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Singular Control for Discounted Markov Decision Processes in a
General State Space

O.L.V. Costa and F. Dufour

Abstract— This paper studies the asymptotic optimality of
discrete-time Markov Decision Processes (MDP’s in short) with
general state space and action space and having weak and
strong interactions. By using a similar approach as developed
in [1], the idea in this paper is to consider a MDP with general
state and action spaces and to reduce the dimension of the state
space by considering an averaged model. This formulation is
often described by introducing a small parameter ¢ > 0 in
the definition of the transition kernel, leading to a singularly
perturbed Markov model with two time scales. First it is shown
that the value function of the control problem for the perturbed
system converges to the value function of a limit averaged
control problem as € goes to zero. In the sequel it is shown that a
feedback control policy for the original control problem defined
by using an optimal feedback policy for the limit problem is
asymptotically optimal.

I. INTRODUCTION

The objective of this work is to study the asymptotic opti-
mality of discrete-time Markov Decision Processes (MDP’s
in short) with general state space and action space and having
weak and strong interactions. We suppose that the state space
X of the controlled Markov chain can be written as the
union of different ergodic classes X; for ¢ € Z, where
T a countable (finite or infinite) set, and a transient part
X,. It is assumed that the transitions within each class X
occur much more frequently than transitions among different
classes. This formulation is often described by introducing
a small parameter ¢ > 0 in the definition of the transition
kernel, leading to a singularly perturbed Markov model with
two time scales.

There exists an extensive literature on singularly perturbed
discrete-time stochastic control problems. Without attempt-
ing to present an exhaustive panorama of this vast field of
research, the interested reader may consult the references [2],
[3], [4], [5], [1] and the survey [6] and the book [7] to get
a rather complete view on this research field. By using a
similar approach as developed in [1], the idea in this paper
is to consider a MDP with general state space and control
space and to reduce the dimension of the state space by
considering an averaged model. Indeed, for such MDP’s, an
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inherent problem is the dimension of the state space, which
makes the model difficult to be handled. Our objective is
twofold. First it is shown that the value function of the
control problem for the perturbed system converges to the
value function of a limit averaged control problem as € goes
to zero. In the second part of the paper, it is proved that
a feedback control policy for the original control problem
defined by using an optimal feedback policy for the limit
problem is asymptotically optimal.

The paper is organized as follows. In section II we present
some general definitions and main assumptions, and in
section III some auxiliary results regarding the compactness
and convergence properties of the relaxed action space. In
section IV we present several important results dealing with
the convergence of the value function for the original MDP
as the small parameter ¢ > 0 goes to zero, and showing
that the limit function satisfies an optimality equation. It
will be also shown the existence of deterministic J-optimal
solutions for this optimality equation. In section V the limit
control problem is formulated and the convergence result is
established. Section VI shows that a feedback control policy
for the original control problem defined by using an optimal
feedback policy for the limit problem is asymptotically
optimal.

II. DEFINITIONS AND ASSUMPTIONS

The main goal of this section is to introduce the notation,
definitions and the main assumptions that will be used
throughout the paper. In particular we will introduce the class
of relaxed controls, which will allow us to get a compactness
property for the action space.

In this work we follow closely the notation used in [8]. Let
X be a set and v be a mapping from X to R; then for A C X,
v denotes the restriction of v to the set A. Moreover, 1x
is the R-valued function defined on X by 1x(z) = 1 for
all z € X. We recall that X is a Borel space if it is a
Borel subset of a complete and separable metric space, and
its Borel o-algebra is denoted by B(X). For X, Y Borel
spaces, the family of all stochastic kernels on X given Y is
denoted by P(X|Y). M(X) (respectively, P(X)) denotes
the set of all finite (respectively probability) measures on
(X, B(X)). Moreover, P(X) is considered as a topological
space equipped with the weak topology. For B € B(X), Ip
denotes the indicator function of the set B, §, is the Dirac
measure centered on a fixed point x € X and Iz denotes the
Markov kernel defined by I5(C|z) = Ig(x)d,(C) for any
(z,C) € X x B(X).
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Consider w : X — [1, 00) a measurable function, that will
be referred to as weight function. If w is a real valued func-
tion on X we define its w-norm as: ||ul|.,, = sup,cx [u ((I))‘
A function w is said to be w-bounded if ||u||,, < co (bounded
if |lu|| < oo where ||.|| is the sup-norm). The set of w-
bounded (bounded) measurable functions defined on X is
denoted by B, (X) (B(X) respectively). For a Borel set
A € B(X), Cyu(A) (Cy(A) respectively) denotes the set of
continuous and w-bounded (bounded) functions from A to
R. For a sequence {p,} € P(X) and p € P(X), pn, = p
means that the sequence {tn} converges to w in the weak
sense, that is, [y v(z)u"(dx) — [y v(z)u(dz) for every
v € Cp(X). For Banach spaces X' and y B(X,)) denotes
the space of bounded linear operators from & to ) and, for
simplicity, we set B(X) = B(X,X). For T € B(X), we
denote by r,(T) the spectral radius of the operator 7. We
recall that C,,(X) (Cp(X) respectively) with the w-norm
(sup-norm) is a Banach space.

As in Definition 2.2.1 of [8] we consider for € > 0, a
five-tuple for a Markov control model

(X,A7 {A(z)|z GX},Pe,c) (1)

consisting of

(a) a Borel space X, representing the state space.

(b) a Borel space A, representing the control or action set.

(c) a family {A(z)|x € X} of non-empty measurable
subsets A(x) of A, where A(z) denotes the set of
feasible controls or actions when the system is in state
x € X, and with the property that

K:={(z,a)|z € X,a € A(z)} 2)

is a measurable subset of )£ X A.
(d) stochastic kernels P and P on X given K, and the
perturbed stochastic kernel P¢ defined as follows:

P¢=P+eGwithG=P—1. 3)

It is assumed that for some ¢y > 0 and every 0 < € <
€0, P°¢ defined in (3) is a stochastic kernel on X given
K.

(e) a measurable function ¢ : K — R.

(f) a constant S > 0 such that fey < 1.

Definition 2.1: The set of all stochastic kernels ¢ in
P(A|X) such that (A(z)|z) =1 for all z € X is denoted
by ®, and F stands for the set of all measurable functions
f X — A, satisfying that f(z) € A(x) for all x € X.
We use the notation P¥ to denote the stochastic kernel
P(Cla) = [, P(Clz,a)p(dalz), similarly for P* and
P¥< 1t is assumed that the set ' is nonempty.

To introduce the optimal control problem we are con-
cerned with, it is necessary to introduce different classes of
control policy.

Definition 2.2: Define Hy = X and H,, = K x H,_3
for n > 1. A control policy is a sequence m = {m,} of
stochastic kernels 7,, on A given H,, satisfying the following
constraint: for all h, € H,, and n > 1, mp(A(zp)|hyn) =1
where h,, = (2o, a0,...,%n—1,0n_1,Ty). Let II be the class

of all policies. A policy m = {7, } is said to be a relaxed
policy if there exists ¢ € ® such that 7, (.|h,) = ¢(.|zp).
A policy m = {m,} is said to be a stationary policy if there
exists f € IF such that 7, (.[hp) = 04z, (.)-

According to a standard convention, we identify F (re-
spectively, ®) with the class of all stationary (respectively,
relaxed) policies. Therefore, we have F C & C II. Let
(Q, F) be the canonical space consisting of the sample path
) = (X x A)*> and the associated o-algebra F. For any
policy 7 € II and any initial distribution v on X, it can be
defined a probability, labeled P, and a stochastic processes
{(2¢, at) }ren where {4 }1en 1S the state process and {as }en
is the control process satisfying for any B € B(X), C €
B(A) and hy € H; with t € N, P (z9p € B) = v(B),
Pf(at S C|ht) = 7Tt(C|ht), and P;T(It+1 S B|ht,at) =
P¢(B|xt,at), see for example [8, Chapter 2] for such a
construction. The expectation with respect to P is denoted
by EJ. If v = §, for x € X, we write P for P] and
E7 for E7. We consider the following expected discounted
Markov control problem:

Ve(z) = inf V(x,m), 4)
Ve(z, ) = eE;f(Zu — Be)te(xs, at)) )
t=0

We make the following assumptions on the parameters
of the MDP. These assumptions are similar to those in
Assumption 2.7 of [9]. In section 5 of [10] it is presented
an example of a MDP satisfying these assumptions. Let
dy and dy be the metrics on X and A respectively, and
let d be the metric on K defined as d((z,a), (y,a’)) =
max{di(z,y),ds(a,a’)}, for all (z,a) and (y,a’) in K. We
shall suppose the following:

HI) For each z € X, A(z) is compact.

H2) The compact-valued multifunction ¥ : X — A defined
by ¥(x) = A(z) is continuous with respect to the
Hausdorff metric (see [11]).

H3) There exists a [1,+o00)-valued continuous function w
defined on X satisfying

a) forall z € X

sup |e(z,a)| < cow(z), (6)
acA(x)

where ¢y is a constant.
b) for all x € X and for any € < ¢,

sup Pw(z,a) < w(x). (7
acA(x)

H4) For each z € X there exists a positive nondecreasing
function ¢ with ltif(r)l Y5 (t) = 0 such that for all a €

A(z) and (y,a') € K,
NI <dp(d((z,a), (y,d)). (¥

HS) For each x € X there exists a positive nondecreasing
function ¥& with liﬁ)l Y& (t) = 0 such that for all a €
t

le(z,a) = c(y,a
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A(zx) and (y,d’) € K,

G, (@) = G(., (y,d")]],, <
¢S (d((x,a), (y,a'))), 9)

where ||.||., is the w-norm.
H6) For each x € X there exists a positive nondecreasing
function 9% with lim Y (t) = 0 such that for every
t

v € Cy(X), and all a € A(x), (y,a') €K
[Pv(x,a) — Po(y,a’)| <

max{|v(z) — v(y)], [v]lwts (d((z, a), (y,a")))}-
(10)

H7) There exist a countable (finite or infinite) set Z and
Borel disjoint sets {X;};cz and X, such that X =
U X;UX, and
i€eT
H7.1) for any ¢ € ®, P¥ restricted to X; is a w-
ergodic kernel with unique invariant probability
measure on X; denoted by 7rf , 1 € . Therefore,
n7(X;) = 1 and X, is an absorbing set for
P?. Moreover, assume that there exist moments
M; > 1 defined on X; for ¢ € Z such that for all
1e€1

sup/ M;(z)m? (dz) < oc. (11)
X

ped

H7.ii) there exists operators S, € B(C,,(X.)) and S; €
B(Cy(X;),Cyw(Xy)), i € Z, with S, invertible,
and for each f € T there exists an operator R/ €
B(C,(X,)) with R/ invertible, such that

re(RIS, +1) <1 (12)

and for any function v € B, (X), we have for
every x € X, that
PTIx,v(z) = Rf Sjux, (z),
Pllx v(z) = (R'S, + vy, (z).
H8) For each i € Z, K; := {(z,a)|z € X;,a € A(z)} is a

measurable set of X x A and if D; is a compact subset
of X, then

13)
(14)

D; := {(z,a)|z € D;,a € A(z)} (15)

is a relatively compact set of K;.
H9) For each i € Z, introduce the real-valued mapping a;
defined on X, by

ai(r) = =S S1x, (). (16)

We assume that for each ¢ € Z the functions F;(z,a)
defined as

Fy(z,a) = P(Xi|z,a) + / a;(y)P(dy|z,a) (17)
are continuous on K and the mapping defined on K by
(z,a) — ZFj (z,a)w(j) is upper semicontinuous

JET

on K where w(i) = inf w(z). Furthermore we

reX;
assume that for every (z,a) € K,

S By, a)@(j) < w(a).

JET

(18)

Remark 2.3: If the cost function c¢ is bounded by a con-
stant then we can set w = 1lx and (18) is automatically
satisfied.

Remark 2.4: From (7) it is easy to see, by taking € = 0,
that

sup Pw(z,a) < w(x) (19)
a€A(x)
and, from (3), that
— 1
sup Pw(z,a) < (1 + —)w(m) (20)
a€A(x) €0
Remark 2.5: From hypothesis H3) it follows that

||V€Hw < % since that

Ve (@, m)| < €Y (1 - fe)cou(x) = %Ow(a:).

Remark 2.6: Fromt;lgsumption H6) it follows that the
transition law P is weakly continuous on K, that is, for
every v € C,,(X) the function Pv(z,a) is continuous in K.
Similarly from assumption H5) we have that Pv is weakly
continuous on K.

Definition 2.7: For each ¢ € Z, ®; denotes the set of all
stochastic kernels ¢ in P(A|X;) such that p(A(z)|x) = 1 for
all x € X;. Similarly F; stands for the set of all measurable
functions f : X; — A, satisfying that f(z) € A(x) for all
r € X;.

Definition 2.8: For i € Z, P;(K) denotes the set of
probability measures ¥ € P(K) such that for B € B(K)

p(B) = [ oldafoyr? (o)

for some ¢ € ®; (notice that according to assumption H7),
7f is uniquely defined by ¢).
For i € Z, the set of the restrictions of probability measures
of P;(K) to B(K;) is denoted by P;.

Definition 2.9: For each 7 € Z, consider a sequence
{©n} in ®;. Then, {¢,} converges to ¢ if the sequence
of probability measures {u#~} in P(K;) converges weakly

to u®.

21

III. AUXILIARY RESULTS

Related to the definitions in the previous section, we have
the following proposition showing the compact property of
the relaxed control set.

Proposition 3.1: For each i € Z, P; (respectively, P;(K))
is a compact set of P(K;) (respectively, P(K)) in the
topology of the weak convergence of measures.

Proof: See [12]. |
An important corollary from the previous proposition is as
follows.

Corollary 3.2: Consider a sequence {¢,} in @, for i € Z.
Then there exists a subsequence of {(p,} that converges in
;.
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Proof: It follows from Proposition 3.1. O
Throughout the paper whenever we consider a sequence
{on} in ®; we set the sequence u,(B x C) =
S on(Clz)m#~(dx), so that p, € P;. From Corollary
3.2 there exists a subsequence of {u}, still denoted by
{pn}, and some p € P;, such that p, = u. We write
(B x C) = [5¢(Clz)n?(dx) for some ¢ € ;.

Proposition 3.3: For any i € 7 and {¢} in ®;, 77w =
w(i) and w = w(i), 77 — a.s. on X;. Consider a sequence
{¢n} in ®,. Then there exists a subsequence still denoted
by {¢n} and ¢ € ®; such that {¢,} converges to ¢ and
limy, oo TP = 7l
Proof: See [12]. o
The next technical result characterizes some properties of the
mappings a; for ¢ € Z defined in equation (16) that will be
used to prove the main results of the paper.

Proposition 3.4: The mappings a; for ¢ € Z defined in
(16) are positive and belong to C,,(X), and for any z € X,,
Diez @i(®) = 1.

Proof: See [12]. O

IV. PROPERTIES OF THE VALUE FUNCTION FOR THE
PERTURBED MDP

From Theorem 8.3.6 in [13] V¢ is the unique solution
ve € B, (X) satisfying
(ec(x, a)+ (1 — Be) P v (x, a)) (22)

v°(z) = min

acA(x)

and moreover there is a measurable selector f¢ € F such

that f<(x) € A(z) attains the minimum in (22) for every

x € X. Thus for any sequence {e,}, there is for each n a
measurable selector f,, € I such that

v (@) = e (/@) + (1 = Ben)GTro (a))
+ (1 — Ben) PInos ().

This section is devoted to show some crucial convergence
results of {V¢} as ¢ | 0 and that the limit function will
satisfy an optimality equation. We start with Proposition 4.1,
showing the equicontinuity of the family {V¢} in C,,(X),
and Proposition 4.2, which states that the infimum and
supremum of {V} are also in C,,(X). In Proposition 4.3
we have an important result showing that, for a sequence
{en} J 0, we have the convergence of V'~ (z) to a constant
value for x € X; and a linear combination of a;(z) for z €
X.. The section is concluded with the crucial Propositions
4.4 and 4.5 which show that the limit of the value function
satisfy an optimality equation that will be used in the next
section for the limit control problem. It is also shown the
existence of deterministic -optimal solutions. We begin with
the equicontinuity result.

Proposition 4.1: For 0 < e < ¢, the family {V¢} in
Cu(X) is equicontinuous and [[V<|l, < %.
Proof: See [12]. O
The following auxiliary result states that the infimum and
supremum of the value functions of the perturbed MDP are
in C,(X).

(23)

Proposition 4.2: Consider a sequence {¢,} | 0 and set
Uk(x) = inf,>p v (x), Vi(r) = sup,s; v (x). Then
UkECw(X) and VkGCw(X). B
Proof: See [12]. O
From the previous propositions we have the following impor-
tant result, showing the convergence of V' (z) to constant
values for # € X; and a linear combination of a;(x) for
T € X,.

Proposition 4.3: For any sequence {7v,} J O, there
exists a subsequence {e,} J O and constants v{ such
that lim, o, Ve (x) = o9 for each 2 € X;, and
limy, o0 Ve (2) = 3, o7 v0a;(x) for each € X,, where
the mappings a;(x) are defined in equation (16).

Proof: See [12]. o
From the previous propositions we have the following in-
equality.

Proposition 4.4: For any sequence {,} | 0, the constants
{v9}iez associated to a subsequence {e,} as defined in
Proposition 4.3 satisfy

(1+8)v) <
£ (mer+ Pl (z, a)p(dala)ry (dx) ) (24)
in (7r c / /A(I) v° (z, a)p(dalz)mf ( x))

ped; X,
Proof: See [12]. o

The reverse inequality and the existence of §-optimal deter-
ministic controls is established in the next proposition.

Proposition 4.5: For any sequence {7, } | 0, consider the
subsequence {e,} | 0 as defined in Proposition 4.3 and
the associated constants {v{};cz. For each n let f, € F
be a measurable selector such that (23) is satisfied and set
©n € ®; such that @, (f(z)|z) = 1 and u,(B x C) =
S ©n(C|z)m#" (dz). Then for some subsequence of {1},
still denoted by {u,}, and some i € P;, we have that
i = fi, where 4(B x C) = [, ¢(Clz)n?(dz) for some
¢ € ®, and the following results hold:

a) lim/ / PV (x,a)pn(dalz)mi™ (dx) =
i JA(z)

n—roo

/ / PO (x,a)p

Pv’(z,a)pn(dale)ri" (dz) =

(da|z)7? (dx), (25)

b) lim
n—o00 Az)

/ / Pv
A(z)

¢) (1+ ) fw“"c“"

/ /A(w PvO(z,a) (da|x)7rf(dx),

d) (14 B8)v
in (rfc? 2 ¢ _
min (m o+ [ [ P astdateye )

ped;

a B, f
ot (alel+ [ [, P Sl ) e

where the real mapping v defined on X is given by v%(z) =
P if 2 € X;, and 0°(x) = 30 o7 aj(x)vf if x € X..
Proof See [12]. O

)@(dalz)n? (dx), (26)

27)
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V. THE LIMIT CONTROL PROBLEM

The goal of this section is to formulate the limit control
problem and to show that its value function coincides with
v0. We first present the limit control problem. Let us define

iy =
/K {P(XJ'“’VGH/X* aj(y)ﬁ(dylx,a)]u(dfcyda), (29)

for all (i, j) € 7%, pu € P;(K). From Proposition 3.4, pi’; > 0
and ) jeT pu = 1. Moreover, by using Assumption H9),
the function y — p}; defined on P;(K) is continuous for all
(i,) € Z?. Therefore, the mapping p : (jgz{j} x P;(K)) x

7 — [0, 1] defined by

D7l

jEB

p(i, pu, B (30)

for i € Z, p € P;i(K) and B € 2T is a stochastic kernel on
T given 4L€JI{j} x P;(K).
J

Introduce now the following parameters of the limit MDP:

o the state space is defined by Z equipped with the
discrete topology,

o the action set is given by P(K) equipped with the
topology of weak convergence,

« the set of feasible actions in the state i € Z is P;(K) C
P(K),

o the transition law is given by the stochastic kernel p
defined in (30),

o the cost is defined by

1
gli,p) = m/Kc(x,a)u(dx,da), 31

for i € 7 and p € P;(K).

Note that for the limit control problem the set of feasible
actions in the state ¢ € Z is defined by P;(K) while
for the original control problem it is defined by ®,. The
reason for such definition is mainly technical, in particular
for ensuring the measurability of the transition kernel and
the cost function with respect to the control. We have the
following remarks, collecting some properties on the limit
MDP.

Remark 5.1: i) From Proposition 3.1, P;(K) is a compact
set of P(K). ii) Since ¢ is continuous on K, the cost g is
continuous on U {]} x P;(K). iii) For every u € B(Z) and

i € Z, the mapping p — Zu]pj defined on P;(K) is

jeT
continuous (see the remark on page 44 in [13])).

Remark 5.2: From (6), (18) and Assumptlon H9) we have
that the mapping p — Zpu ) defined on P;(K) is

) jeT
continuous.

Definition 5.3: The set of all measurable functions \ :
Z — P(K), satisfying that \; € P;(K) for every ¢ € T
is denoted by A. Define Ey = X and E, = ( 'gz{j} X

J

P;(K)) x Ep_1 for n > 1. Let (Qo, Fp) be the canonical

space consisting of the sample path Q = (Z x P(K))* and
the associated o-algebra Fy. Consequently, for any control
A € A and any ¢ € Z, it can be defined a probability,
labeled P, and a stochastic processes {(y:,V¢)}ten Where
{yt}1en is the state process and {7;}icn is the control
process satisfying for any B € 2%, C € B(P(K)), e; =
(Y0,7%0, - Yt 17% 1Y) € Ey with t € N, PA(Z/O €
B) = §;{(B), P} € Cle) = 6x,,(0), and P (yr41 €
Blet,y) = pwt ..~ The expectation with respect to P} is
denoted by E}.
Consider the following countable MDP problem:

Vi(A\) = Z akE{\ [g(yk, /\yk)]’

(32)
k=0
; = inf V;( ).
Vi=n £ Vi(A) (33)
where o = 75 < 1.

We have the following theorem.
Theorem 5.4: For any y € X, lim VE( ) = V°(y) where
VO(z) = VP for z € X; and VO ZVOa2 ) for

€L
x € X, and the constants {V},c7 are the unique solution

of the optimality equation

V0 = min (g(i,u) + QZPZ'VJ'O)

(34)
HEP; ier

associated to the MDP problem defined in equations (32)-
(33).
Proof: See [12]. O

VI. AsyMPTOTIC CONTROL

The goal of this section is to develop a feedback control
policy for the original problem using the optimal feedback
control policy for the limit problem, and show that this
control policy is asymptotically optimal. This result is in
the same spirit as Theorem 9.9 of [7], although the tools for
deriving it are different. According to Theorem 8.3.6 in [13]
we can find an optimal selector for the problem (34), that
is a measurable mapping i : Z — P(K) such that for all
1 €L, //1,\1 S PZ(K) and

VO = g(i, i) +ay ol vy
JET

(35)

Since i € Pi(K), there exists @; € P; such that
fi(B) = [, - p Pi(dalz)m i (dz). Let ®, denote the set of
all stochastlc kernels ¢ in P(A|X.) such that p(A(x)|z) =1
for all x € X,. Choose an arbitrary p, € ®, and define the
stochastic kernel ¢ € ® as follows:

Zcpz Jo)lx, (x

i€L

)+ @ () 1x, (2).

Define also ¢(z) = ¢?(z), Pu(z) = P u(z), Go(z) =
G%v(x), ]31)(:5) = P%u(z), #; = mf. We need 2 assump-
tions. The first one assumes that P restricted to X, is an
wx,-geometric ergodic kernel, instead of just w-ergodic as it
was supposed in H7.i). The second one assumes that H7.ii)
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holds also for ¢ (if @ is deterministic then it is automati-
cally satisfied by assumption H7.ii)). More specifically, the
assumptions are:

HC1) For each ¢ € Z there exists x; > 0 and 0 < ¢; < 1
such that

Hﬁkf%inwxi SXiQi‘cﬂ VE=0,1,.... (36)

HC2) Consider the operators S, € B(C,(X.)) and S; €
B(Cyw(X;),Cyw(Xy)), i € Z, as in assumption H7.ii).
We suppose that there exists an operator R €

B(C, (X)) with R invertible, such that
re(RS, +1) < 1 (37)

and for any function v € B,,(X), we have for every
x € X, that

Plx,v(z) = RS;vx, (z),
Ply v(z) = (RS, 4+ Dvx. ().

(33)
(39
For 0 < € < ¢q fixed denote bAy \A/eAthe cost (5) associated

to the strategy ©. Define P¢ = P+¢€G. From Theorem 8.3.6
in [13], V¢ is the unique solution v¢ € B,,(X) satisfying

() = é(a) + (1 — Be) PO (). (40)
Set for each 7 € Z,
Vaup = limsup V¢, Ve = lim V°, (41)
€l0 €l0
Vaup.i = sup Vaup(2). (42)

z€X;

We want to show next that Vi (z) = Vine(z) = V()
for all x € X, where V°(z) is as defined in Theorem 5.4.
In order to do that we need the following auxiliary results.

Proposition 6.1: For each i € Z,

-~

‘/;up = f}sup,h 7?5 —a.s. on Xia
Vaup (@) €D Vaupiai(), for z € X,.
€T
Proof: See [12]. o
In_the next proposition we set ¢(z) = c(z) +(1 —
Be)GVE(x). From (6), Remarks 2.4 and 2.5, we get that
[¢°(x)| < cow(x) where we have defined ¢y = co + % (2 +

1). Thus we can conclude that ||£¢||,, < ¢. We have the

(43)
(44)

€0
following result.

Proposition 6.2: Fix 1 € T and z € X;. We have for every
r € X;and £ =0,1,... that,

PR (z) — PRe(2)] < Goxiol (w(z) +w(z)).  (45)
Proof: See [12]. R o
For each i € Z choose z; € X; such that Vup(2;) = Vaup.i
(this is possible as seen in (43)). Define now for 0 < € < ¢
the functions h¢ on X; as follows: he(z) = %(Ve(x) -

\A/e(zl)) We have the following result:
Proposition 6.3: For every z € X,

)< P () +u). @O

— Y

Proof: See [12]. O
The next result shows that in fact the equality in (43) holds
for every x € X; and, moreover, lim sup, 10 V= Vaup,i-
Proposition 6.4: Consider ¢ € Z and x € X,;. The

following assertions hold: a) XA/sup (x) = IA/sup,i and b)
lim supew %iVe == ‘/sup,i-
Proof: See [12]. o

__Finally we have the next result which shows that
Vaup(®) = Vine(z) = VP(z) for all z € X, where VO(z)
is as defined in Theorem 5.4.

Proposition 6.5: Consider V°(z) as defined in Theorem
5.4. We have that for all z € X,

Vaup(@) = Vins () = VO(2). @7)

Proof: See [12]. O
Combining Proposition 6.5 and Theorem 5.4 we have the
following theorem, showing that ¢ is asymptotically optimal.
Theorem 6.6: For each x € X, leli(r)l |[Ve(z) = Ve(z)| = 0.

Proof: See [12]. O
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