then the interconnection of G; and A; is stable.

4258



C. The Davis-Wielandt shell and convexity of joint ranges

Let B(#) be the algebra of bounded linear operators
acting on the Hilbert space ¢’ with inner product (g,h4) for
g,h € H. The numerical range of A € B(J) is defined by

W(A) = {{Ax,x) :x € H,(x,x) =1}

The Davis-Wielandt shell [21], [22] of A € B(2¢) is a higher
dimensional generalization of the numerical range which is
defined by

DW(A) = {(R(Ax,x),3(Ax,x), (Ax,Ax)) : x € I, (x,x) = 1}

The following properties follow from its definition and are

analogous to ones satisfied by the numerical range (e.g. [23])
Lemma 2: Let A € B(¢). Then

(a) DW(A) is bounded.

(b) DW(A) = DW(U*AU) for any unitary U € B(J).

(c) Suppose A is the direct sum A1 @...HA,. Then

DW(A) = Co{DW(A;)U...UDW(A,)}

(d) DW(A) is closed if dim(7#) is finite.

The Davis-Wielandt shell captures more information about
the operator relative to the numerical range as indicated in
the Lemma below (e.g. [23], [21]).

Lemma 3: Let A € B(#) with spectrum o(A), and
dim(27) finite. Then

DW(A) = Co{(R(1),3(A),|A]*) : A € 6(A)}

iff A is normal.

It should be noted that if the sets in the Lemma are
projected to their first two coordinates (i.e. the numerical
range was used instead of the Davis-Wielandt shell), the
“only if” part would not be true.

It is known from the Toeplitz-Hausdorff theorem that the
numerical range of A € B(4¢) is convex. This is, however,
not always the case for the Davis-Wielandt shell. The con-
vexity properties of DW (A) depend on n = dim(.7’) and can
be deduced from corresponding results on the joint range of
m-tuples of Hermitian forms.

A Hermitian form ¢ on a normed vector space V over C is
defined as a functional ¢ (x) = f(x,x) where f:V xV — C,
f(x,y) is linear in x and [f(x,y)]* = f(y,x). Note that DW (A)
can be written as the 3-tuple of Hermitian forms

{<x, %(A +A*)x> ,—J <x, %(A —A*)x> , (Ax,Ax)
tx €, (x,x) = 1}

where A* denotes the adjoint of A. It follows from the
Theorem below that DW(A) is either a convex set or an
ellipsoid.

Theorem 2: [24] Let V be a vector space over C with
U={xeV:|x|=1}andlet ¢ =(¢1,...,¢n) be an m-tuple
of Hermitian forms on V.

(i) If dim(V) =1 then ¢(U) is a point.
(ii) If dim(V) =2 then ¢(U) is an affine image of the unit
sphere {x € R?: ||x|| = 1}.

(iii) If dim(V) > 2 and m <3 then ¢(U) is convex.
The following corollary follows directly from Theorem 2 and
Lemma 3.

Corollary 1: Let A € B(¢). Then DW(A) is convex if
dim(.7¢) # 2 or A is normal, and an ellipsoid if dim(.77) = 2.

The Davis-Wielandt shell is therefore either a convex set or
encloses a convex set. It can hence be characterized by means
of computationally efficient techniques analogous to the ones
used for the numerical range [23]. That is, points/support
hyperplanes can easily be generated on its boundary, and
these can then be used to derive lower/upper bounds for the
shell with arbitrarily high precision.

For a matrix A € C"*" with Moore-Penrose pseudoinverse
AT we denote the shell of AT restricted to range(A) as

DW(AY) = {(R(x"ATx),3(x"A"x), [|A*4])
:x e C",||x]| = 1,x € range(A)}
and define
DW(A) — D?V(A*) ?f rank(A) =n
DW(AT)+{0,0,R,} if rank(A) <n
i.e. DW(A) =DW(A~!) if A is invertible. If A is normal then
DW (A™) simplifies in an analogous way to DW (A) as shown
in the Lemma below from [12].
Lemma 4: Let A € C"*" be normal. Then

D (4*) = Co{ (misi@) A£0L€E G(A)} .

IIT. MAIN RESULTS

We consider an interconnection as in (1)

v=Glw)+/
w=A(v)+e 3

where G = @®}_|G; the direct sum of operators G; :
f?%[’(l),oo) — ,,2”2"6"[0,00). and.opera}tor A fz)ii”i[o,oo) —
Z;""[0,0) has compatible dimensions.

This can be seen as a network comprised of subsystems
G;, and with the interconnections between them determined
by means of the operator A. The aim is to derive scalable sta-
bility conditions for the network that are based on conditions
on the input-output properties of the individual subsystems
G;, and an exploitation of structural properties of the in-
terconnection operator A. Such properties will be discussed
throughout this section with examples given from circular
and bipartite graphs, an important class of graphs that is
relevant in many applications such as group coordination
problems and Internet congestion control. Stability will be
verified through conditions that ensure quadratic separation
of the graphs of operator ©G; and A. These separating
functionals are convenient in this context for the following
reasons:

(i) They have some convenient decomposition properties
that can lead to decentralized conditions, with the form
of the functionals determined from known structural
properties of the interconnection operator.
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(i1) Easily verifiable conditions can be obtained for certain
classes of functionals (such as conditions involving
disjoint convex shells that will be discussed below),
which could also motivate the choice of the separating
functionals for given classes of dynamics the network
is comprised of.

(iii) Stability of interconnections of nonlinear operators
can also be deduced if these satisfy the input/output
properties defined by the separating functionals.

In order to better illustrate the ideas that lead to decen-
tralized conditions we will consider first the problem of
establishing quadratic graph separation, as this is the key
step where interconnection structure is exploited. Stability
can then be deduced by means of appropriate homotopy
arguments as in Theorem 1.

A. Graph separation

The Theorem below follows directly from the definition
of the functionals in' (2). To state the Theorem we define
for i =1,...,n functionals

O - L3 [0,00) 5 R, op L "[0,00) 5 R (4)

as in (2) where

H"_{H.il!f

IT - oI, @I
n! ol t=ont onl| ©
12 =12

[Ty, ; Dilly,
with IT, |, IT},,T15, taking values in C">",

Theorem 3: The following are equivalent for the operators
G; and A in (3) and the functionals oy, 07 in (4):

®
|h||> Vh€%Ys and Vi=1,...,n and
Vke?A.

ori(h) > ¢

op(k) <0

(ii) The graphs of @7 ;G; and A are g-quadratically sepa-
rated by op.

The key feature in Theorem 3 is that choosing the multi-
pliers to have the same sparsity structure as that of GG; then
these decompose into a set of decentralized conditions. The
corresponding conditions on the interconnection operator can
be seen as constraints that are imposed on the multipliers.
These can lead to some generic easily verifiable restrictions
under further structural assumptions on the interconnection
matrix and the allowable multipliers.

For example consider the following case considered in [25]
where we have the interconnection in (3) with n; = m, for
i=1,...n, interconnection operator A is linear with transfer
function

A=Tw®l, Team" (6)
and T( Jjo) is normal for all @ € R . The following Theorem
from [25] then holds.

'Tt should be noted that analogous decompositions have been used from
an early stage within the context of dissipative systems [1], where real
valued multipliers were used to establish graph separation in .%5,.

Theorem 4: The graphs of operators GG; and A in (3), (6)
are e-quadratically separated, if there exists € > 0 and o7y as
defined in (2) with

m— { Iy,

*
H12

1,
1865}

and IT;;,I1,, I, taking values in C™*"™, such that
() on(h) >eln)|> VYmeYs i=1,....,n
(i) (|22 + Ay + AT, + M) (jo) < 0 VA €
eig(l(jo)),Vo € Ry

It should be noted that if there is more structure in the
underlying graph of I', such as that of a circular graph,
then richer classes of multipliers can be considered without
affecting scalability, i.e. the additional allowable parameters
in the multipliers are independent of the interconnection
matrix. This is shown in the Theorem below.

Theorem 5: Consider the interconnection in (3), (6) where
the underlying graph of I is circular. The graphs of operators
@®G; and A are g-quadratically separated, if 3 € > 0 and for
i=1,...,n 3 o as defined in (2) with

- MU MY MU T M!
| MUTTEL,ME MU T MY

where M’ : jR — C™" TIIj; : jR — C™™" Tl : jR —
Cm™m Tyt jR — C™™ such that
() ogi(h) >€|h|*>  VhieYs i=1,....n
(i1) (|A‘2H]1 + A, + )LHTZ +pn)(jo) < 0 VA €
eig(l'(jow)),Yo e R,

If now the multipliers are scalar valued then graph sepa-
ration can be deduced in a convenient way whereby Davis-
Wieland shells are required to be disjoint pointwise over
frequency. This follows from the Theorem below [12].

Theorem 6: The following are equivalent for operators G;
with transfer functions G; € &7"*" for i =1,...,n and an
operator A with transfer function A € &/V*N, N :=Y;n; :

(i) 3 functionals T 1, :.,2”22 "0,00) — R as defined in (2)

and € >0 s.t.

oz, (h) > €|[hl|> Vhe g and Vi=1,...,n and
Olloly (k) <0 Vk € gA.

(i) 3 functional oOpieyy : Z2V[0,00) — R as defined in (2)
and € > 0 s.t. the graphs of @ G; and A are &-
quadratically separated by oy -

(iii) de > 0 s.t. for almost all @ € R,

Co(U:DW (Gi(jw)))) and Co(DW (A(jw)))

are e-strictly separated.
(iv) de > 0 s.t. for almost all ® € R

DW (&L, Gi(jo)))) and Co(DW (A(jo)))

are g-strictly separated.

Remark 1: If A(jw) is normal then the disjoint shell
conditions (iii), (iv) depend only on the spectrum of A(j®)
(see Lemma 3, Lemma 4).

Note also that restricting the multipliers (and the corre-
sponding separating functionals) to be of the form used in
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Theorem 6, allows to consider a full block interconnection
matrix A, rather than require this to have the sparsity structure
in (6).

Remark 2: It can be shown from the proof of the Theorem
that the multipliers II(jow) define a frequency dependent
separating hyperplane between the convex shells in (iii), (iv).

Remark 3: The conditions in Theorems 4-6 can lead to
decentralized conditions for graph separation that hold for
arbitrary networks in the following sense. If the spectrum
of the interconnection matrix A (or its Davis-Wielandt shell
in Theorem 6) can be guaranteed to lie in a prescribed
region (e.g. by appropriate scaling) then multipliers IT can
be chosen that always satisfy condition (ii) in Theorems
4 and 5; hence condition (i) becomes a decentralized
condition on each of the individual subsystems. Similarly in
Theorem 6 a separating hyperplane can be chosen such that
this does not intersect the shell of A, and then each of the
individual shells DW (G;(jw)) should lie on the opposite
side of this hyperplane.

We consider now an interconnection corresponding to a
bipartite graph. That is we have

y=K(® P)u+te
w=H(®, )y (7)
where
Iy, . .
31325’[0,00)~>%ep’[0,00)7 lzlv--w”p ®)
/ 7
Ok - L[0,00) = L, %[0,00), k=1,....n, (9)

define the subsystems, and operators

H:,fz):e,:kmqk [0, c0) H%Eilpi [0, 0)

iy, !
K2 25" [0,02) = £, [0,)
define the interconnections between them. A way this can be
brought into the form (3) is by writing

g (28] o
o |’ (10)

G= 0 @, K 0

The results presented in the previous paragraphs could then
be used to deduce graph separation of &G; and A. For
example, if [, = m,, =1, = m, and the interconnection
operator A is linear and normal with a sparsity structure as
in (6) then Theorem 4 can be used to derive corresponding
decentralized conditions. In particular, if p(A(jw)) <1 and
A(jo) is hermitian then we have eig(A(jo)) C [~1,1] or
eig(A(jo)) C{aj: —1 <a<1}if A(jw) is skew-hermitian.

Note also that DW(A(j) has in this case also a nice
characterization (this is analogous to the instability region in
[8]), and the following corollary holds.

Corollary 2: Consider the interconnection in (3), (10)
where P, Qp and A are linear operators with trans-
fer functions B € &/"™i*™i, Qp € &M Mu, A €
o Eimpi+Liemg )< (Limp+Ykmg)  and p(A(jw)) < 1. The
graphs of operators G and A are &-quadratically separated
if 3¢ >0 s.t. Vo € R, either of the following holds:

(i) A(jw) is hermitian and
Co(UiDW (A (j@)) U UkDW (Ox(jo))) and Ry
are € strictly separated.
(i) A(jw) is skew-hermitian and
Co(UiDW (B (j@)) U LDW (Ox(je))) and R
are ¢ strictly separated
where sets R| and R, are given by
Ry :=Co{1/x,0,1/x*: =1 <x < 1}
Ry :=Co{0,1/x,1/x* : =1 <x < 1}

We consider now an alternative way the interconnection
in (7) can be brought to the form (3). In particular, using
ideas from [5] we define the local subsystems G; and the
interconnection operator A as’

Gi=K{PH/ (& ,Qx), A=MM" (11)
where P;, Q; are as in (8), (9) and
Hr
H= : , H[ =[Hj Hy,| fori=1,...,n,
| H,,
) Kii
K= Kf...Kflp}, K¢ = fori=1,....n,
ani
~ m 1. - . /
Hy - £5,%[0,00) — £01[0,00), Ky : L32"1[0,00) = Z,%[0, 00)
M,
M: , M[ c (C(Zquk)x<zquk>

- ; ; 1 if Hy #0 or K; #0

M; = @?21(”;(11%)» where 7}, 1= {0 othelr](wfse W7
Also define Ny := :Z 1’";; which can be seen as the num-
ber of Ps, Qy is interacting with directly. Note that
K(®:P)H (®r0r) = M*(®;G;)M therefore stability of (3)
with G; and A as in (11) implies stability of (7). Hence
the approaches described in this section can be used to
obtain decentralized conditions for graph separation, which
can then lead to corresponding stability conditions. Note
that the subsystems G; here involve operators P; and their
‘neighboring’ Q.

To state the theorem below we consider hermitian valued
functions TT¥ : jR — CHalac f=1,... ,ng, and define 1
from IT* as

¢ — [ 1T, Ty

i H/lc2 ] kL [ i @1y,
IT," 115, Sell],”

(12)
@knléz

where TT¢ |, TT,  TT%, take values in Ca*'ac

2The notation used here is that for a matrix of operators A = [Aij] and
a signal u = [uy, ... ,u,)7 with u; in the domain of A;; then v =A(u) is
defined as the signal v=[v1, ... ,v,]7 where vi =Y ;A;;(u;). Similarly for a
matrix of operators B = [B;;], AB is the operator defined as AB(u) = A(B(u)).

4261



Theorem 7: Consider the interconnection in (3), (11). The
graphs of operators ©G; and A are €-quadratically separated
if there exists hermitian valued functions IT¥ as in (12) and
€ > 0 such that

op(h) >¢|h|>*  Yhebs i=1,...n (13)

where functional op is defined as in (2) and I as in (12)
with IT§, =0 and

(I, + T4, + IS, (jo) <0 Yo eR,  (14)

Remark 4: Note that (13) is a decentralized condition on
each of the P, and its neighboring O, and (14) is also a
decentralized condition on the allowable multipliers.

If now the operators P, Oy,H,K are linear, conditions by
means of the Davis-Wielandt shell can be obtained. These
involve additional structure on the allowable multipliers, rel-
ative to the conditions in Theorem 7, they provide, however,
a convenient way of verifying graph separation.

Corollary 3: Consider the interconnection in (3), (11)
with G; a linear operator with transfer function G; S
o Lila)*(Lila) The graphs of operators ®&G; and A = MM*
are g-quadratically separated if Je > 0 s.t. for almost all
weR,

Co(U;DW (Gi(jw)))) and DW (MM*) (15)

are &-strictly separated.
Remark 5: Note that eig(MM*) C {O,Ny:k=1, ... ng},
hence DW (MM*) C Co{1/N;,0,r/N}:k=1, ... ng,r > 1}

The dynamics Qy could also be scaled by N, and MM*
accordingly (i.e. r¥ is scaled by 1/Ny) such that eig(MM*) C
{0, 1}, and therefore DW (MM*) C {1,0,r: r > 1}. Note also
that if MM* is rank deficient then condition (15) needs only
to be checked in its first two coordinates.

B. Stability

Once graph separation has been established stability can
then be deduced by employing appropriate homotopy ar-
guments from a stable interconnection as in Theorem 1.
It should be noted that for linear operators G and A with
transfer functions G, A, graph separation in .% implies that
I —GA is invertible on the imaginary axis (see Lemma 5 in
the appendix). The homotopy employed can then be seen as
ensuring that the winding number condition is satisfied in
the Nyquist stability criterion [26].

A convenient way to establish this homotopy is to assume
that operators G and A are bounded and then consider
a continuous perturbation from open loop by means of a
scalar as in [11]. In fact, if graph separation is established
by a functional oy with ITj;(jw) <0, I (jw) > 0 then
graph separation is also implied throughout this homotopy
from open-loop, and therefore stability of the system is also
implied. This is stated in the Theorem below.

Theorem 8: Consider the interconnection in (3) with G;
and A as defined in Theorems 3, 4, 5, 7 respectively. Then the
conditions for graph separation in the theorems are also suf-
ficient for stability of the corresponding interconnections if

(i) G; and A are bounded operators.

(i) I, (jo) < 0, My (jo) < 0 and I, (jw) > 0,
I (jw) >0, T4, (jw) >0 .

(iii)) The interconnection between G and TA is well posed
for all T€[0,1] .

Remark 6: Note that the condition ITy;(j®) > 0 can be
relaxed if there are dynamics G? for which the interconnec-
tion is stable, and satisfy the corresponding graph separation
condition. Stability then follows by considering the homo-
topy G =1G;+(1—-1)G, A; =A, 1€[0,1] .

Note also that analogous continuity arguments are satisfied
in Corollaries 2, 3.

Corollary 4: Consider the interconnection in (3) with G;
and A as in Corollary 2. The graph separation condition in
Corollary 2 is also sufficient for stability of the interconnec-
tion.

Corollary 5: Consider the interconnection in (3) with G;
and A as in Corollary 3 with n, > 1. The graph separation
condition in the Corollary 3 is also sufficient for stability of
the interconnection.

It should be noted that the different stability conditions
have different relative merits. For example the conditions in
Theorem 4 and Corollary 3 when the interconnection matrix
is skew symmetric recover passivity type results where
stability is guaranteed for an arbitrary network (without any
need for scaling) when the individual subsystems P;, Qy are
strictly passive. This is not necessarily the case in Theorem
7, due to the rank deficiency of G; and MM*, nevertheless
the way neighboring dynamics are taken into account can
often reduce conservatism. Other classes of multipliers and
network transformations could also be possible (e.g. [27]).

It should also be noted that the results in Theorem 7 (and
Corollary 3) include many of the features exploited in [5],
while providing various extensions. In particular one of the
main ideas in [5] is to use a similarity transformation in
the return ratio (this is a special case of the multipliers in
Theorem 7), and then get a spectral bound on the return
ratio using numerical ranges that are overestimated by means
of S-hulls. The definition of the S-hull is closely related to
that of the numerical range with a main difference being
that the scaling is done by means of the 1-norm rather than
the 2-norm. More precisely, consider the interconnection in
(11), with P;, Q; being linear operators with transfer functions
Peo, Qi€ o Also let H=K"* be a 0— 1 matrix. Then a
stability condition from [5] is

1¢ |J p(H||H|")Co{UiS{P(jw)Ok(jo) : Hy #0}}
weR

(16)
where the S-hull S(.) is given here by (Lemma 2.2.1 in [28])

S{P(jo)Ok(jo): Hyi #0}
= V'Gi(jo)v:veCh, || <1} = .7(Gi(jo))

with G; = (Sx/Or) (H ) BH! (©1/Or) . Tt can be shown
that a special case of the multipliers in Theorem 7 (Corollary
3 with a similarity transformation in the return ratio) leads
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to the stability condition

1 1

maxeve mne |1 U CouW{Giljo)) =0 (17)

(DEE+

where Ny :=Y,;Hy and W(.) is the projection of the Davis
Wielandt shell in its first two coordinates. This condition is
implied if

1¢ U (maxN)Co(UW{Gi(jo)L0})  (18)
weR
and note that?
%W{Gi U0} C #(G;) CW{G;U0} (19)

where N; =Y, Hj;. In order to transform H to a scaled version
H such that ¥;Hy < 1, each of the Q; will need to be
scaled by Nj, whereas to ensure that p(|H||H|T) <1 in a
decentralized way, O will need to be scaled be N but also P;
by N;. This therefore counterbalances the fact that the S-hull
is included in the corresponding numerical range (see (19))
and hence (18) becomes less restrictive than (16). Analogous
arguments also hold when H is complex valued.

Finally, applications for the stability conditions considered
in the paper include Internet congestion and consensus pro-
tocols, in analogy with those considered in [5], [28] with the
conditions being also relevant for related problems such as
distributed control in power distribution networks and higher
order consensus protocols.

IV. CONCLUSIONS

It was shown in the paper how different forms of separat-
ing functionals can be used to derive decentralized stability
certificates for large scale networks. These are based on
an exploitation of the interconnection structure, which can
lead to extended classes of such functionals with reduced
conservatism. Interpretations of the stability certificates by
means of disjoint convex shells have also been discussed.

APPENDIX

Lemma 5: Consider the interconnection in (1) where G
and A are linear operators with transfer function in G €
™M A € /™" | If the graphs of G and A are é-
quadratically separated, then I — G(jw)A(jo) is invertible
for all ® € R.
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