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Using discrete-time controller to globally stabilize a class of
feedforward nonlinear systems

Haibo Du, Chunjiang Qian, Shihua Li and Shizhong Yang

Abstract— This paper considers the problem of using a
sampled-data controller to globally stabilize a class of feed-
forward nonlinear systems. Based on the continuous-time con-
troller proposed in [3], a nested saturation sampled-data control
law is first designed to drive states of the feedforward system
into a small region around the origin in a finite time. Inside
this small region, the nested saturation sampled-data control
law is then reduced to a linear sampled-data control law. An
explicit formula for the maximum allowable sampling period is
computed to guarantee global stability of feedforward systems
under the proposed sampled-data controller with appropriate
gains.

I. INTRODUCTION

This paper considers the global stabilization problem for
a class of feedforward systems under sampled-data control.
The feedforward system is described by

&i(t) = i1 (t) + fi(t, g1 (8), -, 2n()),
t=1,--- . n—1,
Iy (t) = ult), (D

where z(t) = (z1(t), -+ ,7,(t))T € R™ is system state,

u(t) € R is control input, and f;(¢,zi41, - ,zy) is an
unknown continuous function with f;(¢,0,---,0) = 0 for
i =1,--- ,n—1. The control law is implemented in discrete-

time under a sampler and zero-order hold device, i.e.,

u(t) = u(tk), Vt € [tk;tk+1), o1 =t + T,
kENZ{O,LQ,---}, 2)

where the time instants tj,tx41 are the sampling points
and T is the sampling period. Our objective is to design
a sampled-data controller u(tx) which globally stabilizes the
feedforward system (1).

The problem of stabilizing feedforward systems has at-
tracted a great deal of attention due to its practical and
theoretical importance [2], [5], [6], [8]. In the literature, there
has been developed some methods to solve the stabilizing
problem, such as the nested saturation design method [9],
[10], forwarding design method [6], [8], and the method
integrated the nested saturation with the Lyapunov design
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together [11], [3]. Nevertheless, the aforementioned results
on global stabilization of feedforward systems are based on
continuous-time feedback. In practice, most of the controllers
are being implemented using digital computers [1]. Hence,
how to design a digital controller to stabilize the feedforward
system (1) becomes imperative. Due to the presence of the
unknown functions f;(¢,z;11, - ,Zn)’s, it is challenging
to find a discrete-time controller to globally stabilize the
feedforward system (1).

Usually, one approach for designing a discrete-time con-
troller is based on the discrete-time approximation of the
nonlinear plant. However, the results using this approach will
only guarantee local or semi-global stabilization due to the
existence of approximation errors which are inevitable for
nonlinear systems. To achieve global stabilization result, it
was shown that by carefully choosing the sampling period,
the emulation method by discretizing continuous-time con-
trollers can guarantee the global stability for some nonlinear
systems [7], [4]. However, the feedforward systems (1) do
not satisfy the assumptions imposed in [7], [4].

In this paper, we focus on solving the problem of
global stabilization for a class of feedforward systems un-
der sampled-data control. Here, the design of sampled-data
controller is carried out by using the emulation approach.
Specifically, first, a continuous-time controller will be de-
signed to globally stabilize the feedforward system, which
has been achieved in [3]. Then the controller is discretized
and implemented digitally where the key issue is to com-
pute the maximum allowable sampling period (MASP) that
guarantees global asymptotic stability. With the help of the
combined method of the nested saturation and Lyapunov
design, an explicit formula for the maximum allowable
sampling period is computed to guarantee global stability
of the feedforward systems (1) under sampled-data control.

II. MAIN RESULTS

In this section, we show that the problem of global
stabilization for system (1) under sampled-data control is
solvable under the following assumption. For the sake of
statement, throughout of this paper, let « denote z(¢) when
there is no confusion.

Assumption 2.1: In a neighborhood of the origin, there
exists a positive constant p such that

Pijitl 4oL \In

Pim), (3)

‘fi(t7$i+1a T 7$n)| < P(‘Iu-l
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For simplicity of statement, denote X; = (1, ,x;),i =
1,2,--- ,n. The sampled-data control law is constructed as
following form:

u(tk) = Un(Xn(tk))
T t — Up— X'n,fl t
:_bn |:€0'( (k) 1( (k)))]a

3

Vt € [tr, tis), 4)

Wlth ui(XfL(tk)) _ _bl |:50_ (zi(tk)_ui—l(xi—l(tk))>:| ,i —

€
sign(s), |s| > 1
s, ls|] <1
€ > 0 is a small constant to be determined later and the
constants b;’s are chosen as

1,---,n, up = 0, and o(s) = where

by > max{2,n},
b; > max {Oéi_l(bl, s

ﬁifl(bly e

abi—1)+27
,bi,1)+n—i+l},i:27~-~ ,n,
&)

with

1 1
01(br) = bi(2+ bu), Bu(br) = 5+ bi + b1,

aj(bi,---,b;) =b; (2+bj +aj_1(b1,--- ,bj—1)),
1 b2(b; — b 1)2
Bibr, - vbj):§+bj+%

o (02 b2) (by, — br—1)?

—I—Z 1 , bo =0,

k=1

j:2a"'7n_]—~ (6)

We will show that there exist a small enough constant
and a maximum allowable sampling period (MASP) T >
0 (supgen {te+1 — tx} < T) such that the sampled-data
control system (1)-(4) is globally asymptotically stable.

Remark 2.1: Based on the definition of «;(-), the follow-
ing relations can be obtained:

by <bp < <bpq < by, N

2<by, 24+ a;—1() <b;, i=2,---,n. (8)

To show how controller (4) globally stabilizes system (1),

we first introduce three lemmas. The first lemma studies the

local dynamic behavior of closed-loop system (1)-(4) around

the origin, where the saturated sampled-data control law (4)
is equivalent to the linear sampled-data control law

u(t) = - bn(xn(tk) + bnfl[l'nfl(tk) + -
+ bo(za(ty) + brz1(tr))]), Vt € [tk,trr1). (9)

Lemma 2.1: Under Assumption 2.1, the following in-
equality holds for the closed-loop system (1)-(9)

V(X)) (1)—o) € — (G 4+ &) + bnln (&a(t) — &u(tr))
+wi(Xn)f1() + -+ wn-1(Xn) fn-1(),
Vt € [tk,tk+1) (10)

where §1 = 21, i1 = g1 +0:&, wi(Xy) = 0V(X,,) /0,
i=1,-,n—1and V(X,) = 3(&+ -+ &).

Proof: We first consider the nominal system of (1)

jji:xi+l7 i=1,---,n—-1 &, =u. (11)
Next, we will show that the following inequality holds:
V(Xo)an-o) < — (&5 +---+£&2)
+ bngn(t) (fn(t) - gn (tk)) . (12)

Step 1. For the Lyapunov function Vj(x;) = %x%, the

derivative of V; along system (11) is

Vi(z1) =z125 + x1(x2 — 23) (13)

where x5 is a virtual control law. Select the virtual controller
xy as x5 = —b1& with & = x7 and by satisfying (5).
Substituting this virtual controller into (13) results in

Vi < —nét + & (a2 — 73). (14)

Inductive Step. Assume that at step % — 1, under the virtual

controller 7 = —b;_1&;—1, we have the following inequality
Vici(Xic1) < —(n—(i=2))(§5 4 +& )+ & (v —a])

(15)
where §; = w1, & = x; — xf, f = —bj1§1,] =

2, ,i—1,and Vioy(X;-1) = 3 S0 &2
Next we show that (15) also holds at step i. To this end,
define V;(X;) = V¢71(Xi71)+%($i—9€§‘)2 = Vi1 (Xi1)+
1&2 where & = x; — x}. The derivative of V;(X;) along
system (11) is
. . 1 1
ViXi) < = (n= (i =2)(& + -+ &) + 560 + 58
+&izip1 +|&id]]- (16)
By the definition of 7, it can be verified that
&7 == bi—1& +bi—1(bi—1 — bi—2)&i—1 + -
+ (bi—1bi—2 - - b2) (b — b1)&2 + (bi—1bi—2 -+ b1)b1&1.

With this in mind, completing the square for each individual
cross term results in

|G| <&+ + 2, + %&?71 + [Bi—1(-) — 1/2)€;.
(17)

where 3;_1 is a function defined in (6). Substituting (17)
into (16) leads to

Vi(Xi) < —(n—(i— D)) +---+&-1)
+ Bic1()E + &imisr.

Since b; > [B;—1(-) +n — i+ 1] as chosen in (5), the virtual
controller =7, ; = —b;&; yields

Vi(X)) S —(n— (G- 1)+ + &)+ &l@ipr — Tiiq)

This completes the inductive proof.
Following the same line, we can obtain

Vn(Xn)|(11)—(9) < —(G+ - HE ) Hn(ut) 2ty y)
(19)

(18)
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where & = 21, & = x; — 2, 27 = —bi_1&-1,t =
2,---,nand 3, ., = —b,&,(t). Note that the linear sampled-

data controller (9) can be rewritten as

u(t) = _bnfn (tk)

=ay 1 +0n (§n(t) = &n(tr)) ,t € [tetug1).  (20)
Substituting (20) into (19) yields
Va(Xn)lay—0) < — (€8 + - +€7)

Next, let us consider the nonlinear system (1). By (21),
taking the derivative of V(X,,) along system (1) under the
linear sampled-data control law (9) leads to (10). 1

Remark 2.2: By its definition, clearly V(X,) is a
quadratic function. Hence w;(X,) = 90V(X,)/0z; is a
linear function. Define W (X,,) = &2+ - -+&2, then W(X,,)
is a positive definition quadratic function. Hence, there exist

constants ¢;, h; > 0,7 =1,2,--- ,n — 1, such that
|wi (Xn)[(|zip1] + [Tig2| + - + |2n]) < aW(Xn), (22)
20ipa| + |Tigal + -+ [wn] < hi/ W (Xn). (23)

The second lemma was first introduced in [3] where a
continuous-time stabilizer was used. However, even though
the controller employed in this paper is a sampled-data
controller, the proof procedure is similar to the one in [3].
The reason is that Lemma 2.2 mainly discusses the properties
of the first n — 1 equations of system (1) while the different
controller is only applied to the n-th equation. The detailed
proof of Lemma 2.2 can be found in [3].

Lemma 2.2: Consider the closed-loop system (1)-(4) un-
der Assumption 2.1. For any given constants b;,i =
1,--+,n — 1, there exists a constant £y € (0, 1) satisfying

Nifeo) = p (1L +b

- ii1—1
;07,,1+1€18 yit1 + .-

R R e e R R N

(24)

for any £ € (0,g¢) the following inequalities hold for i =
1’-.. 7”— 1

[filt, zis1 (), -+ wn (1)) <&,V € [L, 2], (25)

|ui( ﬁ))—m )] < ailby,--- ,bi)(E—1t), VE>t,

(26)

provided |z;| < e(1+bj_1),j=i+1,---,n

The next lemma shows that under the proposed sampled-
data saturated control law (4), by carefully tuning the satura-
tion level and choosing the sampling period, the states of the
upper-triangular system will enter into a small region around
the origin in a finite time and stay there forever. Inside this
small region, the nested saturation sampled-data control law
is no longer saturated. The main goal of this lemma is to
use the feature of nested saturation to handle the high-order
nonlinearities in system (1). This idea has also been used
in [11], [3] to design continuous-time feedback controller.

However, since the controller proposed here is in the discrete-
time form, the proof is significantly different from that in
(111, [3].

Before giving this lemma, define function A(-) and con-
stant h as follows:

)\(E) = Cl)\l(E) + -

n—1 n—1

h="bn+ Y (]] bi)hy,

i=1 i=j

+ Cnfl)\nfl(g)v

27
where the function \;(-) is defined as (24), and the positive

constants ¢;’s and h;’s are defined in (22)-(23). Clearly, the
function A(g) € K !, and hence there exist small constants

e1,T1 € (0,1) such that the following inequalities hold
1 1
Aer) < 3 T1hb, < 7 (28)

With the help of above selections of small constants ¢4, 77,
we are ready to prove the following Lemma.

Lemma 2.3: Consider the closed-loop system (1)-(4) un-
der Assumption 2.1. If the constant € and sampling period
T are chosen as

1
0<T<T"= min{b—,Tl}7

)
then there exists a sampling time point K,, € N such that
for any k > K,

|z (t)

0 < e <e" =min{eg,e1},

- Ui—l(Xi—l(tk))| <eVte [tk, tk_;,_l),i =1,---,n.
(30)

Proof. An inductive method will be used to show that

inequality (30) holds. For the sake of brevity, denote

ei(t te) = @i(t) — wi—1(Xi—1(tk)), Vt € [tk thsa),
i=1,---,n
Initial Step. In this step, we will prove that inequality (30)

holds for ¢ = n, i.e., there exists a sampling point K; € N
such that for any k£ > K,

len(t, ti)| = [2n(t)

Since the proof can be easily obtained by following the proof
procedure of Inductive Step, we omit it here.

Inductive step. We suppose that at step ¢ — 1, there exist
0<K; <---<K;_1, such that for any k > K, 1,

lej(t i) = |o;(t) — uj—1(X;-1(tk))| <e,
VtE[tk,tk+1)7 j=n—14+2,---

_un—l(Xn—l(tk))| < €7Vt € [tk7t1€+1)-

.n. (31)

In what follows, we will prove that the above relation will
also hold at step .

We first show that there exists a sampling point K; >
K;_1 such that |e,_;11(tk,,tk,)| < e. If there is no
such K, it can be assumed that for any & > K, g,
|€n_i+1(t;€,tk)‘ > €.

'A continuous function g : [0, 00) — [0, 00) is said to be class Koo if
it is strictly increasing and g(0) = 0, g(r) — oo as r — oo.
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Case 1: e;—ir1(tk) = Tnoiv1(ty) — Un—i(Xn—i(tg)) <
—e, Vk > K;_1. In this case, we have

Tp—ig1(t) =un—it1(Xn—it1(tk)) + en—it2(t, tr)
+ fr—it1(t, Tn—ita,  Tn)
=bn—iy16 + en—iva(t, tk) + fniv1(),
VEE [t test).  (32)

Using (31), for any k > K;_1, we know |z;(t)] < (1 +
bj—1),Vt € [tk,tky1),j =n—i+2,--- ,n, which leads to

(33)

from Lemma 2.2. As a result, according to (32) and inductive
assumption condition (31), we get

Tp—ig1(t) > (bp—iy1 — 2)e.

Noticing that b,,_;+1 — 2 > 0 from (8), it can be concluded
that x,_;11(t) — +oco as t — oo, which leads to a
contradiction disavowing e, ;i1 (tk,tk) = ZTn—it1(ty) —
un—i(Xn—i(tk)) < —&,Vk > K;_;.

Case 2: ep—it1(te, th) = Tnoit1(te) — Un—i(Xn—i(tr))
> ¢e,Vk > K,;_1. Using a proof similar to that of Case 1, we
can prove that this case is also impossible.

Case 3: There exists a K € N such that
en—it1(ti,tx) < —¢, ep—it1(tx41,tx+1) > ¢, ie.,
Tr—it1(tr) — Un—i(Xn—i(tx)) < —& Zp_it1(tx+1)
—Up—i(Xn—i(tk+1)) > e. In this case, by continuity
of Zp_it1(t) — up—i(Xn—i(t)), it can be concluded
that there exists a time ¢ € [fx,tx+1) such that
xn—i-‘rl(f) - un—i(Xn—i(%)) = —¢&.

In this case, since e,_;11(tx,tx) < —e which is also
assumed in Case 1, the relations (32) and (34) hold as well.
By continuity of x,,(¢), for any ¢ € [¢,tx+1],

Tp—ig1(t) > Tp_ip1(t) = —e +up—_i(Xn—i(t)). (35)
Also, by (32), we get &p—i+1(t) < (bp—itr1 + 2)e, which
leads to
Tn—it1(t) < Tp—iv1(t) + (bn—iv1 +2)e(t — 7)

==&+ Un—i(Xn—i(?)) + (bn—it1 +2)e(t — 1),
Vit € [F, trsa. (36)

| fn—it1(t, Tn—ivo, -, 2n)| <&,V E€ [ty tig),

(34)

In addition, noticing that for any ¢ € [, tx 1],
(b +2)(t — 1) < (b +2)T" < (by + b1)T* <20, T <2
and |uy—;(Xp—i(t))| < bp_ie, it follows from (35) and (36)
that |Jin_i+1(t)| < (1 + bn_i)E,Vt € [Z, tK+1]. Under this
condition and using the inductive assumption condition (31),
we have |z;(t)| < (1+bj_1)e,Vt € [t,tk41],j =n—i+
1,--- ,n. Then, by Lemma 2.2, it can be concluded that
|Un—i(Xn—i(f)) - un—i(Xn—i(tK+1))’
< api()e(trs1 — 1)

By the definition of e,,_;11(t,tx) and (36), we have

(37

en—it1(tx+1,tk+1) = Tn—it1(trt1) — Un—i(Xn—i(tx41))
< —e+ (bp—it1 +2)e(tr1 — 1)

+ Unfl(Xn,l(f)) — un,i<Xn,i(tK+1)). (38)

Since by—i11 — @p—i(-) —2 > 0 from (8) and b,,_;41T* <
b,T* < 1, then it follows from (38) and (37) that

en—it1(tri1,tis1) < —€+ (bp_ir1 + 2)e(tgs1 — 1)
+an—i()e(tr41 — 1)
=—c+bp_it18(tx+1 — ) + bn—iv1(trs1 — 1)
= (bn—iv1 — n—i() = 2)e(tg+1 — 1)

< —e+4ebpoip1 T +ebyip1 T <, (39)

which contradicts to the assumption e, ;1 (tx+1,trr1) >
€.
Case 4: There exists a K S N such that
en—it1(t,tx) > & epn—it1(try1,tx41) < —e. By
a similar proof, we can show this case is also impossible.
To summarize Cases 1-4, we can conclude that there exists

a sampling point K; such that

len—i+1(tr,  tr,)| = [Tn—iv1(tr,) —un—i(Xn—i(tk,))| < e.

Next, we will prove that |e,—;11(¢,t5)] = |Tn—it1(t) —
un—i(Xn—i(tk))‘ <eVte [tk,tk+1),v147 > K;.

First of all, we consider the case e,_;+1(tk,,tk;,) =
—7¢e,0 < v < 1. By the system dynamic, we have

eniv1(titr,) = Tn_iy1(t) = bn_it17e + en_iya(t, tx,)
+ foip1(), Vte [tk tx,41)- (40)

Note that for any ¢ € [tx,,tx,+1), |en—it2(t,tx,)] <
¢ from the inductive assumption condition (31) and
| fr—it1(ts Tn—ita, - xn)| < &Vt € [tk,,tK,+1) from

(33). As a result, it follows from (40) that

bp_iy17e —€ —€ < ép_it1 (t,tKi) <bp_iy17e +e€+e,
Vt € [tKi,tKiJrl). (41)
Integrating (41) yields that for any ¢ € [tk,, tx,+1)s

en—it1(t,ti;) Sen—iv1(tr; t;)
+ (bp—iy17 + 2)e(t — tk,)

< — e+ yebp_i 1 T + 2T, (42)

Based on the fact that 27" < b,_; 1 T* < b, T* < 1, (42)
leads to

en—it1(t,tx,) < e (43)
Similarly, from (41) we have
en—i+1(t, tx;) = —ve + (bp—it1y — 2)e(t — tk,)
= —¢€ + (’y — 1)bn,i+1€(t — tKi)
+ (bn—iv1 — 2)e(t — tx,) (44)

From the definition of b,,_;1 we know that b,,_; 11 —2 > 0.
With this in mind, (44) leads to

en—it1(t, ti,) > —ve — (L = y)bp—jy16T* > —e.  (45)
Hence,

len—iv1(ttr,)| < e, Vt € [t trit1)- (46)
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Now, we discuss e,,—;+1(tx,+1,tk,+1). Note that

en—it1(t,+1,tr,+1) = en—it1(tx, 1, k)
+ tn—i(Xn—i(tk,)) = tn—i(Xn—i(tx,+1)) 47)

where en_i+1(t}_(i+1, tk,) = en—it1(t,tr,).

By (46), we know that

t—>tKi+1

n—in1 ()] = |en—ir1 (b tr,) + tn—i(Xn—i(1))]

< (]- + bnfi)i‘:th € [tKiatKrFl)' (48)

By continuity of x,,_;4+1(t), we know (48) holds for all ¢ €
[tk,,tK,+1]. Under this condition and using the inductive as-
sumption condition (31), we have |z (t)| < (14+b;_1)e,Vt €
[tr;,tx;+1],J = n— i+ 1,--- ,n. Applying Lemma 2.2
results in

Un—i(Xn—i(tk,)) = un—i(Xn—i(tk,+1))|

< an—i()eltr,+1 — tk,). (49)
Meanwhile, from (42) and (44), we get

=9+ (bn—it17 — 2)e(tr+1 — tk,) < en—iv1(tg, 10 tK)

< —ve + (bn—it17 + 2)e(tri+1 — tx,)- (50
Substituting (49) and (50) into (47) yields
en—it1(tr 41, tici+1) < —7€
+ (bnfiJrle +2+ an*i('))g(tKiJrl - tKi)
= —7e + (bp—i+17 + bu—it1)e(tr+1 — tk;)
— (bn—it1 — an_i(-) = 2)e(tr, 1 — tk,)- (51)

Noticing that b,_;17* < bp_i 17" < b,7* < 1 and
bp—it1 — ap—i() — 2 > 0 from (8), (51) becomes

en—it1(trit1, ti,41) < —v€+yebn_i1 T + by T"

<éebpi1T" <e. (52)
On the other hand, similarly we have
en—it1(tr,+1,tK,+1) > —7€
+ (bn—it1Y — 2 — an—i(-))e(tr, 41 — tx,)
= =y + (bn—it17 — bn—it1)e(tx,+1 — tk.)
+ (bn—it1 — an—i(-) = 2)e(tr, 11 — tx,)- (53)

Using the same gain relations to obtain (52), (53) can be
estimated as

en—it1(tr,+1,ti,+1) > —v€ + bp—ir1ve(tk,+1 — tk,)
—bp—it1€(tri+1 — tk;)
> e (54)

Thus [en—iv1(tr,+1,tx,41)| <€, YVt € [tr,, tx, 1]

A similar proof will show that the assumption of
en—it1(tx,;, tk,) = 7,0 <y < 1, will also lead to the con-
clusion that |e,—;11(tx,+1,tk,+1)| < €,Vt € [tk,, tk,+1]-
Then, using an inductive method, it can be concluded that
len—it1(t te)| < e,Vt € [ty, tig1), Vhk > K.

According to the results of Initial step and Inductive step,
it can be concluded that there exists a K,, such that for any
k>K,

lz1 ()| < &, |z2(t) —ur(z1(te))| < &, -+,

20 (8) — tn_1(Xn_1(ts))] < &,V € [tirtrsr). (55

This completes the proof. ]

With the help of Lemmas 2.1-2.3, we are ready to prove
the main result of this paper.

Theorem 2.1: Under Assumption 2.1, system (1) can be
globally stabilized by the sampled-data control law (4) if the
constant € and sampling period 7" satisfy condition (29).

Proof. First of all, according to Lemma 2.3, we know that
after the sampling time ¢, , the states x(t) will stay in the
following region

@] <e fai() < (L +bia)e, i=2,-- (56)

7n7

and hence the sampled-data control law (4) is equivalent to
the linear sampled-data control law (9), i.e.,

u(t) = — bp(@n(te) + bp—1[@n_1(tr) + - - - + ba(w2(tr)
+ b1x1(tk))]), Vt € [tk, tk+1), k> K,. 67

Next, we only need to prove that system (1) can be
stabilized by the linear sampled-data control law (57) under
the condition (56).

By Lemma 2.1, the derivative of V' (X,,) along system (1)
under the control law (57) is

V(X)) ()=(smS =W(Xn) + bn&n () (€a(t) = &nltr))
+wi(Xn)fi()+ - Fwn1(Xn) fao1 ().

(58)
By Assumption 2.1, we get
[filt, iga, - s an)| < (Jwiga| + -+ + |zn)
x p(|Zit1 Piati=l g |1, pi’nil)-
(59

By condition (56) and the definition of A;(-) in (24), we have

|filt, ivr, - an)| < (lzipa] + -+ [za])Ai(e). - (60)
With the help of (22), it follows from (60) that
|wi(Xp) fi()] < chi(e)W(Xy), i=1,---,n—1. (61)
Substituting (61) into (58) results in
V(X0)1)—s7) < — W(Xn) + Me)W(X,)
+0n8n(t) (€n(t) = &nltr))  (62)

where A(e) is defined in (27).
To handle the term of &, (t) — &, (tx), we estimate

t
6n(t) = En(tr) < [ [€a()ldr, T € [thythr).  (63)
tr
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Since & (1) = 2 (7) + 3027 ([T12; bi)aj (7).

Z Hb 2541 (7) + fi(T, 2j40(7), -+ (7))
"~ (64)
By Assumption 2.1, we know
2541 (7) + filT, 2j41(7), -+ (7))
< i (D] + (252 (D) 4 -+ + |zn(7)])

X plJasa (P57 g (7)),
Noticing that € < ¢¢ and by (24)-(56), (65) leads to
[2j01(7) + filT, 2540 (7), -+ (7))
< 201 (7)) + [@j2(T)| + -+ za (7))
With the help of (23), it follows from (66) that
2541 (7) + fi(T, 2j4(7), -+ 2 (7))
< hivVW(Xn(7)) < hj/ Winaa(t)

where Wpa,(t) = mavae[tk t] W (X, (1)). In addition

note that |u(7)] = b,l&n(tk)] < b /W(Xn(tr))

bn\/Winaz (t). This, together with (63)-(64)- (67) leads o

1€ (t) (68)

By substituting (68) into (62), we know that for any ¢t €
[tk tk+1), k > K,, the following inequality holds:

V(Xa(t) )57 < —=W(Xn(t)) + M)W (Xa(1))
+ (t - tk)hbn \/W(Xn t))\/Wmaw (t)

Note that the constant ¢ and sampling time 7' satisfy the
condition (29). Hence the following relations hold

Ae) < 1/2, 1—-Xe)

(65)

(66)

(67)

—&n(ti) < (t—tk)h

max (t)

(69)

Thb, < 1/2, — Thb, < 1. (70)

In what follows, we will use the relation (69) together the
paramater conditions (70) to prove that

W(Xn(7)) = W(Xn(tr))-

max
VTE[tr trt1]

Otherwise, it can be assumed that there exists a time instant
t' € [tg,tr+1] such that W(X,,(t')) > W(X,(tx)). Using
Ae) < 3 in (70), clearly we can prove from (69) that for
X, (tr) # 0, W(Xn(tr)) = 2V (X, (tx)) < 0, which implies
W (X, (t)) will decrease in a short time starting from ty.
Hence, there is a time instant ¢’ € [ty, '] such that

(6) W(Xa(t") = W(Xa(t)), (i6) W(Xa(t") >0,
and (1) W (X, (t)) < W (X, (tg)), Vt € [tx,t"]. (71)

Based on relations (71), it follows from (69) that

n(t"))

W (X)) = V(X))

—[1=Ae)

IN

— Thb,|W (X, (t")) < 0
(72)

which contradicts to the assumption W (X, (")) > 0. Thus,
maXVTE[tk7tk+1] W(X"(T)) = W(Xn(tk))
With this fact in mind and noticing V(X,(¢)) =
LW (X, (1)), it follows from (69) that
W (X () 1)—s7) < = 2(1 = M)W (Xa(1))
+ 2T hbn /W (X (8)) /W (X, (t)-
(73)

WX.(0) A

For simplicity of statement, let 7n(t) = WX i)

straightforward calculation leads to
0(t) < —(1 = ANe)n(t) + Thb,.
Noticing that n(tx) = 1, it follows (74) that

Thb
_e—(A=AE)Ty T L
+(1-e )1_A(€). L
(75)

(74)

N(thsr) < e” AT

which leads to W (X, (tr41)) < PW (X, (tx)). By (70), we
know lT_hb 5 < 1, which implies the constant [ < 1. Hence,
W (X, (tr)) converges zero as k tends to infinity, i.e., system

(1) is globally stabilized by sampled-data controller (4). g

III. CONCLUSION

In this paper, we have designed a sampled-data controller
to globally stabilize a class of feedforward systems with un-
known nonlinearities. An explicit formula for the maximum
allowable sampling period is computed to guarantee global
stability of feedforward systems under the proposed sampled-
data controller with appropriate gains.
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