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Fast-rate Adaptive Output Feedback Control with Adaptive Output
Estimator for Non-uniformly Sampled Multirate Systems

Ikuro Mizumoto, Yotaro Fujimoto

Abstract— This paper deals with an adaptive output feedback
control design problem for non-uniformly sampled multirate
systems with a fast uniform input updating rate and slow non-
uniform output sampling rates. A design scheme of a fast-
rate adaptive output feedback control at the fast sampling
period of the input updating rate will be proposed for non-
uniformly sampled systems using an adaptive output estimator.
The proposed adaptive output feedback control is designed
by using only measured outputs of slow rate samplings and
fast rate updating input. We also analyze the stability of the
obtained fast rate output feedback control system briefly based
on ASPR properties of the controlled system.

I. INTRODUCTION

Because of hardware limitations on sensoring and actu-
ating in several chemical and mechanical systems, multi-
rate systems are well recognized in industries as a system
with different output sampling periods and input updating
rate. In particular, there are many systems in which faster
output sampling periods cannot be taken, even though the
input actuating period can be taken at relatively high speeds
[1], [2]. Generally, in such systems, feedback controllers are
designed according to a single rate based on the measured
output at slow sampling rate. In these cases, the control
performance within the slow sampling period has not always
been ensured. However, if the input can be updated at a
faster rate, one can expect an improvement in the control
performance. With this in mind, multirate control approaches
with a lifting technique in which the control input can be
up dated at fast rate have widely researched [3]. By using
the lifting technique, one can design a controller with the
fast-rate updating rate, however, since the lifted system is
represented as a multi-variable system with different input
and output numbers, the designed controller were complex.
Furthermore, the ripple phenomenon sometimes deteriorates
the control performance in the multirate control systems.

On the other hand, several kinds of output estimators for
multi-rate systems and fast rate model identification methods
have been proposed [4], [5], [6], [7]. If the input can be
updated at a faster rate by utilizing the estimated output,
one can expect an improvement in the control performance
within the slow sampling periods. Unfortunately, however,
the majority of them were based on a full order model
of the considered system. Since it might be difficult to
determine the exact order of the considered systems in
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practice and for higher order systems, the designed estimator
might become complex. With this in mind, recently a novel
adaptive output estimator that realizes output estimate at fast
rates has been proposed [8] for uniformly sampled dual-rate
systems and this method has also been extended for uncertain
non-uniformly sampled systems so as to realize a fast-rate
output feedback control in which the output signals are non-
uniformly sampled with a slow sampling period [9].

In this paper, we propose a design scheme of a fast-rate
adaptive output feedback control for uncertain non-uniformly
sampled multirate systems with a fast uniform input updating
rate and slow non-uniform output sampling rates. Since one
can meet several types of non-uniformly sampled systems,
the controller design for non-uniformly sampled systems
have been attracted a much attention [10], [11]. The results in
[10] and [11] were obtained for a sampled data system with
non-uniform sampling period but with uniform frame period.
Unlike the previous methods, the proposed method can deal
with more general non-uniform sampled systems without
uniform frame periods. In the proposed method, we adopt
the adaptive output estimator proposed in [9] and, using
estimated output at fast sampling period, for uncertain non-
uniformly sampled systems we realize a fast-rate adaptive
output feedback control based on the almost strictly positive
real (ASPR) property [12], [13], [14]. The stability of the
designed fast-rate adaptive output feedback control system
with the adaptively estimated fast-rate outputs will be briefly
analyzed based on ASPR-ness of the controlled system.

II. PROBLEM STATEMENT

A. Non-uniformly Sampled System Representation

Consider a non-uniformly sampled system with the input
updated at a time instant k7" uniformly and the output sam-
pled at a time instant n;7" non-uniformly. Where, denoting
the k-th output sampling interval by niT (ng > 1), ng is
defined by

k

I
-

ng = ng, g =70

Il
=)

That is, consider a system for which the input is updated with
a fast uniform updating period 7" and the output is slowly
sampled with non-uniform sampling interval ngT'.

Denoting y(k) = y(kT),x(k) = x(kT), represent the
virtual fast-rate system with sampling period of 7' of the
considered non-uniformly sampled system as

x(k+1) = Az(k) + bu(k) 0
y(k) = c'=(k)
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Fig. 2. Internal model filter

Now, defining y, = y(nxT), denote fast-rate outputs at
sampling period of 1" within yi to yiy1 by

yk(i) = y((ﬁk+Z)T) (120,17 7nk’) ) (2)
where
Yk(0) = Yk
Yk(ng) = Yk+1 = Yk+1(0)- (3)

Note that the output y ;) for 7 = 1,2,--- ,n, — 1 can not
be measured practically. Further, denoting the state at a time
instant (g +4)T by x4, we have the following virtual fast-
rate system representation of the considered non-uniformly
sampled system (See Fig. 1):

T(it1) = Azp) + bugg) @)
Yk(i) = C Tg(s)

B. Problem Statement

Suppose that the considered virtual fast-rate system (1)
satisfies the following assumptions:

Assumption 1: The virtual fast-rate system has a relative
degree of 1.

Assumption 2: The virtual fast-rate system is minimum-
phase.
Further the following assumption is imposed for the sampling
interval of non-uniformly sampled output yy.

Assumption 3: There exists an upper bound of the sam-
pling interval as 1 < ng < Ny and ny,q, is known.

Next, consider a reference signal y,,(k) which satisfies
the following relation.

RN ()] = 0, R() = 28+ dy 214 -
|ym(k)|§ r

R 77

+d,

where is the forward-shift operator.

The objective here is to design an adaptive control system
such that the output y(k) track the reference signal y,, (k)
at fast rate.

To this end, firstly introduce an internal model filter
Gru(z) = gﬁflg'g as shown in Fig. 2, where, Dy (2) =
R(z) and Nyp(z) is any stable polynomial of order p.

The virtual fast-rate error system including the internal

model filter can be represented by [14]
z(k+1) = Az(k) + bu(k)
e(k) = y(k) = "z (k)

)

where & (k) is the state vector of the system with the internal
model filter and e(k) = y(k) — ym (k) is the output tracking
error.

The objective is then to design a fast-rate adaptive output
feedback controller which stabilizes the virtual fast-rate error
system (5).

III. ADAPTIVE OUTPUT ESTIMATOR DESIGN

Firstly, an adaptive output estimator which estimates un-
measured outputs yr;y, @ = 1, - - ,ng—1 will be considered.

From Assumption 1, there exists an appropriate nonsingu-
lar transformation [y(k),n(k)*]T = ®x(k) such that the
virtual fast rate system (1) can be transformed into the
following canonical form [15]:

y(k+1) =
nk+1) =

The zero dynamics of the system (6) is stable from
Assumption 2, i.e. A, is a stable matrix.

Using the expression defined in (2), the system’s output
in (6) can be represented by

( ) + byu(k) + cyn(k)

\1(k) + by (k) ©

Yk(0) = GyYk—1(ng_1—1) T OyUk—1(n,_,—1)
+FC M 1(ny 1 —1) 0
Yk—1(i) = QyYr—1(i—1) T OyUup_1(i—1) + Cfﬂkq(iﬂ) (8)

Furthermore, from (7) and (8), the sampled output yy,(g) can
be expressed by using measured outputs an d inputs as

MNk—1
Yr0) = byUk—1(n,_,—1) + b}, Z AU —1 (ny_ 1)
i—2
+ g, Yk—1(0) T an,c_lrlkq(o) 9)

ayj = q* y(i—1) y+Cn(] 1)b77 s GZO:1

T T _ T
Cnj = (- 1)c +cn(3 nAn s € =0

(.7—1 y Mk— 1)

It follows that a;; = aj.
Taking the expressin in (8) and (9) in to account, the output
estimator is designed as follows [9]:

U(0) = byhUk—1(np_1—1)

MNk—1
+byr—1 Z AikUk—1(nj_—i) T Gnj_1 kYk—1(0)
i—2
Uk(1) = @1xYr(0) + Bykuk’(o)
Uk(iy = 1kUr(im) + byrtpy » (E=2,--- ,np—1)
(10)

where d;, and by are estimated values of azi
respectively.

and b;
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Byk and a;, are estimated by the following parameter
adjusting law with a period of ngT'.

byr = a'?)yk—l_57buk71(nk_171)€k(0) + Dok (11)
i = 5'dik71_5—7ai8yk71uk—l(nk,1—i)ek(O) +Daikl2)
(i=1, np_1 —1)
Any_yk = OQny_1k—1—0Yany_, Yk—1(0)€k(0) TPany_,£13)
Qi = Gjk—1, (j = ng—1+ 1,1- C Nimaz) (14)
Yai> Vo >0, 5:1_'_—0 , 0< o

where ppr, pqir are parameter projections which are given
by

OYbUk—1(ng_1—1)€k(0) otherwise

ik = { 0 (Zié Lora, <ax <ay)

Pok =
0Ya1byk—1Uk—1(n,_,—2)€k(0) Otherwise

0 (nk—1# 1 ora, <an <ay)

Pang_1k = otherwise

0Ya1Yk—1(0)€k(0)
(15)

with ay, Gy, Qy and b such that
a, < a <ay,l_) <b*<b
and €0y = Ur(0) — Yr(0) 1S an estimate error which can be

generated using the available signals as follows:

€k(0) = Y Obyk—1Uk—_1(n;_,—1)
MNk—1
+byr—1 E Olik—1Uk—1(ny_,—i)
i—2

+00n, 1 k—1Yk—1(0) — yk(O)}

/ {1 + 5%“%—1(%,1—1)
Nk—1

‘H;yk—l Z 5’Yai(;yk—1ui_1(nk,l_i)
i=2

+0Yany 4 yl%1(o)}

We have the following lemma concerning the boundedness
of all signals in the obtained adaptive estimator [9].

Lemma 1: Consider the following positive definite func-
tion:

Var = va

(16)

Vi = Plei(oy Vo, = pznz(o)an(oy Vap = Z Vaik
i—1
nk_lfl

“1A2
E : Vai Dagy,
i=1

Nmax

=0 Z AaZ,

i=ng—1+1

0,(i=1,2), P,=P] >0

Vaip = 0y, | AbLy, Vaop =0

_ 1
Vask = 0Yan,_ Aar i, Vaak

pi >

and Aby, = byr — b. Then the
Vak—1 can be evaluated by

where Aa;, = a;r — a;i
difference AV, = Vo —

AVuk

< —aderl® — prler—1]?

Ng—1—1
—a[|ny 10y I* = (p2021 — 02) Z M5 10yII?
i=1
p Ne—1— 1
2

oy |yr— 1(o)| + p2 <a23+ 22) Z |Yk— 1(z)|
—5o2 Y 1b*2 oo 'yank laZik )

Ne—1—1
- Z (1—5az‘)5%1‘512,1@71“271(%_171‘71)62

i=1

MNk—1
Qab {’YblAbzk + Z ’YailAa?k}
i=1

Ne—1—1 1
+ Z 0_(5T )’Ya_zl *2

i=1 ai

1 Nk—1 *2 ~ ng—1—2 1

e - + Z yl + d,ﬁbi Z _|uk—1(’i)|2
5 i= = Oui
+5 [U—1(ny_1—1)|? +§—|Uk TR ¢ 1))

uye uye

for any positive constants d2, 03, ¢, duye dq; and d,;, where

Nne_—1—2

aE=2—p1—5e— Z 5ui_36uye

1
ay = paag — Oz — 6_”0"]”7«—1”2
€

Qgp = {5’71 —5—53}
2 ~
P23 Gy
Oy = o3+ —— | +
Y p2< % 62 ) 5uye
and
agt = Amin [Qn], @22 = [ A1 5]l By ll;
azgg = [[Pyllllby]%, 62 >0

Thus, considering sufficient small p; and sufficient large po,
we can confirm that there exist a small positive constants Jo,
03, Oc; Ouye, Oai and 6y; such that ae > 0, ay > 0, gy > 0,
1 —d4; > 0 and paas; — d2 > 0, and then all the signals
in the adaptive output estimator are uniformly bounded with
bounded inputs and outputs.

IV. FAST-RATE ADAPTIVE OUTPUT FEEDBACK
CONTROL SYSTEM

A. Adaptive Controller Design

Let’s impose the following assumption:

Assumption 4: There exists, for the virtual fast-rate error
system (5) with the internal model filter, a known stable
parallel feedforward compensator (PFC):

:I:f(/f + 1) = Afwf(k) + bfﬂ(k)

yr(k) = clay(k) + dpu(k) (18)
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Such that the resulting augmented system

za(k+1) = Agza(k) + bou(k) (19)
ea(k) = cgza(k) + dfu(k)
_ | (k) —
a:a(k) = :Iif(k> :| ;Aa - |: 0 Af :|
ba: bbf acz:[éT C?}
is ASPR.

The augmented system with a PFC can be expressed as
follows using the form given in (4).

Tak(i+1) = AaTak(i) + baliy(s)
Cak(i) = CLTareiy + drlgg)
= ex(i) T CFTr() T dplng)
k(i) = Yk(i) — Ymk(3)

(20)

For this ASPR system, if we can design the controller by
an output feedback with ideal feedback gain k* as

ﬂ;:(i) = _k*eak’(i) (21)
the resulting control system should be SPR.

The input given in (21) cannot be realized due to un-
measurable output error signals eqy,(;) and causality problem
from the feedthrough input term. Therefore, in practice, the

controller is designed using available signals as follows:
Ug(s) = —I?;*’éak(i) , k* = E*(1+ dfki*)il 22)
Cak(i) = Er(3) + €f T k(i)
where
ak(i) = Un(iy T Yrk(i) — Ymk(i)
ar Yk(i)
e { 0
If the ideal gain £* is known, using the controller given
in (22), one can obtain a stable control system [9]. Un-
fortunately, it might be hard to obtain an optimal and/or
ideal feedback gain for uncertain systems. Here, we consider
adaptively adjusting the feedback gain in (22).
The fast-rate adaptive output feedback controller is de-
signed as follows:

(i:1725"'7nk’_1)

Up(s) = —0)p (23)

(24)

) ~k(i)éak(i)
epk’(i) = 5p9pk(i—1) + 5p’Yééak(z‘) + Di(i)
where py(;) is a parameter projection given by
Py = 0 if épmin < fpk’(i) < dL
k() —0pYCak(s)Cak(i) otherwise
Fortey = Tpbpr(iz1) + TpVean(s)Cak(i)

with 0p0(0) = Opmin, and éqp(;) is obtained via available
signals as follows:

{1 — dyTpfpuii-1) } Cak(i)
L+ dfa-p'yéik(i)

Cak(i) = (25)

The designed control system is illustrated in Fig. 3, where
S is a sampler at sampling periods of n;T.
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Fig. 3. Non-uniform multirate control system with fast-rate output feedback

B. Stability Analysis of the Control System
The designed control input can be expressed by
Up(i) = —Opk(i)€ak(s)
= —k"€ar(iy + Vr()
where
Cak(i) = €n(i) + CF T k(i)
V(i) = —AOpr(i)Cak(iy — K€
€6y = Cak(i) — Cak(i)
Thus, using the fact that e,z ;) can be expressed by
Cak(i) = Cak(i) T dflp()
= (1 — dfif*) €ak(i) T df?ﬂk(i)
the obtained closed-loop fast-rate system can be represented
as

(26)

Tak(it1) = AceTari) + becVi()
Cak(i) = Coear(i) + decti(s)
Ace = Aa - baé*cg ) bce = ba
Coe = {14+ dik*} e, dee =dy
Under Assumption 4, this closed-loop system is SPR and
then there exist positive symmetric matrices P = PT > 0,
Q = Q7 > 0, a vector I and a constant w such tat the
following KYP-Lemma is satisfied
AT PA,.—P=-U"-Q
AT Py, =l —wl

b’ Pb.. = 2d.. — w?

27)

(28)

Let’s consider the following positive definite function:

Vi = Var + Vi (29)
where,V,;, has been given in (16) and V;j is given by
P4
Vik = Vi, + ————V& 30
bk ik (t0,)7 5k (30)
Vik = pattgyo)PEar) » pa>0 31)
Vii = Aéf,kfl(nrl) (32)

The difference AVy, = Vi — Vig—1 can be represented
by

AVy, = p4scfk(o>Pscak<o>

ng—1—1

Z AV
=0

- P4SC§;§_1(0)P5%1€71(0)

(33)
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where,
AVyp = p4m2k71(i+1)Pwak*1(i+1)_p4w2k71(i)ank*1(i)
From KYP-Lemma, AV}, can be evaluated as

AVyir,
< = psAmin QU ak—10) I” = 2p4€ak—1() AOpii)Ca(i)
+2p4 {6k—1(i)A§pk—1(i)éak(i) - eak—l(i)%*ek—m)}

(34)
Since we have from (20),(23) that

agcinakfl(O)H + o

1l < 35

|6k 1(1)| o 1+ 2df9pmin ( )

lugp—1(5)| < uaillTar—1(0) + Qurit (36)
axinakfl(O)H + Qi

ak—1(2)| = 37

leak—1(s)] [ -~ 37

|éak—1(i)| < &xi“wak—l(O)H + G (38)

with appropriate positive constants qu;;, Qi Qugis Qyris Qi
Qris Qgi, Oy Which are bound for any magnitude of £*, it
follows from (35), (37) that

b 101) A0pk—1() Cak—1(i) — Cak—10i)k" €r_1()

2
Qo .
< (Sbritan1i) | Tara(0)lI” + ( UL +ab3i> 7’

(39)
45b11
for 6p1; > 0, where ap14, aipo;, p3; are also bounded con-
stants for any k*.
Consequently, AV, can be evaluated by

Ne—1—1
AVik < =pidmin[Q D [ @ak—10)II°
=0
nk_lfl
+2p1 > {0 + i) |Tak—10) 1
=1
o o
(G )
Ne—1— 1 B
—2p4 Z Cak—1(6) Abpr—_1(i)€ak—13) (40)
i—0

Next, the difference AVsp = Vsi — Viip—1 can be repre-

sented as
Nk —1— 1

Z AV

AVEn‘k = Af)pk 1(4)

AVsy,

(41)

Aeik—l(i—l)

and then it can be evaluated from (24) that

AV < = {(1+0,)" = 1= 80} A%y,

2
ap (1+0p) jx2
o
+2 (140p) Year—1() Abpri (i) a1y (42)

Finally, using the fact from (4),(36) that

|yk—1(i)|2 < ||é||2”$ak—1(i)||2 +2||ef| [ ar—16) |7 + P
luk—19)]* < 0lpillTar—1(0)l>

+2auziauri77”wak—l(0) ” + airiFQ

and using the result in Lemma 1, AV, = AV, + AV can
be evaluated by

AV < —aclero)® = piler—10))* = anllmg_10) 17

nrg_1—1
— (pacra1 — 02) Z 751y II?
i=1
NE—1
— Qb {’YblAbik + Z ’YailAa?k}
i=1
nrg_1—1
_agcaOHwakfl(O)HQ_axai Z H%kq(i)”z
i=1
nk_lfl
o, Y A%, +R (43)
i=0
where
P4 {(1 +0,)°—1— 69}
Ny —
? (1+op)y
2
20¢ ~27
Qr = Qy + p2 (0423 + P5—222> (nk71 — 1) af/bf/
Neg_1—2 B
X Z 51” Aoy + u—yyeairnk 1—1
d nk_lfl 2
Yy 2 b21
le} 2 «
+5uye wrng_1—2 T 2P4 ; <45bh + b31>
Ly L, ( P2 22) —12
+—0az, 0+ — Qi3 + c
6;8(1,0 7x0 5;c(up 62 || ||
nk_lfl
Qa0 = parmin|Q) — ey lle* =205 D (dp1i + i)
i=1
Nng_1—2 1
by D 5ol
i=0
b a
- aiznk_lfl - —yaixnk_172 - 595!10
5uye 6uye
Nne_1—1

a0t = hminl] = (a2 + 222 e - > b

Ne—1— 1
R =a,7 + Z <——a >'ya_i1a;ﬁ

b"‘2 Tl g2 o2 (1+0,)-
=+ + npy———k*?
{ ; Yai } 507

6o>0,6>0

Considering a p4 such that ps > ps >0, one can confirm
that there exists a sufficient large k£* for sufficient small 51,
01 such that ai.q0, Qza; > 0. Thus, AV} can be evaluated for
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a sufficient large k* by

AVp < —aVp + R (44)

-1

Qy ot —0—03

. Qe

« min P ) pz)\max[Pn]’ max {’Y(;la 7(;1}7
Qa0 Qxai o
p4)\max[P], p4>\max[13]7 r

Then we can conclude that all the signals in the control
system are uniformly bounded.

Theorem 1: Under Assumptions 1 to 4, designing a con-
trol system with the adaptive output estimator (10) and
the adaptive output feedback (23) with the PFC (18), all
the signals in the resulting control system are uniformly
bounded.

V. VALIDATION THROUGH NUMERICAL SIMULATION

The effectiveness of the proposed method is confirmed
through numerical simulations. In this simulation, we assume
that the output y(¢) is sampled randomly at a maximum
period of 107 = 100 [sec] but the input signal u(t) can be
updated through a zero-order hold at a fast period T' = 10
[sec].

In the simulation, as an unknown controlled system, we
consider the following system which is expressed by a fast-
rate model as in (1):

x(k+1) = Az(k) + bu(k)

y(k) = (k) 43)

Where
0 1 0 0 0
0 0 1 0 0
A= 0 0 0 1 0
0 0 0 0 1
3.28x1075 7.74x10° 0.416 —1.83 2.41

b=[0 0 0 0 1
c=[ —6.95x10"7 ~1.88x10~* —0.014 0.025 0.032 |"

]T

The transfer function representation of the system can be
given by
Golz) = 0.03232% + 0.02492° — 0.013722
b 25 —2.412% +1.8323 — 0.41622
—1.87x107*2+6.95 x 1077
+7.37x 10732 — 3.28 x 10—5
This system is non-minimum phase and it is supposed that

this system is unknown but the approximated fast rate model
G (z) is known. In this simulation, we set Gi;,(2) as follows:

0.0258z* + 0.0202% — 0.01122
25 —2.412% +1.8323 — 0.41622
—1.503 x 10™*z + 5.558 x 1077
+7.37x 10732 — 3.28 x 10~5
Using this approximated model, a PFC which renders the
augmented fast rate system ASPR was designed as follows
according to the model based PFC design scheme [14].

Gprci(z) = Gaspr(z) — G,(2)

(46)

Gp(z) =

(47)

(48)

60
\
50F / \
= 40
£
E__ 30
£
(=)
20 -
multi rate
10 slow1
slow?2
o set point |/
(o] 2000 4000 6000 8000 10000 12000
Time [s]
(a) Outputs
—— multi rate
4.55F slow1
slow?2
4.5
4.45
=
= 4.4 E
£
= ' ,v_____:‘ C
4.35 eeeee]
4.3 B
425k : : : ]
4.2
(0] 2000 4000 6000 8000 10000 12000
Time [s]
(b) Inputs
Fig. 4. Simulation results; the proposed control method and slow-rate
controls

with an ideal ASPR model of

20z — 15.3
2 —0.967
Furthermore, since the model is not minimum-phase, we
introduced additional PFC for output estimation. The PFC
was designed as follows in order to render a minimum-phase
augmented system with a relative degree of 1.

Gproza(z) = Gest(2) — G (2)

1
Gest(2) =
e(2) = 257
In the simulations, the design parameters in the output
estimator and the adaptive controller are set as:

Gaspr(z) = (49)

(50)

W =500, Y = 1(i = 1,---,10), 0 = 107°
y=10"% o,=10"
and we set in the parameter projection that
0 <ay, <500, —500 < b, < 500.
The internal model was given by

G(z) =

z—1
Fig. 4 show the simulation results. The output reaches the

given set points quickly and a good control performance is
shown compared with slow-rate control.

VI. CONCLUSION

In this paper, we proposed a design scheme of an adaptive
output feedback control for uncertain non-uniformly sam-
pled systems in which the output signals are non-uniformly
sampled with a slow sampling period. An adaptive fast-rate
output estimator was applied to design fast-rate adaptive
output feedback for a system which satisfies the almost
strictly positive real (ASPR) property.
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