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Robust 1, — L., Consensus Control of the Second-order Multi-agent
Systems with Time-delay

Yan Cui, Yingmin Jia, Junping Du and Fashan Yu

Abstract— Robust L) — L., consensus control is studied for the
second-order multi-agent systems with external disturbances
and parameter uncertainties. By defining an appropriate con-
trolled output, the consensus problem of the systems is trans-
formed into a normal L, — L., control problem, and distributed
state feedback protocols with time-delay are proposed. Suffi-
cient conditions are established for the convergence to consensus
of the network under fixed or switching topology. Numerical
simulations are provided to demonstrate the effectiveness of our
theoretical results.

I. INTRODUCTION

Coordination control of a group of agents has received
compelling attentions within the control community. Its
broad applications involve satellite clusters [1], unmanned air
vehicles [2], formation control [3], distributed sensor network
[4], rendezvous in space [5] and so forth. As one of the most
important issues in the coordination control, consensus for
the multi-agent systems means that all the agents could reach
an agreement on certain quantities of interest by employing
the appropriate control protocols based on local information.

In the past decades, consensus problems for multi-agent
system have been studied by many researchers [6]-[15].
However, the multi-agent systems are often subject to ex-
ternal disturbances and parameter uncertainties in practical
applications, such as actuator bias, measurement or calcula-
tion errors and the variation of communication links, which
might usually destroy the convergence performance of multi-
agent systems. For such cases, several research has been
done. For example, Ren considered the actuator saturation
that might cause time-delay or uncertainties and proposed
several consensus algorithms for second-order multi-agent
systems in the absence or presence of a group reference
velocity, respectively [12]. In [13], Lin et al. introduced He
method into the consensus problem of multi-agent systems
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with external disturbances and parameter uncertainties for
directed networks with zero and nonzero time-delay on fixed
and switching topologies. In [15], Liu ef al. designed the He.
controller and obtained consensus condition with the desired
performance to impair the external disturbances for the multi-
agent system with first-order, second-order, high-order and
linear coupling dynamics. [13] and [15] both employed the
H. control method to attenuate the external disturbance
signal. Whereas, the peak value of the controlled output in
many projects is required to be within a certain range, when
the impact of external disturbances and time-delays to the
performance of the system is taken into account. Here we try
to solve these problem by L, — L., control method. Ly — L
control not only resembles H., control that can attenuate the
external disturbance signal but also minimizes the controlled
output value for a multi-agent system.

In this paper, the L, — L., control method is adopted to
solve the consensus problem of second-order multi-agent
systems with external disturbances and parameter uncertain-
ties in presence of time-delay. By defining an appropriate
controlled output, the consensus problem of multi-agent
systems is transformed into the L, — L. control problem.
In doing the analysis, we turn the original system with a
singular Laplacian matrix into a reduced order system that
can be stabilized. Then we derive sufficient conditions in
terms of bilinear matrix inequalities (BMIs) with the desired
L, — L., performance.

Throughout this paper, 1, denotes the column vector of
n dimension whose elements are all ones. * denotes the
symmetric part of a symmetric matrix. diag{m,---,m,}
denotes a block-diagonal matrix whose diagonal blocks are
given by my,--- ,m,. The symmetric matrix X > 0 means that
X is positive definite.

II. PRELIMINARIES

Let 4 = (¥,€,47) be a directed graph of order n with
the set of nodes ¥ = {s1,---,s,}, set of edges € C ¥ x ¥,
and a weighted adjacency matrix &/ = [a;;| with nonnegtive
adjacency elements g;;. The node indexes belong to a finite
index set .# = {1,2,---,n}. In particular, it is assumed that
a;j =0 for Vi € .Z. In graph ¢, node s; represents the ith
agent, and the set of neighbors of node s; is denoted by N; =
{s; € ¥ : (si,s;) € €}. The out-degree is defined as d,(s;) =
Z;f:] a;j. The Laplacian with the directed graph is defined
as L =A— g/, where A = [A;;] is a diagonal matrix with
Aji =d,(s;). A directed path is a sequence of ordered edges
of the form (s;,,si,), (Siy, i), -, Where si; € V. If there is
a directed path from every node to every other node, the
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graph is said to be strongly connected. Moreover, if there
exists a node such that there is a directed path from every
other node to this node, the directed graph is said to have
spanning trees.

Lemma 1: [10] Let L be the Laplacian associated with the
directed graph ¢. Then L has at least one zero eigenvalue
and all of the nonzero eigenvalues are in the open right-half
plane. Furthermore, matrix L has exactly one zero eigenvalue
if and only if the directed graph ¢ has a spanning tree, and
1, is the corresponding eigenvector, i.e., L1, = 0.

Lemma 2: [13] Given the symmetry matrix L, =
[Lci_/]zr'l,jzl € Rnxn’
n—1 .
) 1= .]3
L= "
) i 7& j7
n

then the following statements hold:

1) The eigenvalues of L. are 1 with multiplicity n—1 and O
with multiplicity 1. The vectors 17" and 1, are the left and the
right eigenvectors of L. associated with the zero eigenvalue,
respectively.

2) There must exist an orthogonal matrix U such that

UTL.U = [1”*‘ 8} and the last column is —=. Furthermore,
* n
let L € R™" be the Laplacian of any directed graph, then
UTLU = [UZTQUI 0], where L =UTLU; and L € R"™(*1),
For convenience, we denote U = [U; Us], Uy € R™ (1)
and U, = % e R,
III. CONTROL PROTOCOL AND SYSTEM
DYNAMICS

A. Ly — L. control and problem statement

We consider the multi-agent system consisting of n iden-
tical agents subject to external disturbances. Suppose the ith
agent (i € .#) has the dynamics

xi(1) =vi(2),

vi(t) =ui(r) + oi(1), (D

where x;(f) € R and v;(¢) € R are the position and velocity
state of the ith agent, respectively. @;(t) € £]0,) is the
external disturbance and .%[0,e0) denotes the space of
square integrable vector functions over [0,c0), and u;(¢) is
control input.

According to the special control objective, z;(¢) =
[zi1(2) zi2 ()] € R? for i € . is defined as controlled output
functions, and it is appropriate to analyze the effect of
external disturbances and parameter uncertainties.

zi1 (1) =x;(t) — % ixj(f),
U )
zip(t) =vi(t) — " X%Vj(t)’
=

and z(t) = [z{(t),zg(t),--- i (0] e R> i=1,2,...,n.

It is obvious that consensus of the second-order
multi-agent system (1) can be achieved if and only if
lim, 1 z() =0, i.e.

lim [x;(t) —x;(t)] =0,

t—oo

forall i,j € .7.

And the attenuating ability of the multi-agent system
against external disturbances can be quantitatively measured
by the L, — L., performance index of the closed-loop transfer
function matrix from the external disturbance input w(¢) to
the controlled output z(¢) shown as

lim [v;(t) —v;(t)] =0, (3

t—oo

O]
T, L= sup , 4)
Mol = 0 0

where, [12()[2 = sup=! (0)2(0), (0]} = [ o (o(0)dr.

Therefore we shotuld design the protocol u;(¢) meeting the
following two conditions simultaneously:

1). The states of second-order multi-agent system is
asymptotically stable, i.e. lim,_, o z(¢) = 0, without external
disturbances;

2). Under the zero-valued initial state condition, u;(t)
can make the closed-loop transfer function T4 satisfy the
following condition

||TZf0HL2—Lm < }/a (5)
here ¥ is a given positive scalar.

B. Control Protocol and System Dynamics

To solve consensus problem of the second-order multi-
agent system, we design the following protocol

wi(t) =—vi(t) + K1 Y (aij+Aaij (1) [xj(t — ) = xi(t — 7)]
JEN;
+ K> Z (Clij "‘FAG,’j([))[Vj(l — T) — Vi(l — ’L')]
JEN;

(6)
where K; > 0, K> > 0 are protocol parameters and 7T is
time-delay. a;; is the weight of edge, Aa;;(r) denotes the
uncertainty of a;; with |Aa;;(r)| < y;; for i # j and a;; # 0,
and |Aq;;(t)| = O otherwise, where V;; is a constant for
i,jes.

In the multi-agent system (1), denote

n(t) = 1 (t),vi(e), ..., x.(1),vu ()] € R*",
0 1
a=lo )

0 O 0
we[b 5] w2

Then we can get the second-order multi-agent system
dynamics of time-delay with protocol (6)

N(0) =l @AM (1) = [(L+AL) @ B0 (t — ) + (1, ® B2) 0()

2(t) =(Le@ ) (1)
(7
where (1) = [0 () @a(1)... @, (1)]T € R", the edge weights
a;j and the uncertainties Aa;;(t)(i,j € .#) are denoted by
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the corresponding Laplacian matrix L and AL, respectively.
Then the uncertainty Laplacian matrix AL can be rewritten as
E\X(t)E,, where E| € R™*€l| E, € RIE? are the determined
constant matrices. () € RIE¥I€l reflects the uncertainties
of the edges and satisfies X7 (£)Z(¢) < I, see, [14], and the
references therein.

IV. MAIN RESULTS

In the section, we will present consensus conditions in
directed networks with time-delay on fixed and switching
topologies.

Lemma 3: [16] For any real matrices D € R**", E € R™*"
with F(t) € R™ satisfying ||F(¢)|| <1, and any scalar € >
0, we have

DF()E+ETF(1)TD" <& 'DD" +€E"E

Lemma 4: [17] (Schur Complement Formula) Given sym-
metric matrix § € R™" with the form S = [S;;],i,j € {1,2},
St ER™T 8§y, € Rrx(nfr)’ S» € R(”fr)x(" ) then § <0 if
and only if S;1 <0, S$x —S5,S'S12 <O0. Or equivalently,
S <0, Si1— 512858, <0.

A. Network with time-delay on fixed topology

Theorem 1: Consider a directed network with fixed topol-
ogy and time-delay 7. For the multi-agent system(7), con-
sensus can be achieved with || 7.z, < ¥ (a given index
Y > 0), if the symmetry matrix P >0, Q >0, R > 0 and
P O Rec R2(n=1)x2(n=1) 3n4 positive scalars €|, &, €3, €4,
&5, & satisty

X — X1 X2 <0,
*  Xo )
[—P (U1®12)T}
<0,
* —yl

where X1, X1z, X respectively are (see(9))
here L = U LU\, E; = (U'EYEU)) ®@ b, By = Ul @ Ba,
P=Pl,1®A—~L®B))+ (I,-19A—-L®B)) TP+ Q0+
Tl @A) R(I,1 ®A), and Q) = —Q+ &1Ey + 18, +
t&3(L@ B1)T (L®B)) + t&4E> + T65E2 + T€GEn.

Proof: Since the Laplacian matrix L has zero eigenvalues,
it can be verified that the system (7) is unstable if A
is an unstable matrix. So we need to conduct a model
transformation.

Let

() =n(t) -1, ®Q(1),
o) =1 n/e/“ 9 Byaoy(s)ds,

(1) A —1),
(V2@ h) it —7),

(10)
where Q(r) denotes the average of external disturbances;
f(¢) is the states of all agents, which takes out the average
of external disturbances; f'(r) and ! (¢ — 7) describes the
disagreement states of all agents; and 7%(¢) and A2(r — )
depicts the average states of all agents.

') = @b) (), 7' (1) =
0(1) =@ h) (1), 7 — 1) =

By Lemma 2, U is an orthogonal matrix, we have U IT U, =
0. Since U, =1,/+/n, L1,, =0 and AL1, =0, we have

UeL) M)

T Yt
=Uah) (L,®A)(UL) {

(1) ]
—(U@L)[(L+AL)®B|(U® D) [

= S

fAl(r—1) ]
A(r—1)
+U L) (I, A)(1,2Q(t)) + (U” @ B)a(r)

{ n1®A Hz;t)

)
UlT LU, +UTALUY ) ®
(uf LU1+U2T ALUY) ®

(Uf ®@B2)o()
VnAQ(t) JrBz\}ﬁ; w;(t)

|
L=

0

+

(11)

Premultiplying the left-hand side of system (7) with the

matrix (U® D)7 yields
(U®12)T77(f)
| L0 |+ wenraeom
_ - 0
Fain 1 | LY [ A B @ (s)ds
SEE LA et |
LT LY B
I \/ﬁizl 2W;
R 0
_[ 2t
= i ﬁZ(t) ] + \fA.Q fZBza),

From (11) and (12), we can get f'(z) is independent
of A2(¢), but H)2(¢) is dependent on #'(¢). Denote AL =
UlT ALU;. Then the original system can be reduced to the
following system

Al

') = @A) (1) = [(L+AL) @ Bl (1 — 7)

+ (Ul @B o(r)
A1) =(Le@b)n(t) = (U1 @ L)' (1)

We can use the reduced-order system (13) instead of
the multi-agent system (7) to investigate the L; — L.
performance. It follows that if lim, , .. A'(t) = 0, then
limy_, o z(¢) = 0. So, whether the multi-agent system (7) can
reach consensus is only related to the component ' (¢). Then
we analysis the robust Ly — L., performance of the multi-
agent system.

Define a Lyapunov-Krasovskii function

(13)

" AT(5)07" (s)ds
-7 (14)
1(s)dsd®

V() =T (0)PR' (1) +

LA
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Pl 1 ®A—L@B1)+ (-1 ©A—L@B)" P+ Q+1(l,-1 @A) R(I,_1®A) 0  PBy+1(l,1 ®A) RBy
X1 = * 01 —7(L®B1)"RB,
* * —yI+tBYRB,
P(L®B)) PUTE)®BI] tl,-1®A)TR t(l,-1 @A) R{(UT'E))®B] 0 0
Xip = 0 0 0 0 ©(LeB1)TR t(L®B))TR|(UE))®B)]
0 0 0 0 0 0

0 0 0
0 0 0 ,
0 0 BIR[(UTE)®B]

R
X = diag{r’ —&1l,—1&3R, —1€4],— TR, — T8, {

—tR  tR(UTE))®B
* —T&s]

(&)

Firstly, we study the system without the external distur-
bance w(z). The time derivative of V(¢) along the solution
of the system (13) is

ve)=20""()Pn' (1) + 7' (10
AT —1)0n' (t—7)+17'"

— [ ATR (s
207 (1)P(L- @ A)A (1) — 27" (1) P(L+ ﬂ)@Bl

Ale—n)+a"nen' o) - -1)en' 1)

T)01
. t
e TR W)= [ AT ORR (s)ds
(15)
From the Newton-Leibniz formula 6(t — 7) = 6 () —
J!_; 81 (s)ds. By Lemma 3, we have

V(o) <At ONMA )+ (-
where
Ny =P(l,_1 ®A—L®B))+(l,.1 ®A-L®B)) P+ 0

ONA(t—1),  (16)

1 _
+ 1,1 @A) R(I, 1 ®A) + —PE1P+ tP(LOB;)R ™!

_ T
(L®Bl)TP+£ (L1 @A) R(I,_1 @A) + 84(I,,,1®A)T

RE\R(I, 1 ®A),
Ny =—Q+¢&E,+1(LoB)'RIL&B;)+t(AL® B;)'R(AL
T - — — _ —
®@B1)+ 8—(L®BI)TRE1R(L®B]) +18E, + t85(L
2

®B])T([:®Bl) +184E.
where Ey = [(U'E)) ® Bi|[(UTE)) ® By]T and E, =
(UlTEzTEzUl) ® b, and €, &, &, & are positive scalars.

A sufficient condition for V() <0 is N = [ F(/)z] <0. The
multi-agent system (13) is asymptotically stable. Therefore,
all the agents can reach consensus.

By Lemma 4, we have (see(17) and (18)), here

6 :—Q+81E2+T(E®Bl)TR(l_,®B1)+T/82(I_,®Bl)TR
E\R(L®B))+1t6E) +165(L2B)) (LOB)) + 184E>.
By Lemma 3,

0, + 1&5E, 0
T _
0 < 0 —TR+ _RER <0,
5

for any & > 0.

Then by Lemma 4 again, we get the equation (see(19))
We discuss the performance with @(¢) in the following.

Denote B, = Ul ® By, we have

V() < @Mn' () + 7' (1 —1)Nh' (- o) +27 " (1)PB,
(1) + 0" (1)BIRBo(t) =277 (1) (I,-1 © A) RB,
o(t) =207 (t)(L+AL) @ B)"RBy (1)

<M )+ 0T (- DN (- 1) + 20T (1)PB;
o(t)+ 1o’ (1)BYRB,o(t) + 277 (1) (I,-1 ®A)" RB,
o(t) -2t (1) (Lo B1) " RByoo (1) + g5t T (t — 7)E>
f]l(t—‘c)+Sla)(t)TégRElegw(t).
6
here & > 0.

Under the zero-valued initial state condition V' (0) =0, we

define the cost performance for any 7' > 0,

Jr=V() —y/OT o) o(t)dt =

[ 170 - y00)" o0

T
< [ oy
0
(20)

where

N 0 PBy+1(I,—1 ®A)'RB,
y— | * Ny + &6TFE> —1(L®B1)"RB,

* * —yl + eiB{ RE\RB>+ tBIRB,

6

and {T(t)=[0'"(t) AT (—1) @' (1)).

By Lemma 4 (Schur Complement Formula), we have
Y <0 if X < 0. Further, if ¥ <0 holds, Jr <0, i.e. V(1) <
vl @ (o).

-P (Uy®h)"
* —yl
plement Formula) we have (U, ®@ L))" (U ® L) —

It is easy to get |[|z(¢)[|2 < WV (t) < ¥*|l(2)3.

For any 07 0(1) € Lo[0,). [|Taull1,- 1. = fagars <

By Lemma 3 and Lemma 4 , we have Y < 0 if
X < 0. Therefore, all agents can reach consensus with
IT:0(s)||z,1.. <y under the condition (8). O

For < 0, by Lemma 4 (Schur Com-

YP <O0.

Note that the Laplacian matrix of switching topology ¥ ;)
is denoted as L), where o(t) is the switching signal at
moment that determines the topology.
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Py P(Z%Bl) P{UTE)@B1]  T(li-1 @A) R[I+ (U E1) @By
M<0enN =| * 3 0 0 <0, a7
* * —&1 0
* * * —T(&3R+&41)
Nz <0&
6 0 EU)®bL)T 0 ] (18)
9:{ B 0 }M{ [(Ex 13 2] ]zr[ 0 [UTEV®BYR [+7| grp)apy |E[ BUSL 0 ]<0,
01 +te4E) + 185E> T(Z@B])TR T(L@Bl)TR[(UlrEl)@B]] 0 0 )
—TR 0 0 0
Ny = * * —161 0 0 <0. (19)
* * * —TR  tR[(UTE|)®B]
* * * * 71'85]
B. Network with time-delay on switching topology O—=0Q O—=0Q
Theorem 2: Consider a directed network with switching .
topologies and time-delay 7. For the multi-agent system(7), © G © © ah O
consensus can be achieved with ||T;p||z,—1.. < ¥ (a given >0 D>
index y > 0), if the symmetry matrix P >0, 0 >0, R>0
and P, O, R € R2(n=1)x2(n=1) apnq positive scalars €;, &, €3, D) @ ©)
&4, &, & satisfy oo (6
X — { X1 X } <0, Fig. 1. Four directed graphs
. )
—P (Uyeb)! 1)
{ . 1_}/12 } <0, 7=0.227 s by solve the BMIs (8). Fig. 2 shows the position

where Xi1, Xj2, X2 respectively are (see(22))

here i‘G(t) = UlTLG(t)Uh E26(t) = (UlTEgg(,)Emr(t)Ul) ® b,
By = Ul @ By, Qi) = —Q + €1Esg() + T&2Ex0() +
783(1_460) ® BT (Ls n ® B1) + ”L'64E26(,) + T£6E20(t),
Rl_ = T(In—l ® A) R[(U]TEIG(I)) & Bl] and R, =
©(Lo()y @ B1) RI(U] E16()) @ B1]-

Proof: The proof of Theorem 2 can be straightly derived
from Theorem 1. Meanwhile, it should be emphasized that
all possible I,,_; ® A fZG(,) ® Bp should share a common
Lypunov function V(¢). O

Remark 1: For constant time-delay 7, the matrix equation
(8) and (21) are both BMIs.

V. SIMULATION RESULTS

In this section, we present some numerical simulations
to illustrate the theoretical results obtained in the previous
sections. These simulations are performed with four agents,
whose initial conditions are all zeros. Fig.1 depicts four
different network {G,,Gjy,G.,G,}. The switching mode
starts at G, and the order is G, — G, — G. — G; — G,.
Moreover, the topology of the multi-agent system switches
every 0.01 s to the next states. It is assumed that the weights
a;j are all 1 and the uncertainty of each edge satisfies
|Aa;j| <0.01. Let the performance index y = 1. In practical
situation, external disturbances usually are unpredictable.
Especially, let it be white noise w(#). Then the disturbance
ot)=[1-123]Tw().

We present the simulation results for the network with
time-delay and fixed topology Fig.1 G,. Let K; =5 and
K> = 3. Applying Theorem 1, we can obtain time-delay

trajectories and velocity trajectories with the disturbance
o(t)=[1 —1 2 3]"w(¢) and Fig. 4 shows the corresponding
peak value trajectory of the controlled output |z(z)| and
energy trajectory disturbance signal (). From these figures,
consensus is asymptotically achieved when satisfying the
performance ||, ||z,—1.. < V-

Then the simulation results are given for the network with
switching topology and time-delay. Applying Theorem 2, we
can get time-delay 7 = 0.203 s. Fig. 3 describes the position
trajectories and velocity trajectories. Fig. 5 depicts the corre-
sponding peak value trajectory of the controlled output |z(¢)]
and energy trajectory disturbance signal (r). Consensus is
asymptotically achieved with performance |||z, < 7.
too.

Fig. 2. Position trajectories and velocity trajectories of network with fixed
topology and time-delay

VI. CONCLUSIONS

In this paper, we have employed the L, — L. control
method to solve the consensus problem of multi-agent system
subjected to external disturbances and parameter uncertain-
ties with fixed and switching topologies. Neighbor-based
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P(l-1 ®A—Lg(;y@B1) + (li-1 @A = Loy @B1) P+ 0+ T(l,-1 @A) R(I,-1 ®A) 0

X = *
*
P[(UTEi6())®B1] Tl 1 ®A)R R
0 0 0
0 0 0

P(LO' t)®Bl)

0
0

—TR

QX

X0 = a’iag{7 —&1l,—163R, —1€41,— TR, — T8,

Loy @B1)'R Ry
0

TR(U] E5()) @ B1
—718&s51

PBy+1t(l,_1 ®A) RB,
Qo) — Lo ®B1)'RBy |,
* —yl+tBLRB,
0
0 , (22)
BIR[(U] E\4()) ©B1]

0 0

[=NeNe)
(=N eNe)

0

position trajectories(m)

relocity trajectories(m/s)

10 10
time(s) time(s)

Fig. 3. Position trajectories and velocity trajectories of network with
switching topology and time-delay

— = Peak value of controlled output [z()]
Energy of external disturbances w(l)

== Peak value of controlled output 201
—— Energy of external disturbances wit)

10
time(s)

Fig. 4 Fig.5

Fig. 4. Peak value trajectory of the controlled output |z(¢)| and energy
trajectory disturbance signal (¢) of network with fixed topology and time-
delay

Fig. 5. Peak value trajectory of the controlled output |z(¢)| and energy
trajectory disturbance signal @(r) of network with switching topology and
time-delay

control protocols with time-delay have been proposed for
each agent. And some conditions are derived to ensure the
consensus of multi-agent system with the desired Ly — Lo
performance. Finally, numerical simulations are provided to
show the effectiveness of our theoretical results. Further, the
time-delay considered in this paper is constant and uniform,
then time-varying delays or asymmetric time-delays can be
also investigated in the future.
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