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Sampled-data Straight-line Path Following Control for Underactuated
Ships

Hitoshi Katayama and Hirotaka Aoki

Abstract— For sampled-data underactuated three degree-of-
freedom ships, the design of discrete-time surge and yaw state
feedback laws that make a ship track a desired straight-line
path while maintaining a desired nonzero constant forward
speed is considered. First a line-of-sight guidance algorithm
is introduced and by using the Euler approximate model of
tracking error dynamics, discrete-time surge and yaw state
feedback laws are designed. Then by applying the nonlinear
sampled-data control theory, the designed surge and yaw
state feedback laws achieve sampled-data straight-line path
following control. Experimental results are also given to show
the efficiency of the design method.

I. INTRODUCTION

Recently analysis and synthesis of the control problems for
ships have been considered based on nonlinear continuous-
time models and the design methods of continuous-time
controllers have been mainly discussed (for details see [4]
and references therein). For fully-actuated and underactuated
ships, dynamic positioning control, trajectory tracking con-
trol, formation control and etc have been considered ([1]-[4]).

Practical and modern control systems usually use digital
computers as discrete-time controllers with samplers (A/D
converters) and zero-order holders (D/A converters) to con-
trol continuous-time systems. Such a control system is called
a sampled-data system. Recently the framework to design
controllers for nonlinear sampled-data systems based on
discrete-time approximate models is proposed (for details see
[6], [9], [10] and references therein). Several design methods
have been also given to guarantee the stability of nonlinear
sampled-data systems.

In this paper we consider sampled-data straight-line path
following control for underactuated three degree-of-freedom
(3DOF) ships, which have only two control inputs. We intro-
duce a straight-line as a reference trajectory and a reference
nonzero forward speed of a ship. Then the control objective
is to design discrete-time state feedback laws which make a
ship track a desired straight-line trajectory while maintaining
a desired nonzero constant forward speed in the continuous-
time sense. For a desired straight-line trajectory we introduce
a line-of-sight (LOS) guidance algorithm [2]. Then we can
define a cross-track error and tracking errors of the surge
velocity and the yaw angle. First we consider two tracking
error dynamics in surge and yaw and their Euler approximate

models. We consider yaw and surge control, independently
and we design uniformly globally asymptotically (UGA)
stabilizing state feedback laws for each Euler approximate
models. Next we consider the Euler approximate models of
a cross-track error dynamics and the tracking error dynamics
in yaw and surge. Since these Euler approximate models
can be rewritten as a parameterized discrete-time cascade
interconnection and the Euler approximate models in yaw
and surge are UGA stabilized by the designed state feedback
laws in the discrete-time sense, by [8] we can show that the
Euler approximate model of a cross-track error dynamics is
also UGA stabilized. Then by the results in [6], we can show
that SPUA stability for the cascade interconnection of the
continuous-time cross-track error dynamics and the tracking
error dynamics in yaw and surge is achieved. Hence the
designed discrete-time state feedback laws achieve sampled-
data straight-line path following of underactuated ships in the
continuous-time SPUA stable sense. By experimental results,
we show the efficiency of the proposed design method.

Notation: A function o : R>9 — R>¢ is of class K (« €
K) if it is continuous, zero at zero and strictly increasing. It
is of class K if it is of class /C and unbounded. A function
B: R>o x R>p — Ryxq is of class KL if for any fixed
t >0, 6(-,t) € K and for each fixed s > 0, ((s,-) is
decreasing to zero as its argument tends to infinity [5]. A
function v: R>9 — R>q is of class NV if ¥(+) is continuous
and nondecreasing [8].

II. PRELIMINARY RESULTS

Consider the nonlinear sampled-data system
Te = f(xc;uc), J?C(O) = To n

where z. € R™ is the state, u. € R"™ is the control
input realized through a zero-order hold, i.e., u.(t) = u(k)
for any ¢t € [kT,(k + 1)T) and T > 0 is a sampling
period. Here we assume that for each initial condition and
each constant control, there exists a unique solution of (1)
defined on some bounded interval of the form [0, s). We also
assume that the sampling period is a design parameter and
can be assigned arbitrarily. Let x.(k) = x.(kT). Then the
difference equations corresponding to the exact discrete-time
model and the Euler approximate model of (1) are given by
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(k) + Tf(&(k),u(k)). To define the stability of the
parameterized discrete-time models, we first consider the
following discrete-time system

x(k+1) = Fr(z(k)), =(0) = xq. 4

Definition 2.1: ([6], [9]) 1) The parameterized discrete-
time system (4) is semiglobally practically uniformly asymp-
totically stable (SPUAS) if there exists 3 € KL such that for
any pair of strictly positive real numbers (D, d), there exists
T* > 0 such that || z(k) [|< B(|| zo ||, kKT) +d for all & > 0,
xo € R™ with || o ||< D and T € (0, 7).

2) The parameterized discrete-time system (4) is uniformly
globally asymptotically stable (UGAS) if there exists § €
KL such that there exists 7 > 0 such that || z(k) ||< B(||
xo ||, kT) for all k > 0, zp € R™ and T € (0,T%).

3) The parameterized discrete-time system (4) is uniformly
globally bounded (UGB) if there exist « € Ko and ¢ > 0
such that there exists 7 > 0 such that || z(k) ||< a(]| zo ||
)+ cforall zo € R" and T € (0,T%).

4) The parameterized discrete-time system (4) is Lyapunov-
UGAS if there exist aj, a0 € Koo, a3 € K, L € N,
T* > 0 and a continuous function V7 : R™ — R for each
T € (0, 7*) such that for all z, y € R™ and T € (0,T*)

ar([[z ) <Vr(x) <az( =), ()
Vr(Fr(z)) — Vr(z) < —Tas([[z ), (6)

Vr(z) = Vr(y)| < Lmax{{|z [, [[y [} |z -y . @)

Now we consider the design of stabilizing state feedback
laws up(z.) for the exact discrete-time model (2). By [9]
the Euler approximate model (3) with u(k) = up(£(k))
is one-step consistent with the exact discrete-time model
(2) with u(k) = ur(x.(€)). Moreover, if f(z,u) and a
parameterized state feedback law ur(x) are locally Lipschitz
for any T' € (0, 7*), the Euler approximate model (3) with
u(k) = up(£(k)) is multi-step consistent with the exact
discrete-time model (2) with u(k) = up(z.(k)).

Theorem 2.1: ([6], [9]) If the Euler approximate model
(3) with u(k) = up(&(k)) is multi-step consistent with the
exact discrete-time model (2) with u(k) = up(z°(k)) and
the Euler approximate model (3) with u(k) = up(&(z)) is
UGAS, then the exact discrete-time model (2) with u(k) =
up(z®(k)) is SPUAS.

Remark 2.1: If F7 is locally Lipschitz, then there exists
T* > 0 such that for any 7' € (0,7*), ur which SPUA
stabilizes the exact discrete-time model (2), SPUA stabilizes
(1), i.e., there exists § € KL such that for any strictly
positive real numbers (D, d), there exists T* > 0 such
that for any 7" € (0,7%) and any z.(0) € R"™ satisfying
| z:(0) ||I< D, a solution z.(t) of the system &. =
f(ze,ur(ze(KT)) for any ¢t € [kT,(k + 1)T) satisfies
| zc(t) II< B z:(0) ||,t) + d (6], [9], [10]). In this case
we say that the system &, = f(x.,ur(z.(kT))) for any
t € [kT, (k+ 1)T') is SPUAS in the continuous-time sense
or z.(t) — 0 as ¢ — oo in the continuous-time SPUAS
sense.

Consider the parameterized discrete-time cascade inter-
connected system

z(k+1) fr(z(k), z(K)), ®)
z(k+1) lr(2(k)) ©)

which corresponds to a closed-loop system of the exact
discrete-time model or the Euler approximate model of

Te = f(-ra Zc)a Ze = Z(Zc; Uc) (10)

and a state feedback law u.(t) = ur(z.(kT)) for any ¢ €
[¥T, (k + 1)T') where z, z. € R", 2z, 2. € R". For the
system (8), we assume

A1l: There exist 2 € N, 71,73 € Ko and T* > 0 such
that for all ¢ = [z 2T]T € R"™™ and T € (0,T*) we
have || fr(z2) 1< (| € [}) and | fr(z,2) — fr(a,0) |<
Ty2(ll = [)ys(ll 2 )-

Theorem 2.2: ([8]) Assume Al. Then the system (8) and
(9) is UGAS if the following conditions hold
1) The system x(k + 1) = fr(z(k),0) is Lyapunov-UGAS,
2) The system (9) is UGAS,

3) The system (8) and (9) is UGB.

The sufficient condition for UGB of the system (8) and
(9) is given by the following result.

Proposition 2.1: ([7], [8]) Consider the system (8) with
input z. Suppose that there exist &1, &2, € Koo, Y1,52 €
N, T* >0, ¢c >0 and for each T € (0,T*) there exists
Vr i R" — R>o such that for all z € R", z € R" and
T € (0,T*) we have

allz|) <Vr(@)<ae(|z|)+e, (1D
Vi (fr(x,2)) = V()
<T3(| = Ne(Vr(x)) Tz, 12
/ s _ 00. (13)
1 90(3)

If, furthermore, the solutions of (9) satisfy the summability
condition

Ty ull =(k) 1) < p(ll 2(0) 1) (14)
k=0

with some p € Ko and p(s) = F1(s) + F2(s)/¢(1), then

the system (8) and (9) is UGB.

III. SAMPLED-DATA STRAIGHT-LINE PATH FOLLOWING
CONTROL FOR UNDERACTUATED SHIPS

A. Model of a Ship and a Problem Formulation

We first introduce notation to describe the equation of
motion of a ship. Let [z, yc]T and 1. be the inertial
position and the yaw angle (orientation) of a ship, respec-
tively in Cartesian coordinate system (Figure 1) and let u,,
v. and 7. be the linear velocities in surge, sway and the
angular velocity in yaw, respectively, decomposed in the
body-fixed coordinate system [4]. Let & = [x. e wC]T
and v, = [ue . rC]T. Consider the following simplified
three degree-of-freedom (3DOF) model of a ship:

éc = R(¢C)VC7
Mv.+ C(ve)ve + Dv. = f

15)
(16)
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where f = [fu fo fr]'. fu is the control force in
surge, f, is the rudder force in sway, f,. is the rudder

moment in yaw, R(¢.) = R%ﬁc) 0} with R(y,) =

1

[ cos —sin . . ..
. Ve 1/)5} is the rotation matrix in yaw, M =
siny.  cos.
m 0 . m m . .
- > 0 with My = 22 21 is the in-
L0 My "~ ECIRUET I
ertia matrix including hydrodynamic added inertia, D =
dll 0 . d22 d23 . . .
with Dy = is the linear dampin
| 0 Dy ds2 ds3 ping
matrix and
0 0 —M22Vc — M23Tc
C(v.) = 0 0 mM11Ue
M2V + Mo3Te  —M11Uce 0

is the Coriolis-centripetal matrix. Here f, = f,(v,d.) and
fr = fr(ve,0c) are functions of v, and 6. where ¢, is the
rudder deflection. The model (15) and (16) is equivalently
rewritten as or equivalently

Te = UeCOSYe — Ve SN Yy, (17
Yo = UeSinY, + vecosye, (18)
e =ra (19)
Ue = dy(ve) + TC, (20)
Ve = dp(We) + A1 (Ve)0e + Ap2(Ve), (1)
fe = dr(ve)+ r1(1/c)5c + Ar2(ve) (22)
where [ 7, vl(uc)(s + M) A ()3 A (ve)]" =

M7f [du(ve) do(ve) dr(ve)]” —M~HC(ve) +
D]y, and A, satisfy \.(0) = 0, x = vl, v2, rl and 72.
Without loss of generality we can assume A1 (v.) # 0 for
any ve.

Fig. 1. A coordinate system and the LOS angle

We consider sampled-data straight-line path following
control of underactuated ships where the control inputs are
realized through a zero-order hold, i.e., 7.(t) = 7(k), d.(t) =
d(k) for any t € [kT, (k+1)T) and T is a sampling period.
We set the x-axis as a desired straight-line trajectory and
the y-axis is chosen to complete the right-handed coordinate
system (Figure 1). In this case, the y-position of a ship is
the minimal distance between the position of a ship and the
straight-line trajectory, which is called a cross-track error [2].
Let 4 > 0 be a desired constant forward speed and assume
that the states of a ship at each sampling time, i.e., £.(kT),

v.(kT), k =0, 1, 2, ... are available to control a ship. Then
the control objective is to design discrete-time state feedback
laws which make (yc(t), (), uc(t) — 4, ve(t),rc(t)) — 0
as t — oo in the continuous-time SPUAS sense.

B. Sampled-data Straight-line Path Following Control

In this subsection we consider sampled-data straight-line
path following control based on the line-of-sight (LOS)
guidance algorithm and the nonlinear sampled-data control
theory. The LOS guidance is often used for path control of
ships [4]. We pick a point that lies a constant distance A > 0
ahead of a ship, along the desired straight-line trajectory. The
line-of-sight is the line joining a ship and a selected point.
The angle describing the orientation of the line-of-sight is
called the LOS angle and A > 0 is called the look-ahead
distance (Figure 1). The LOS angle is given by

Po(t) = tan™! (_ycT(t)>

([1], [2]). We introduce the following assumptions [2]:

B1: The surge velocity u.(t) satisfies 0 < Uppin, < uc(t) <
Umax for any t > 0 where U,,;,, and U,,,, are the minimal
and the maximal surge velocities, respectively.

B2: For some C, > 0 the sway velocity v.(t) satisfies
[ve(®)| < min{Unaz, CoUmaz|rc(t)|} for any t > 0.

B3: A > max{C,Umaz, | A\v1(¥ve)/Ar1(ve)|} for any v..
The assumption B1 is needed to make the system controllable
in the sway direction. The assumption |v.(t)] < Umaa
in B2 is valid for most underactuated ships, since the
hydrodynamic damping in the sway direction is usually much
larger than the hydrodynamic damping in the surge direction.
The assumption |v.(t)| < CyUsmag|re(t)| in B2 implies that
the convergence of the angular velocity to zero gives the
convergence of the sway velocity to zero. This assumption
is valid in an ideal situation of no natural disturbances such
as winds and currents. Due to natural disturbances an offset
of the sway velocity remains even if the angular velocity
converges to zero in practical situations (see Figure 4 in
Section 1V).

(23)

Let Gi(t) = uc(t) — @ and .(t) = ¥e(t) — the(t). Then
using (18)-(23), we have
ue = du(ve) + e, (24)
be = re—To—kyle= ke ti,  (29)
Fo = dr(ve) + Ar2(Ve) = K(Yes Yo, Ve, )
+T'(ye) 7e sin e
+[Ar1(e) + Av1 (Ve)D(ye) cos Pe]de  (26)
where 7. = 1. — Te, [(ye) = A(AZ +3y2)7 1,
e = —kyde+ v, = —kyPe — T(ye)ie, 27)
k= —]Afw’LZC + %Fzyc(uc Sin e + ve cos e)?
—T{dy sin . + [dy + Ay2] cos .

+(ue cos e — vesin,e)re}

and l%w > 0 is a design parameter which is assigned later.
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Let z. = 1y? By the assumption B2, (27) and the
definition of 7., we have

- P 1.
|vc| S Cvaaz <|rc| + kw|1/1c| + Z|y6|>
and by (18) we obtain

te S yetesinge + Colmaslyel (|7l + Fuliel

C,U, .
+ v Amax |Zc| .
Since
Uesint), = usin. + i, sin(&c +1e)
— 8i ~c n ~c -1 7
+ U< cos. Smf/} + sin ¢c% Pe,
e e
we have

CU Umax .

Ze < yeusinge + [yela(Ce) + =34l

where (. = [, 1[),; rC]T and
Q(Cc) = |7~LC| + (27_‘ + ]%vaUmax)w)J + Cvaax|7ZC|~
Using sin . = —y.//A? + 32, we obtain

U C,U,
Z-c S B 3"_ c c + S Z.c
and
Cvaax . . 2174
1— ———sgn(2.) p 20 < ———————2.+ v 22.9((,
) —— (¢

where sgn(z) is a sign function. Let II; = (1 +
CUUm(l:C/A)_l and H2 = (1 - CUUmax/A)_l' Then by
B3, II; > II; > 0 and we obtain

. 2ully
Ze < —

<——rnr——2.+ 10
A2+2,ZCC 2

220q(Ce)- (28)

By the comparison lemma [5], a solution 7.(t) of the
differential equation

S 2ully
e /A2 42,

satisfies 0 < z.(t) < n.(t) if 0 < 2.(0) < 7.(0). Hence
if control inputs (7, d.) stabilize the system (24)-(26) and
(29) with 7.(0) = 2y, then (7;,0.) stabilize the system
(18) and (24)-(26) with y.(0) = yo, since z. = %yf and
0 < zc(t) < me(t) for any ¢ > 0. Summing up we have the
following result.

Lemma 3.1: Assume B1-B3. Then if the control inputs
(1e(t),6c(t)) = (7(k),d(k)) for any ¢t € [kT,(k + 1)T)
SPUA stabilize the system (24)-(26) and (29) with 7.(0) =
248, then (7c(t),6.(t)) = (7(k),6(k)) for any ¢ € [kT, (k+
1)T') SPUA stabilize the system (18) and (24)-(26) with
yc(o) = Yo.

nc+]~_-[2

21cq(Ce) (29)

Since (7.(t),0.(t)) = (7(k),d(k)) for any ¢ € [kT, (k +
1)T'), the Euler approximate model of the system (24)-(26)
and (29) is given by

nk+1) = frnk),((k)), (30)
a(k+1) = a(k) + Tdu(v(k)) + (k)] 31
Pk+1) = (1—=Thky)o(k) + TF(k), (32)
Fk+1) = #(k)+T{d-(v) + M\a2(v)

—k(y, Y, v, ) + I'Tsine
1) + A ()T () cos I8} (£)33)

where ¢ = [@ ¢ 7", fr(n,Q) = Fr(n) + TG(n,0),
G(1,¢) = G1(1,0)G2(C), G1(n,¢) = /2197 (¢), Ga(¢) =

g2 (¢) and Fr(n) = (1 =T -2ully/\/A2 + 2n)n. For the
system (31)-(33) we consider the following parameterized
surge and yaw discrete-time state feedback laws

k) = —alk) - du(v(k) 64
1
0 @) A T eos D) (E)
x[_dT(V) - /\T"Q(V) + 'i(vav v, w)
~7 I_{:CTF —T'(y)rsine](k) (35)

where k,, k., cy, ¢, > 0 are design parameters which are
assigned later. Let ky, = ky /(T + ¢,) where ky, ¢y > 0.
Note that the control input é7(k) given by (35) is always
calculated by the assumptions B1 and B3. Then the closed-
loop system (31)-(35) is given by

Tky
11— e OTk 0
Ch+1)=] 0 1-F T (k)
o0 g
" (36)

and we have the following result. A simple proof is omitted.

Lemma 3.2: There exists T* > 0 such that the closed-
loop system (36) is globally exponentially stable for any T' €
(0,T*), ky, ky, kr € (0,2] and ¢y, ¢y, ¢, > 0.

Now we shall show that the designed surge and yaw state
feedback laws SPUA stabilize the sampled-data intercon-
nected system (24)-(26) and (29) by Theorems 2.1 and 2.2.
Proofs of the following lemma and theorem are given in
Appendix.

Lemma 3.3: There exists T* > 0 such that the closed-
loop system (30) and (36) is globally asymptotically stable
for any T € (0,T*), ky, ky, kr € (0,2] and ¢y, ¢y, ¢ > 0.

Since the system (17)-(22) and the designed control laws
(34) and (35) are locally Lipschitz, by Lemmas 3.1-3.3 and
Theorem 2.1, we have the following result.

Theorem 3.1: Assume B1-B3. There exists T* > 0 such
that for any T € (0,T*) the surge and the yaw control laws

K,
T+ ¢y

(k) = Ue(kT) — dy(ve(KT)),
1
(A1 (ve) + /\vl(VC)F(QC) COS wC)(kT)

[(_dr(Vc) - >\r2(l/c) + H(yc; wcv Ve, 1Z)c))(k:r)

(37

or(k) = (38)

X
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k.
T+ ¢,

Fe(KT) = D(ye(KT)) (k) sin e (kT)

with ky, ky, k€ (0,2] and ¢, ¢y, ¢ > 0 achieve
(Ye(t), ¥e(t), uc(t) — G, ve(t),re(t)) — 0 as t — oo in the
continuous-time SPUAS sense for the sampled-data system
(17)-(22) with (7.(t),d.(t)) = (rr(k),dr(k)) for any ¢t €
kT, (k+1)T).

Remark 3.1: We can also show that an emulation of
continuous-time state feedback laws

T(k) = —kyt(kT)— d,(v.(ET)),

1
(5(k) = ()\7’1(1/0) + AUI(VC)F(yC) COS 7/10)(]‘7T) B
X [(—d,«(llc) — )\T‘Q(Vc) + K(Yes Ve, Ve, wc))(kT)
—kyTe(kKT) — T(y.(ET))7(k) sin . (kKT)] (40)

(39)

given by [1] and [2], achieve the sampled-data straight-
line path following control of underactuated ships in the
continuous-time SPUAS sense for sufficiently small 7" > 0.

The designed parameterized state feedback laws (37) and
(38) are usually more useful than an emulation of continuous-
time state feedback laws (39) and (40). For example, the
choice of the design parameters k,, /Acw and £, in (39) and
(40) restricts the maximal sampling period T* or depends
on T, but the parameters k,, ky, kr, cy, ¢y and ¢, in
(37) and (38) can be chosen independent of 7" and hence a
longer sampling period can be usually used for the parame-
terized state feedback laws. Furthermore, the parameterized
controllers usually give larger regions of attraction and
(or) better performances than an emulation of continuous-
time controllers ([6], [9]) and hence the proposed design
method based on the Euler approximate models is more
beneficial than a combination of an emulation and a standard
continuous-time design method.

IV. EXPERIMENTAL RESULT

Fig. 2. A real ship (Yamaha Motor Co., Ltd) for experiments

We apply the designed state feedback laws to a real ship
(Yamaha Motor Co., Ltd) with an electric thruster and a
rudder in Figure 2. The size of the ship is about 3 meters
long and 1 meter wide. An electric thruster and a rudder
are attached at the stern. We have programmed the designed
control laws by using MATLAB/Simulink and we have
implemented them to dSPACE MicroAutoBox 1401/1501
(MABX). Real-Time Kinematic Global Positioning System
(RTK-GPS), Inertial Measurement Unit and Magnetic Com-
pass are used to measure the position and the velocity of the

ship. Each measurement and control units are controlled by
Electronic Control Units (ECUs) locally. The experiment is
executed under a weak current and a strong wind of 6 (m/s).

We set a sampling period T' = 200 (msec), a look-ahead
distance A = 4.5 (m) and @ = 1 (m/s) as a desired surge
velocity. We apply the state feedback laws (37) and (38)
with kb, = 1, ky = 0.5, k, = 0.1 and ¢, = ¢y = ¢, =
0.3 to the ship. Let £&(0) = [0 10 7/2]" and v.(0) =
[0.5 0 0] be an initial condition. Then the position of
the ship with the desired straight-line trajectory (the red solid
line) is shown in Figure 3 where symbols like a ship express
the position and the attitude of the ship at every 4 (sec). The
time responses of the surge, sway velocities and the angular
velocity in yaw are shown in Figure 4 where the red line
expresses the desired surge velocity.

The designed state feedback laws make the underactuated
ship follow a straight-line path with a suitable attitude
(Figure 3). Due to a strong wind which is facing to the ship
and a weak current, small offsets of the error of the surge
velocity, i.e., u.(t) — u and the sway velocity remain (Figure
4). But the convergence of the angular velocity in yaw to
zero is achieved. Hence the designed state feedback laws are
enough useful for sampled-data straight-line path following
control of underactuated ships from a practical point of view.

y-position (m)
»
T
T \
I~
L

15 =4 ] ] I I I L T
0 5 10 15 20 25 30 35

X-position (m)

Fig. 3. The position and the attitude of the ship at every 4 (sec) with a
desired straight-line

V. CONCLUSIONS

We have considered sampled-data straight-line path fol-
lowing control for underactuated 3DOF ships. We have
used a LOS guidance algorithm to design control laws,
which make a ship track a desired straight-line path while
maintaining a desired nonzero constant forward speed. By
using the Euler approximate models of the error dynamics in
surge and yaw, we have designed discrete-time surge and yaw
control laws, independently. Then by applying the nonlinear
sampled-data control theory, we have shown that sampled-
data straight-line path following control is achieved by the
designed control laws. Experimental results have been also
given to show the efficiency of the proposed design method.

APPENDIX

Proof of Lemma 3.3: It is enough to show that the
assumption Al and the conditions 1)-3) in Theorem 2.2 are
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Fig. 4. Time responses of the surge and sway velocities u, v (m/s) and
the angular velocity of yaw r (rad/s)

satisfied for the system (30) and (36). Let T* = A/(2ully).
Then we have 0 < T - 2ully/y/A%2+2n < 1 for any
T € (0,T%).

First we shall show that the assumption A1 is satisfied for
the system (30). In fact, |fr(n, )| < |n| + Tay/2ng(¢) <
il 7 1) and |fr(,¢) = fr(n.0)| = THay/2nq(¢) <
o) (I C ) forany 7= [ 7|7 where y3(s) = ©s,
vo(s) = Tay/2s, 7i(s) = s + T*y2(s)y3(s) and © =
1424 + (1 + ky)CpUmqgz. Obviously, v1, 72, 73 € Koo
and hence Al is satisfied for the system (30).

Note that the system n(k + 1) = Fr(n(k)) is UGAS and
n(k) > 0 for any k > 0 and n(0) > 0. Let V() = 0%
Then we have

Vr(Fr(n) = Vr(n) < =T

ull
LUQEICOO'
A2+ 2p

We also have |Vr(r) — Vr(s)| < L{|r| + |s]}r — 5| <
max {|r],|s|} |r — s| and hence the system n(k + 1) =
Fr(n(k)) is Lyapunov UGAS.

By Lemma 3.2 it is obvious that the condition 2) in
Theorem 2.2 is satisfied. By Proposition 2.1, we shall show
that the condition 3) is satisfied. Let V(1) = |5|. Then
the condition (11) is satisfied with &;(s) = da(s) = s and
¢ = 0. We also have

Vi (0, Q) = Viln) < 76 || ¢ || V() + 311).

Let ¢(s) = s, 71(s) = Os and Ja(s) = 31130s. Then ¢,
A1, 42 € Koo and we obtain (12). Since p(s) = s, (13) is
satisfied. Since 1(s) = 71(s) + F2(s) /(1) = (1 + 2113)Os
is linear and the system (36) is globally exponentially stable
for any T € (0,7%), (14) is satisfied. Hence by Proposition
2.1, the condition 3) in Theorem 2.2 is satisfied.
Consequently by Theorem 2.2, the closed-loop system (30)
and (36) is UGAS. ]
Proof of Theorem 3.1: First note that there exists 77" > 0
such that the assumption B1 is satisfied for any u.(0) €

[Umin, Umaz], since the surge control law (37) SPUA stabi-
lizes the surge dynamics (20) in the continuous-time sense.
By Lemmas 3.1, 3.3 and Theorem 2.1, there exists 0 <
T3 < TY such that for any T' € (0,7%) the surge and yaw
control laws (37), (38) achieve (y.(t),(.(t)) — 0 ast — oo
in the continuous-time SPUAS sense for the sampled-data
system (17)-(22). Then by (23), we also have ¢.(t) — 0
(and hence 9.(t) — 0) as ¢ — oo in the continuous-time
SPUAS sense. Hence there exists 31 € KL such that for
any positive numbers (D1,d;), there exists 0 < T* < T
such that for any x.(0) with || x.(0) ||< D; and any
e 0.7, | xelt) < Billl xe0) [16) + di where
Xe = [yc Ue P fc] .

To complete the proof, it is enough to show that r.(t),
ve(t) — 0 as t — oo in the continuous-time SPUAS sense.
By (18) and (27), we have

|uc||singpe| +vel] - (41)

1
Al
and using (41) with the assumptions B2 and B3, we obtain
|vc| S HQCvaax|fc| + kaQCvaax|1/~}c|
+ H2 Cv Umax
A

Applying [7e(t)] < Bi(l[ £(0) [, 8) +du, ue(t)] < u+ Bi(]]
£(0) [,1) + dy and [sin (D) < [pe(B)] < Bi(] £(0) |
,t) + dy to (42), there exists 8 € KL and d > 0 such that
lve(®)] < B(|| £€:(0) ||, t)+d where 3(s,t) = HaCyUmax[1 +
ky+ % (2d1 +u+ B1(s,1))]81(s,t) and d = Mo CyUppax [1 +
ky + = (@+dy)]d;. This implies that v.(t) — 0 as t — oo in
the continuous-time SPUAS sense. Similarly using (41) and
(42), we can show 7.(t) — 0 as ¢ — oo in the continuous-
time SPUAS sense. Hence we have the assertion. 1

el < |Fel + Ky lhel +

|te|] sin e (42)

REFERENCES

[1] E. Borhaug and K. Y. Pettersen, Cross-track control for underactuated
autonomous vehicles, in 44th IEEE Conference on Decision and
Control, and the European Control Conference, Seville, Spain, pp.
602-608, 2005.

[2] E. Borhaug, A. Pavlov and K. Y. Pettersen, Cross-track formation
control of underactuated surface vessels, in 45th IEEE Conference on
Decision and Control, San Diego, USA, pp. 5955-5961, 2006.

[3] M. Burger, A. Pavlov, E. Borhaug and K. Y. Pettersen, Straight line
path following for formation of underactuated surface vessles under
influence of constant ocean currents, in American Control Conference,
St. Louis, USA, pp. 3065-3070, 2009.

[4] T. I. Fossen, Marine Control Systems, Marine Cybernetics, 2002.

[5] H. K. Khalil, Nonlinear Systems, Prentice Hall, 2002.

[6] D.S. Laila, D. Nesic and A. Astolfi, Sampled-data control of nonlinear
systems, in Advanced Topics in Control Systems Theory: Lecture Notes
from FAP 2005 (A. Loria, F. L-Lagarrigue and E. Panteley (Eds)),
Lecture Notes in Control and Information Sciences, Springer, 328,
pp. 91-137, 2005.

[71 A. Loria and D. Nesic, On uniform boundedness of parameterized
discrete-time systems with decaying inputs: applications to cascades,
Systems and Control Letters, 49, pp. 163-174, 2003.

[8] D. Nesic and A. Loria, On uniform asymptotic stability of time-varying
parameterized discrete-time cascades, I[EEE Transactions on Automatic
Control, 49, pp. 875-887, 2004.

[9] D. Nesic, A. R. Teel and P. V. Kokotovic, Sufficient conditions
for stabilization of sampled-data nonlinear systems via discrete-time
approximation, Systems and Control Letters, 38, pp. 259-270, 1999.

[10] D. Nesic, A. R. Teel and E. D. Sontag, Formulas relating KL sta-
bility estimates of discrete-time and sampled-data nonlinear systems,
Systems and Control Letters, 38, pp. 49-60, 1999.

3951



