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Abstract— This paper presents a sampled-data control ap-
proach based on sliding mode design for the robust control
of a two-level quantum system, where the control law can
be designed offline and then be used online for a quantum
system with bounded uncertainties in the system Hamiltonian.
Such a control law consists of a periodic sampling process
and a Lyapunov control design. A sufficient condition on
the relationships between related parameters in the control
system is established and the Lyapunov control design is
demonstrated by simulation, which can be used to show the
required robustness of the quantum system in the presence of
uncertainties.

I. INTRODUCTION

Controlling quantum phenomena is becoming an impor-
tant task in different research areas [1]-[7]. The development
of quantum control theory can provide systematic methods
and a theoretical framework for analyzing and synthesizing
quantum control problems. Several control methods such as
optimal control [8]-[10], learning control [3] and Lyapunov
design [11]-[14] have been applied to the quantum domain.
Recently, the robust control problem for quantum systems
has been recognized as a key issue in developing practical
quantum technology [15]-[18] since it is unavoidable that
many types of uncertainties (including noise, disturbance,
decoherence, etc.) exist for most practical quantum systems.
Several methods have been proposed for the robust control
of quantum systems. For example, James et al. [19] have
formulated and solved a quantum robust control problem us-
ing the H” method for linear quantum stochastic systems. A
risk-sensitive control approach has been applied to quantum
systems [20]. In [21]-[23], we develop a sliding mode control
approach to enhance the robustness of quantum systems. In
particular, two approaches based on sliding mode design [24]
have been proposed for the control of quantum systems in
[21] and potential applications of sliding mode control to
quantum information processing have been presented. Ref.
[22] presents a detailed sliding mode control method for two-
level quantum systems to deal with bounded uncertainties
in the system Hamiltonian. This paper will focus on a
robust control problem for two-level quantum systems based
on sliding mode design and will propose a sampled-data
control approach [25] to enhance the performance of a
quantum system with bounded uncertainties. The sampled-
data control scheme in this paper involves a fixed sampling
period T. However, the approach in [22] involves at least
two measurement periods 7 and 77 (Ty < T). This means
that the approach of [22] may require measurements which
are very close together and this may be difficult to achieve
in practice. In this sense, the sampled-data control approach
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in this paper is more practicable than the control method in
[22].

The objective of this paper is to design a control law
for a two-level quantum system to guarantee the required
robustness when bounded uncertainties exist in the system
Hamiltonian. The required robustness is defined as follows:
maintaining the system’s state in a sliding mode domain
2 in which the system’s state has a high fidelity with the
sliding mode state |0) (an eigenstate of the free Hamiltonian
of the two-level quantum system); once the system’s state
collapses out of & when making a measurement (sampling),
driving it back to 2 within a short time period (1 — )T and
maintaining the state in & for the following time period BT
(where 0 < B <1, T is the sampling period and generally
we choose f satisfying % < 1).

This paper is organized as follows. Section II introduces
the robust control approach based on sliding mode design
for two-level quantum systems. In Section III, we present the
main results involving the control method, the main theorem
and an illustrative example. Section IV gives the proof of the
main theorem. Concluding remarks are given in Section V.

II. CONTROL PROBLEM FORMULATION

The quantum control model under consideration can be
described as (we have assumed % = 1 by using atomic units)

l|l[/(l)> = (H() +HA+HH)|V](I)>7
[W(t=0)) = o).

Here, the quantum state |y(f)) corresponds to a two-
dimensional complex unit vector in a Hilbert space, the
free Hamiltonian is Hy = %GZ, the uncertainties are Hx =
O+ &c(t)lc + &,(t)I, (5(t),&(t),€(t) € R), the control
Hamiltonian is H, = Yy, ux(t)k, (u(t) €R, I = %O‘k)
and the Pauli matrices ¢ = (0, 0y,0;) take the following

form:
0
_1) . (2)

0 1 0 —i 1
Gx:(1 o)’ "y:(i 0)’ GZ:<0

Furthermore, we assume that the uncertainties are bounded:
16(1)| <6 (0<8<1), /ei(t)+eXt) <e (£>0).

To deal with the uncertainties Hx, we have proposed a
sliding mode control approach where the eigenstate |0) is
identified as the sliding mode S [22]. We further define a
sliding mode domain 2 = {|w) : |(0|y)|> > 1 —po,0 < po <
1}, where pyg is a given constant. We aim to drive and then
maintain a two-level quantum system’s state in the sliding
mode domain & using a sampled-data control method [25].
However, the uncertainties Hy may take the system’s state

1)
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away from Z. Since the sampling process (a measurement
operation) unavoidably makes the sampled system’s state
change, we expect that the control laws will guarantee that
the system’s state remains in & except that the sampling
process may take it away from 2 with a small probability
(not greater than py).

III. MAIN RESULTS
A. Control method

The basic method we use is illustrated in Fig. 1. For any
sampling time nT (n =0,1,2,...), if the measured value
corresponds to |0), we apply zero control and wait for
the next measurement at time (n+ 1)T; otherwise, apply
a control law designed using the Lyapunov methodology
to drive the system’s state from |1) back to a subset of
P at t € [nT,(n+1—P)T], then apply zero control for
t€((n+1-=P)T,(n+1)T) and sample again at the time
(n+ 1)T. For every time point nT (n=0,1,2,...), whether
the Lyapunov control law should be used depends on the
measurement result (|0) or |1)). The sampling period 7 and
the Lyapunov control law can be designed offline in advance.

Using a similar argument to Theorem 1 in [22], we have
the following result.

Lemma 1: For a two-level quantum system with the
initial state |y (0)) = |0) at the time 7 = 0, the system evolves
to |w(¢)) under the action of H(r) = [1+ 8(¢)|L, + & ()]s +

&(t)ly (where [§(1)| <3,0< 8 <1, \/e}(r) +&2(r) < &€ and

€>0). If r €[0,T], where

1-2
T_ arccos(g Do)

; 3)

the system’s state will remain in 2 = {|y) : [(O|y)|> >
1 —po} (where 0 < pg < 1). When one makes a projective
measurement with the measurement operator o at the time
t, the probability of failure p = |(1|y/(z))|? is not greater than
Po-

Hence, we use T defined in (3) as the sampling period
to guarantee the required performance. If the measurement
result corresponds to |1), a control law is required to drive
the system’s state back to a subset of Z. Different control law
design approaches can be used to accomplish this task. Here
we employ a Lyapunov method to design the control law.
In quantum control, several Lyapunov functions have been
constructed, such as state distance-based and average value-
based approaches [11]-[14], [26]. Here we select a Lyapunov
function based on the Hilbert-Schmidt distance between a
state |y) and the sliding mode state |¢;) [12], [26]; i.e.,

V(1w).8) = 50 {olw) ).

The control law can be selected as (for details, see [22],
[26]):

we = K fu(S[E“Y00050w)),  (k=x32) (@)

where S[a+bi] =b (a,b € R), Zc denotes the argument of a
complex number ¢, K; > 0 may be used to adjust the control

amplitude and f(-) satisfies xf(x) > 0. Define Z(y|¢;) =0°
when (y]¢;) = 0.

To guarantee the required robustness, the Lyapunov con-
trol should drive the system’s state into a subset & of 2. The
subset & can be defined as & = {|y) : [{0|y)|? > 1—apy,0 <
po < 1,0 < o < 1}. The main theorem (Theorem 2) in the
following subsection will give a sufficient condition on the
relationships between «, pg and B to guarantee the required
robustness.

B. Main Theorem

Theorem 2: For a two-level quantum system with the
initial state |w(0)) satisfying |(w(0)|1)]?> < apo (0 < a <
1) at the time ¢t = 0, the system evolves to |y(¢)) under
the action of H(t) = [1+ 6(¢)|I; + &(t)I + &(t)I, (where
\/E2(t)+€2(r) <& €>0,[6(t) <6 and 0 <5 < 1). If

t €[0,BT] and
< 1 —cos[(1 — B)arccos(1 —2py)] (5)
2po
where 0 < 8 <1 and
7 = recos(1=2po) ©)

S

the system’s state will remain in 2 = {|y) : [(O|y)|> >
1 —po} (where 0 < pg < 1). When one makes a projective
measurement with the measurement operator o at the time
t, the probability of failure p = |(1|y/(z))|? is not greater than
Po-

Remark 1: The proof of Theorem 2 will be presented
in Section IV. Using Lemma 1 and Theorem 2, we aim to
maintain the system’s state in & by implementing periodic
sampling with the sampling period 7 in (3). This theorem
provides a sufficient condition to guarantee the required
robustness. Given pg, B, we can select « satisfying (5) in
Theorem 2. If the sampled result is |1), we apply a Lyapunov
control law designed to drive the system’s state into &.
The sampling period and the Lyapunov control law can be
designed in advance.

C. Illustrative example

Now we present an illustrative example to demonstrate
the proposed method. Assume pg = 0.01. Consider the case:
€=0.2, B =0.95. From the simulation in [22], we find the
fact that the Lyapunov control is also not sensitive to small
uncertainties in the system Hamiltonian. More simulation re-
sults suggest that the robustness for the Lyapunov control can
be enhanced if we select the terminal condition |{1|y/(¢)}|> <
napy (where 0 < n < 1) instead of |(1|y(t))]> < apo.
Here, we select 1 = 0.8. Hence, we design the sampling
period T = 1.002 using (3). Using Theorem 2, we select
a =0.0025. We design the Lyapunov control using (4) and
the terminal condition |(1]|w(¢))|?> < napo =2 x 107> with
the control Hamiltonian H, = %u(t)O'y. Using (4), we select
u(t) = K (3“0 (0|6, w(r))]) and K = 500. Let the time
stepsize be given by 8¢ = 107%. We can obtain the probability
curve of |0) shown in Fig. 2 and the control value shown in
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Fig. 1.

The proposed sampled-data control scheme for a two-level quantum system based on sliding mode design. In this figure, the labels “Lyapunov”,

“sampling” and “uncertainties” refer to the evolution process of the quantum system under the Lyapunov control law, the sampling process and uncertainties

in the system Hamiltonian, respectively.
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Fig. 2. The probability of |0) under the Lyapunov control law.

Fig. 3. For the noise €(r)l; or £(t)I, where £(t) obeys a
uniform distribution in [—0.2,0.2], more simulation results
show that the system’s state is also driven into & using the
Lyapunov control law in Fig. 3.

IV. PROOF OF THE MAIN THEOREM

In practical applications, we often use the density oper-
ator p to describe the quantum state of a quantum sys-
tem. For a two-level quantum system, the state p can be
represented in terms of the Bloch vector r = (x,y,z) =

(r{poi},ufpoy}, u{poc}):

1
pzi(l—kr-a). (7

100 T T T T T

-100F B

300 | §

1 1 1 1 1
0 0.0 0.02 0.03 0.04 0.05 0.06
t

Fig. 3. The control value u(r).

The dynamical equation for p can be written as

p=—ilH,p] ®)

where [A,B] = AB — BA. After we represent the state p with
the Bloch vector, the pure states (satisfying p = |y)(y|) for
a two-level quantum system correspond to the surface of the
Bloch sphere, where (x,y,z) = (sin 6 cos @, sin 0 sin @, cos 0),
0 € [0,7], @ € [0,27]. An arbitrary pure state |y) for a two-
level quantum system can be represented as

0 ; 0
|‘I/>:COS§|O>+€WSin§|1>a ©)

where |0) and |1) are eigenstates of Hy.
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Assume that the state at time ¢ is p;. If we sample using
projective measurements on this system, the probability p
that it will collapse into |1) (the probability of failure) is
1—z

2

To prove Theorem 2, we first prove two lemmas (Lemma
3 and Lemma 4).

Lemma 3: For a two-level quantum system with the
initial state (xg,y0,20) = (0,0,1), the system evolves to
Ot yAz4) and (xB,yB,zP) under the action of HA = [1 +
O(t)|I;+ €cospl, + €sinypl, (constant € >0 and |5(r)| < J)
and HB = ecos Yoly + €sinyply, respectively. For arbitrary

T B
re [O,m], Z?ZZZ.

Proof: For the system with Hamiltonian H4 = [1 +
o(t)|I; + ecosyly + €sinply, using p = —i[H,p] and (7),
we obtain the following state equations

WA 0 —[1+8(t)] e€cosy xA

yviol=1 1+8(r) 0 —€siny /
z
(11

p=(llp1) = (10)

“ —€£cosYy €sinyp 0
)
where (x5,ya,25) = (0,0,1).

We now consider () as a control input and select the
performance measure as

J(6) = zf.

Also, we introduce the Lagrange multiplier vector A(r) =
(A1(t),22(),A3(¢))T and obtain the corresponding Hamilto-
nian function H = H(r(¢),8(¢),A(¢),t) as follows:

12)

0 —[1+6(t)] ecosp Xt
H=AT@)[ 1+8() 0 —gsiny v |,
—£cos esiny 0 %
(13)
where r(f) = (x,yr,2). That is
H(r(z),8(t),A(1),1)
=[148(1)](Aa(t)x; — A1 () y:)
+ecos Yo (A1 (t)z — As(t)x;)
—esinyy(A2(t)z — A3(t)yr).
(14)

According to Pontryagin’s minimum principle [27], a neces-
sary condition for 8*(¢) to minimize J(J) is

H(r*(¢), 8" (¢),A™(¢),2) <H(r*(¢),8(¢),A*(2),1).

Hence, if we do not consider singular cases (i.e., Ax(¢)x; —
A1(t)y; =0), the optimal control 6*(¢) should be chosen as
follows:

5)

8 (1) = —8sgn(Ma(t)x — Ay (£)yy).-

That is, the optimal control strategy for 6(¢) is bang-bang
control; i.e., 6*(r) = 8§ =46 or— 8. Now we consider HA =
(1+ 5 ).+ €cos Yol + €sin Y, which leads to the following
state equations

(16)

e 0 —(148) ecosy x4

vl = 1+6 0 —€siny v,

# —Ecosy  EsinY 0 2
a7

where (x),v4,73) = (0,0,1). The corresponding solution is
as follows

EAl AL ) )
R /(fi(g}gr 2 sin o — <(11165__);S~1Ln£}2l0 cos wr + ((1116(%8212"}2/0
(fiig;oﬂz sin wf — 7((11?(%;0&;“ cos_a)t + 7((1116 gf;ff
(1+38)22+82 cos @r + (1:—1;)212
(18)

where @ = 1/ (1+8)2 +€2.

From (18), we know that z; is a monotonically decreasing
function in ¢ when ¢ € [0, 3 Z—|. Hence, we only consider

3
2\/4-&-82].

Now consider the optimal control problem with a fixed
final time f; and a free final state r; = (x¢,yr,zf).
According to Pontryagin’s minimum principle, A*(ty) =
%r* (tf). From this, it is straightforward to verify that
(Mi(tf), Aa(tr), A3(tr)) = (0,0,1). Now let us consider anoth-

tion A(f) = — GHr@).e() A1) op.
er necessary condition A (¢) = —=——=5 =~ which leads
to the following relationships:

the case ¢ € [0,#7] where 7/ € [0,

A1) = (A (1) Aa(t) X3(0)T =

0 —(1+08) ecosy A1)
140 0 —E€sinyy /12(1‘) ,
—gcos@y  €siny 0 A3 (1)

19)
where (A;(tf),A2(tr),A3(tr)) = (0,0,1). The corresponding
solution is
£cos Y

M(t) =— o 2sinco(tf—t)
+6)2+e
—(1+6_)gsmyocosw(tf—t)+(1+5_)88my0,
(1+0)%>+¢? ‘ (1+0)>+¢?
A (t) = (18 31;)’);0 5 sin (D(tf — l‘)
+6)2+¢
e +6_)£cosy0 cos @t — 1)+ (1 —0—5_)8003}/07
(14+0)2+¢2 (14+0)2+¢?
g2 (1+6)?
Mil)=——— tr—t)+———=——. 20
(1) (1+5)2+82C03w(f ) G+op+e ¥
We obtain

e2(1+6
Aa(t)x — A1 (2)yr = % [sin @f +sin@(tf —1) —sin wry].

(2D
It is easy to show that the quantity (A (#)x; — A1 (7)y;) > 0 oc-

curring in (16) does not change its sign when 74 € [0, /v \/m]

and € [0,#/]. Hence, the optimal control is §*(f) = § = —3.

Now, we exclude the possibility that there exists a singular
case. Suppose that there exists a singular interval [fg,?]
(where 7) > 0 and we assume that [to,7] is the first singular

interval) such that when ¢ € [fg,#]

h(t) = A (t)x — A (t)y; = 0. (22)
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We also have the following relationship
h(t) = A3(t)x — A1 (t)z =0
where we have used (11) and the following costate equation

A(r) = (Ma(r) Aa(r) A3(r) )"

(23)

0 —[14+68(r)] €cosp A (1)
= 1+5(t) 0 —Esinyy ;Lz(l‘)
—E£Cos 1y esiny 0 As3(t)

(24

If #o = 0, we have (xo,Y0,20) = (0,0, 1). By the principle of
optimality [27], we may consider the case 1y =1,. Using (22),
(23) and (11 (l‘l),lz(l‘l),ﬂg(ll)) = (0,0,1), we have Xy = 0
and y;, = 0. Using the relationship of x? +y? +z2 = 1, we
obtain z;; =1 or —1. If z;, =1, the initial state and the final
state are the same state |0). However, if we use the control

8(t) = 6, from (18) we have z,(8) = miﬁcoswtl +
(1+5)°

o1 <z, = 1. Hence, this contradicts the fact that we
are considering the optimal case minzy. If z;; = —1, there
exists 0 <7} < t; such that z; = 0. By the principle of
optimality [27], we may consider the case ty = 7. From the
two equations (22) and (23), we know that z%l =1 which
contradicts z;, = 0. Hence, no singular condition can exist if
to=0.

If 70 > 0, using (16) we must select §(r) = § when
t € [0,7). From (21), we know that there exist no # € (0,7¢)
satisfying A»(fo)xy, — A1(t0)y;, = 0. Hence, there exist no
singular cases for our problem. From the previous analysis,
6(t) = —0 is the optimal control when 7 € [0, —2—].

24/4+¢?

For the system with Hamiltonian H® = ecos Yoly +
esinyly, using p = —i[H,p] and (7), we obtain the following
state equations

iB 0 0 £cos )y xB
v = 0 0 —€sinYy yv8 o,
B —E€cosY Esinp 0 b

where (x5,y8,28) = (0,0,1). The corresponding solution is
as follows:

X8 Cos Yy sin &t
vl = —sinypsin & (26)
b cos et
We define F(¢) and f(r) as follows:
&2 (1-6)?
F(t) :Z?—ZIB = mcoswt‘i‘m _COSSI,
s 27)
. €
t)=F(t) = ——————sinwr +€siner. (28)
S0 =P = e
. - .
Now, we consider ¢ € [0, s m] and obtain
f(t) = €*(coser — cost) > 0. (29)

It is clear that f(¢) =0 only when t = 0. Hence f(¢) is a
monotonically increasing function and

min f(1) = /(0) = .

Hence, we have

F6)>0.

From this, it is clear that F(¢) is a monotonically increasing
function and

(30)

mtinF(t) =F(0)=0.

> T
Hence F(t) > 0 when 7 € [0, vl

conclude that z! > z? for arbitrary 7 € [0,

]. Therefore, we can

T
2\/4+£2]'

|
We now present another lemma.

Lemma 4: For a two-level quantum system with the
initial state (xo,y0,20) = (0,0, 1), suppose the system evolves
to (x¢,yr,2) under the action of H = g(cosyl, +sinyly) (Y is
a constant). Then, z; is independent of 7.

Proof: For H= w(sinyl+cos¥yl,), from (26), we have

7 = COSEL.

It is clear that z; is independent of 7. [ ]
Remark 2: Since z; is independent of 7, it is enough
to consider a special case ¥ = 5 when analyzing z; under
H = g(cos yL, + sinyly).
Now we can prove Theorem 2.
Proof: For HA = [1+ 8(t)]L, + &(t)I; + &(t)I,, using
p = —i[H",p] and (7), we obtain the following state equa-
tions

i 0 —[1+6(1)] &) x

yvol=1 1+8@) 0 —& (1) yA

2 —5) &) 0 .
3D

We first consider zg = cos ) = 1 —2apy, where 6 € (0,%).

Define &(r) = \/€2(t) +€7(r) and &(t) = &(t)siny ,
&,(t) = &(t)cosy. This leads to the following equation
(it vt gt )T
0 —[14+6(@1)] &(t)cosy x4
= 14+0(r) 0 —&(t)siny yA
—g(t)cosy  g(t)siny 0 P
(32)

where (x3,y3,24) = (sin 6 cos @y, sin Oy sin ¢y, cos 6y) and
¢ € [0,27].

Define N(t) = —¢&(t)sin6pcos(y + ¢p). From (32), we
have

=0 =limN(z). (33)
t—0

Now we take an arbitrary evolution state (except |1)) start-
ing from |0) as a new initial state. For H® = eI, the initial
state can be represented as (x{,,Y(,20) = (0, —sin 6p,cos 6p),
where 6 € (0, 7). We have

X 00 0 xB
v =10 0 —¢ vB ], (34)
Fod 0 & 0 zZ

Hence,

Bli—o = —€sin 6. (35)
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It is clear that for any ¢

—gesin By < N(t) < gsin 6. (36)
Therefore, for At — 0, we have
2 > 2 (37)

When sin 6y = 0, using Lemma 3 and Lemma 4, we can also
obtain the same conclusion Z/Zz > zﬁt.

From (34), we know that z% = cos(6) + €t). When 0 <

< ”_Zieo, Z,B decreases monotonically in 7. We now define

g(t) = 2! — 78 and assume that there exist t =, € [0, ”_zie")
such that 7} <z. That is, g(f;) < 0. Since g(t) is continuous
in + and g(0) =0, there exists a time t* = sup{¢|0 <t <
11,8(t) = 0} satisfying g(¢) < 0 for t € (t*,1,]. However, we
have established that for any z! = 78 and Ar — 0, zﬁr N2

which contradicts g(r) < 0 for r € (¢*,#;]. Hence, we
71'—290)
2e

ZIB-‘rA[’
have the following relationship for ¢ € [0,

3>z

(38)

From (10), it is clear that the probabilities of failure satisfy

B
ph =152 < pB = = That s, the probability of failure p!
is not greater than p? for ¢ € [0, ";ia").
Since 72 = cos(8y +€t), we have Ang = cos 6y —cos(6y +

ePBT), where

T arccos(:: —2po) ' (39)

Using the relationship (38), we have
Z/ET >1-2apo+cos(6y+eBT)—cosOy =M.

Now let

11—z _
BTSMSPO-

P=" 2

Using the fact 6y = arccos(1 —2apg), we have the following
relationship

1 —cos[(1 —B)arccos(1 —2py)]

40
2 (40)

V. CONCLUSIONS

This paper proposes a sampled-data control scheme to
deal with the uncertainties in the system Hamiltonian for
two-level quantum systems. The control law consisting of a
periodic sampling process and a Lyapunov control law can be
designed offline. We give a sufficient condition for the design
of the control law to guarantee the required robustness. The
proposed sampled-data control approach can be extended to
more general finite-level quantum systems with uncertainties
and has potential applications to robust quantum information
processing.
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