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Abstract— This work focuses on economic model predictive
control of nonlinear systems. First, an economic model pre-
dictive control algorithm that efficiently handles asynchronous
and delayed measurements is presented and its application to
a chemical process example is demonstrated. This algorithm
uses suitable Lyapunov-based constraints to ensure closed-loop
stability for a well-defined set of initial conditions. Second,
a distributed economic model predictive control architecture
for nonlinear systems is presented. In this architecture, the
distributed controllers communicate in a sequential fashion,
optimize their inputs through maximizing a plant-wide (global)
economic objective function and guarantee practical stability
of the closed-loop system.

I. INTRODUCTION

Economic model predictive control (EMPC) refers to a
class of model predictive control formulations in which
the cost functional expresses directly economic optimization
considerations of the plant under consideration, rather than
penalizing (as it is usually the case, see, for example, [1],
[2]) the deviations of the plant states and of the manipulated
inputs from desired steady-state values. As a result, EMPC
may lead to the computation of time-varying optimal operat-
ing policies for the plant in contrast to MPC with traditional
cost functionals which typically leads to stabilization of the
plant at the desired steady state.

While there have been several calls, particularly within
process control, for the integration of model predictive
control (MPC) and economic optimization of processes (e.g.,
[3]) as early as two decades ago, the subject of EMPC has
received relatively little attention. Recently, in [4], general
ideas of a combined steady-state optimization and linear
MPC scheme were reported. In [5], MPC schemes using
an economics-based cost function were proposed and the
stability properties were established using a suitable Lya-
punov function. The MPC schemes in [5] adopt a terminal
constraint which requires that the closed-loop system state
settles to a steady-state at the end of each optimal input
trajectory calculation (i.e., end of the prediction horizon).
In a recent paper [6], the approach in [5] was extended to
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deal with cyclic process operation. Even though a rigorous
stability analysis is included in [5], [6], it is difficult, in
general, to characterize, a priori, the set of initial conditions
starting from where feasibility and closed-loop stability of
the proposed MPC schemes are guaranteed. In a recent work
[7], we presented an EMPC scheme for nonlinear systems
that utilizes suitable Lyapunov-based stability constraints.
The proposed EMPC is designed via Lyapunov-based tech-
niques and has two different operation modes. The first
operation mode corresponds to the periods in which the
cost function should be optimized (e.g., normal production
periods); and in this operation mode, the MPC maintains the
closed-loop system state within a pre-defined stability region
and optimizes the cost function to its maximum extent. The
second operation mode corresponds to operation in which the
system is driven by the MPC to an appropriate steady-state
within the closed-loop system stability region.

In this work, we extend the results in [7] into two direc-
tions. First, we present an EMPC algorithm for nonlinear
systems that efficiently handles asynchronous and delayed
measurements using suitable Lyapunov-based constraints to
ensure stability for a well-defined set of initial conditions,
and demonstrate its application to a chemical process ex-
ample. Second, we present a distributed EMPC (DEMPC)
architecture for nonlinear systems. In this architecture, the
distributed controllers communicate in a sequential fash-
ion, optimize their inputs through maximizing a plant-wide
(global) economic objective function and guarantee practical
stability of the closed-loop system.

II. PRELIMINARIES
A. Notation

The operator | - | is used to denote Euclidean norm of
a vector, and a continuous function « : [0,a) — [0, 00)
is said to belong to class [ if it is strictly increasing and
satisfies a(0) = 0. The symbol €2, is used to denote the
set Q, = {z € R™ : V(z) < r} where V is a scalar
function, and the operator ‘/ denotes set subtraction, that is,
A/B :={x € R" :x € A,z ¢ B}. The symbol diag(v)
denotes a matrix whose diagonal elements are the elements
of vector v and all the other elements are zeros.

B. Class of nonlinear systems

We consider a class of nonlinear systems which is com-
posed of m subsystems where each of the subsystems can



be described by the following state-space model:

i(t) = fi(z, ui, w;) M
where i = 1,...,m, x;(t) € R"i denotes the vector of
state variables of subsystem 4, u;(t) € R" and w;(t) €
R"™wi denote the set of control (manipulated) inputs and
disturbances associated with subsystem i, respectively. The
variable z € R"™ denotes the state of the whole system
which is composed of the states of the m subsystems, that
is x [#7...2T ... 2717, The dynamics of x can be
described in a compact form as follows:

a(t) = f(x(t), ur(t), .. um(t), w(t))
where w = [wf -+ wl - - wL]T is assumed to be bounded,
that is, w(t) € W with W := {w € R"™ : Jw| < 6,6 > 0}.
The m sets of inputs are restricted to be in m nonempty

(@)

convex sets U; € R™i, ¢ = 1,...,m, which are defined
as U; == {u; € R™i : |u;| < u™*} where ul™®, i =
1,...,m, are the magnitudes of the input constraints. We

assume that f is a locally Lipschitz vector function and that
the origin is an equilibrium point of the unforced nominal
system (i.e., system of Eq. 2 with u;(t) =0,i=1,...,m,
w(t) = 0 for all ¢) which implies that f(0,...,0) = 0.

C. Lyapunov-based controller

We assume that there exists a Lyapunov-based controller
h(z) = [hi(x) --+ hp(z)]T which renders the origin of
the nominal closed-loop system asymptotically stable with
u; hi(x), i = 1,...,m, while satisfying the input
constraints for all the states x inside a given stability region.
Using converse Lyapunov theorems [8], [9], this assumption
implies that there exist class & functions «;(+), i = 1,2, 3,4
and a continuously differentiable Lyapunov function V (z)
for the nominal closed-loop system which is continuous and
bounded in O C R™* where O is an open neighborhood of
the origin, that satisfy the following inequalities:

ai(lz]) < V(z) < az(|z|)
a‘g;x)f(uhl(x),..‘,hm(:r),O) < —as(la))
‘BV(x

ox

for all + € O. We denote the region €, C O (Q, is
a level set of V(x)) as the stability region of the closed-
loop system under the Lyapunov-based controller h(z). Note
that explicit stabilizing control laws that provide explicitly
defined regions of attraction for the closed-loop system
have been developed using Lyapunov techniques for spe-
cific classes of nonlinear systems, particularly input-affine
nonlinear systems; the reader may refer to [10], [9], [11] for
results in this area including results on the design of bounded
Lyapunov-based controllers by taking explicitly into account
constraints for broad classes of nonlinear systems.

By continuity, the local Lipschitz property assumed for the
vector field f and taking into account that the manipulated
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inputs u;, ¢ = 1,...,m are bounded, there exists a positive
constant M such that:

‘f('r7ul7 ..

forall z € Q, and u; € U;, i = 1,...,m. By the continuous
differentiable property of the Lyapunov function V(x) and
the Lipschitz property assumed for the vector field f, there
exist positive constants L, L,,, L/, and L], such that:

S Um,w)| <M “

|f($7u17"'7um7w) _f(x/7u17"~7um70)|
< Ly |z —a'| 4 Ly |wl
xr Z/ )
8‘2& )f(m,ul,...,um,w)—ava(x )f(x’,ul,...,um,O)

< Ll jx—2|+ L, |w|
forall z,2' € Q,, u; €U, i=1,...,mand we W.

III. LYAPUNOV-BASED ECONOMIC MPC WITH
ASYNCHRONOUS AND DELAYED MEASUREMENTS

In this section, we consider the design of Lyapunov-based
EMPC (LEMPC) for nonlinear systems subject to asyn-
chronous and delayed measurements. We assume that the
state of the system of Eq. 2, x(t), is available at asynchronous
time instants {t,>0} which is a random increasing sequence
of time and the interval between two consecutive time
instants is not fixed. We also assume that there are delays
involved in the measurements. In order to model delays
in measurements, an auxiliary variable d, is introduced to
indicate the delay corresponding to the measurement received
at time t,, that is, at time t,, the measurement x(t, — d,)
is received. In order to study the stability properties in a
deterministic framework, we assume that there exists an
upper bound 7, on the interval between two successive
measurements (i.e., max{t,+1 — to} < T,,) and an upper
bound D on the delaysa(i.e., dg < D). These assumptions are
reasonable from a process control perspective. Because the
delays are time-varying, it is possible that at a time instant
tq, the controllers may receive a measurement x(t, — d,)
which does not provide new information (i.e., t, — d, <
ta—1 — dq—1) and the maximum amount of time the system
might operate in open-loop following ¢, is D+1;,, —d,. This
upper bound will be used in the formulation of LEMPC for
systems subject to asynchronous and delayed measurements.
The reader may refer to [12] for more discussion on the
modeling of asynchronous and delayed measurements.

A. LEMPC implementation strategy

At each asynchronous sampling time, when a delayed
measurement that contains new information is received, we
propose to take advantage of the nominal system model and
the manipulated inputs that have been applied to estimate
the current system state from the delayed measurement.
Based on the estimate of the current system state, an MPC
optimization problem is solved in order to decide the optimal
future input trajectory that will be applied until the next
measurement containing new information is received. We



introduce an LEMPC design which maximizes a cost func-
tion accounting for specific economic considerations. This
LEMPC has two operation modes.

Specifically, we assume that from the initial time ¢y up
to a specific time t/, the LEMPC operates in the first
operation mode to maximize the economic cost function
while maintaining the closed-loop system state in the stability
region 2,. In this operation mode, in order to account for
the asynchronous and delayed measurement as well as the
disturbances, we consider another region €2, with p < p.
When a delayed measurement containing new information
is received at a sampling time, the current system state is
estimated. If the estimated current state is in the region €2,
the LEMPC maximizes the cost function within the region
2;; if the estimated current state is in the region €,/ the
LEMPC first drives the system state to the region {2, and then
maximizes the cost function within €2;. The relation between
p and p will be characterized in Eq. 13 in Theorem 1.

After time ¢/, the LEMPC operates in the second operation
mode and calculates the inputs in a way that the state of
the closed-loop system is driven to a neighborhood of the
desired steady-state (i.e., x = 0) while taking into account
asynchronous and delayed measurements.

The implementation strategy of the proposed LEMPC for
systems subject to asynchronous and delayed measurements
can be summarized as follows:

1. If a measurement z(t, — d,) containing new infor-
mation is received at ¢,, the controller estimates the
current system state, Z(¢,). Else, go to Step 5.

2. If t, < t/, go to Step 3. Else, go to Step 4.

3. If Z(tq) € O, go to Step 3.1. Else, go to Step 3.2.

3.1. The controller maximizes the economic cost
function within 5. Go to Step 5.

3.2. The controller drives the system state to the
region {2, and then maximizes the economic cost
function within €2;. Go to Step 5.

4. The controller drives the system state to a small
neighborhood of the origin.
5. Goto Step 1 (a «— a+1).

B. LEMPC formulation

When a measurement containing new information is re-
ceived at t,, the MPC is evaluated to obtain the future
input trajectories based on the received system state value
x(t, — dg). Specifically, the optimization problem of the
proposed LEMPC for systems subject to asynchronous and
delayed measurements at ¢, is as follows:

ta+NA
L(z
ul,---ﬁi}ésm) /ta (&(7), w1 (1),

s U (T))dT (62)

st 2(t) = f(2(t), ur(t),. .., un(t),0) (6b)
w(t) =ui(t), i=1,...,m, t € [t — da,ta) (6¢)
ui(t) €Us, i=1,...,m, t € [tg,ta + NA) (6d)
Bty —dy) = x(ty — dy) (6e)

F(6)=F(@(1), hy(@(ta + IA)), ..., hun(E(ta + IA)),0),
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Vt € [ta + 1A ta+ (1 +1)A), 1=0,...,N—1 (6

E(ta) = #(ta) (62)
V(&(t) < p, Yt E [tasta + NA),

if to <t and V(i(ty)) < p (6h)
V(&) < V(2(1)), Vt € [ta,ta + NpaA),

ift, >t or p<V(i(ty)) <p (6i)

where 7 is the predicted trajectory of the system with control
inputs calculated by this LEMPC, u(t) withi =1,...,m
denotes the actual inputs that have been applied to the
system, x(t, — d,) is the received delayed measurement,
Z is the predicted trajectory of the system with the control
inputs determined by h(x) implemented in a sample-and-
hold fashion, and Np, is the smallest integer that satisfies
Tn + D —d, < NpgsA. The optimal solution to this
optimization problem is denoted by u"* (t|t,), i =1,...,m,
which is defined for ¢ € [t,,t, + NA).

There are two types of calculations in the optimization
problem of Eq. 6. The first type of calculation is to estimate
the current state %(t,) based on the delayed measurement
x(t, —d,) and input values have been applied to the system
from ¢, — d, to t, (constraints of Egs. 6b, 6¢ and 6e). The
second type of calculation is to evaluate the input trajectory
of u; (i = 1,...,m) based on Z(¢,) while satisfying the
input constraint of Eq. 6d and the stability constraints of
Eqgs. 6h-6i. Note that the length of Np, depends on the
current delay d,, and thus, it may have different values at
different time instants and has to be updated before solving
the optimization problem of Eq. 6.

The manipulated inputs of the LEMPC of Eq. 6 for
systems subject to asynchronous and delayed measurements
are defined as follows:

uj(t) = w5 (tta), Vt € [ta, tats) ™

for all ¢, such that t, —d, > max;<, t; —d; and for a given
ta, the variable ¢ denotes the smaller integer that satisfies

ta+i_da+i>ta_da andel,...,m.

C. Stability analysis

In this subsection, we present the stability properties of the
proposed LEMPC of Eq. 6 in the presence of asynchronous
and delayed measurements. In order to proceed, we need the
following propositions.

Proposition 1 (c.f. [13]): Consider the systems:

Talt) f(@a(t), ur(t), .o um(t), w(t))
(1) F@a(t),ur(t), ..., um(t),0)

with initial states x,(ty) = xp(ty) € Q,. There exists a K
Sunction fy () such that:

[za(t) — ()] < fu (t = to), ©)

for all x,(t),z,(t) € Q, and all w(t) € W with fw (1) =
Ly0(el=™ —1)/L,.

Proposition 1 provides an upper bound on the deviation
of the state trajectory obtained using the nominal model,
from the actual system state trajectory when the same control

®)



input trajectories are applied. Proposition 2 below bounds the
difference between the magnitudes of the Lyapunov function
of two different states in 2,,.

Proposition 2 (c.f. [13]): Consider the Lyapunov function
V(-) of the system of Eq. 2. There exists a quadratic function
fv(+) such that:

Viz) < V(&) + fv (e — &) (10)
for all x,& € Q, with fy(s) = as(ay*(p))s + M,s? where
M, is a positive constant.

Proposition 3 below ensures that if the nominal system
controlled by h(z) implemented in a sample-and-hold fash-
ion and with open-loop state estimation starts in 2, then it
is ultimately bounded in Q,, , .

Proposition 3 (c.f. [13]): Consider the nominal sampled
trajectory Z(t) of the system of Eq. 2 in closed-loop for
a controller h(x), which satisfies the condition of Eq. 3,
obtained by solving recursively:

f(@(t), hi(z(te)), - -

where t € [tg,tg+1) with t, = to + kA, k= 0,1,.... Let
Aes > 0and p > ps > 0 satisfy:

2 (t)

»hm(i(tk))vﬂ) (11)

—asz (a5 (ps)) + LLMA < —¢,/A. (12)
Then, if &(ty) € §, and pmin < p where pyin
max{V(z(t + A)) : V(x(t)) < ps}, the following in-
equality holds: V (z(t)) < V(&(tx)), Vt € [tg,tr+1) and
V(2(tg)) < max{V(Z(tg)) — k€s, Pmin }-

Theorem 1 below provides sufficient conditions under
which the LEMPC of Eq. 6 guarantees that the closed-
loop system state is always bounded in €2, and is ultimately
bounded in a small region containing the origin.

Theorem 1: Consider the system of Eq. 2 in closed-loop
under the LEMPC design of Eq. 6 based on a controller
h(z) that satisfies the condition of Eq. 3. Let e > 0, A > 0,
p>p>0and p > ps > 0 satisfy the condition of Eq. 12
and satisfy:

p<p— fv(fw(NpA)) (13)

and

—Nges + fv(fw(NpA)) + fv(fw(D)) <0 (14)
where fw and fy are defined in Propositions 1 and 2
respectively, Np is the smallest integer satisfying NpA >
T, + D and Ng is the smallest integer satisfying NpA >
T If N > Ng, p > ps, x(tg) € Qp, dy = 0, then
the closed-loop state x(t) of the system of Eq. 1 is always
bounded in Q, and is ultimately bounded in 2, C 2, where
Pa = pmint+fv(fw (NpA))+fv(fw (D)) with pmin defined
in Proposition 3.

The detailed proof of Theorem 1 is provided in [14] and
it is omitted here due to space limitations and our decision
to include an application example in this manuscript.
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D. Application to a chemical process example

Consider a well-mixed, non-isothermal continuous stirred
tank reactor (CSTR) where an irreversible second-order
exothermic reaction A — B takes place [15]. A is the
reactant and B is the product. The feed to the reactor
consists of pure A at flow rate F, temperature 7; and
molar concentration C'49. Due to the non-isothermal nature
of the reactor, a jacket is used to remove/provide heat to the
reactor. The dynamic equations describing the behavior of
the system, obtained through material and energy balances
under standard modeling assumptions, are given below:

dc F -

TtA =7 (Ca0 = Ca) = koe i C% (152)
dr F -AH, _5 ., Q

E = V(TO — T) + gcp ko(ﬁR CA + o—CpV (15b)

where C'4 denotes the concentration of the reactant A, T
denotes the temperature of the reactor, () denotes the rate of
heat input/removal, V' represents the volume of the reactor,
AH, kg, and E denote the enthalpy, pre-exponential constant
and activation energy of the reaction, respectively and C),
and o denote the heat capacity and the density of the fluid
in the reactor, respectively. The process model of Eq. 15
is numerically simulated using an explicit Euler integration
method with integration step h, = 10~* hr. For a detailed
description of this chemical process including the values of
the process parameters, please refer to [14]. The process
model has one unstable and two stable steady-states. The
control objective is to regulate the process in a region
around the unstable steady-state (C'45, Ts) to maximize the
production rate of B. There are two manipulated inputs.
One of the inputs is the concentration of A in the inlet
to the reactor, C'49, and the other manipulated input is the
external heat input/removal, (). The steady-state input values
associated with the steady-state are denoted by C49s and
Qs, respectively. The process model of Eq. 15 belongs to
the following class of nonlinear systems:

f(@(®)) + g1(x(t)ur (t) + g2(2(t))ua(t) + w(t)

where 17 = [Ca—Cas T—Ty) is the state, u; = Ca9—Caps
and up = Q — Q, are the inputs, f = [fi f»]T and
gi = lgi1 gi2]* (i = 1,2) are vector functions. The inputs are
subject to constraints as follows: |ui| < 3.5 kmol/m?3 and
luz| <5 x 10° KJ/hr. w = [wy ws]” is the bounded dis-
turbance vector (Gaussian white noise with variances o7 =
0.5 kmol/m? and oo = 10 K) with |w;| < 0.5 kmol/m?
and |ws| < 10 K. The economic measure that we consider
in this example is as follows [15]:

i(t) =

L(z,u1,uz) = i

tr

where t; = 1 hr is the final time of the simulation. This
economic objective function corresponds to maximizing the
average production rate over process operation for ¢ty = 1 hr.
We also consider that there is limitation on the amount of
material which can be used over the period t;. Specifically,

ty 5
/ koe TP C4(T)dr  (16)
0



the control input trajectory of u; should satisty the following
constraint:

IS

w1 (7)dT = 1 kmol /m3. (17)

tyJo
This constraint means that the average amount of w; during
one period is fixed. For the sake of simplicity, we will refer
to Eq. 17 as the integral constraint. In the simulations, we
consider a quadratic Lyapunov function V (z) = 27 Pz with
P = diag([1 0.01]). The LEMPC horizon is N = 10.

We assume that the state measurements of the process
are available asynchronously at time instants {t,>¢} with an
upper bound 73, = 6A on the maximum interval between
two successive asynchronous state measurements, where A
is the controller and sensor sampling time and is chosen to
be A = 0.01 hr = 36 sec. To model the time sequence
{te>0}, we use an upper bounded Poisson process. The
Poisson process is defined by the number of events per unit
time W. The interval between two successive concentration
sampling times (events of the Poisson process) is given by
A, = min{—Iny/W,T,,}, where x is a random variable
with uniform probability distribution between 0 and 1. This
generation ensures that mgx{taﬂ —to} < Ty, In this

example, W is chosen to be W = 25. A gaussian random
process is used to generate the associated delay sequence
{da>0} with d, < D while D = 3A. To ensure that the
integral constraint is satisfied through the period ¢, at every
sampling time in which the LEMPC obtains the optimal
control input trajectory, it utilizes the previously computed
inputs w; to constrain the first step value of the control
input trajectory u; at the current sampling time. Based on
the cost function formulation, for maximization purposes,
it is expected that C4 and T should be increased which
results in the fact that at the beginning of the closed-loop
simulation u; should rise to its maximum value and after a
while it will go down to its lowest value to satisfy the integral
constraint. We assume that the decrease of the Lyapunov
function starts from the beginning of the simulation (i.e.,
t" = 0) for part of the system state (i.e., temperature). To
maximize the production rate, we pick a temperature set-
point near the boundary of the stability region (17" = 430 K),
considering the constraints on the control input Q. Due to the
fact that the first differential equation (C'4) in Eq 15 is input-
to-state-stable (ISS) with respect to 7, and the contractive
constraint of Eq. 18h (see Eq. 18) ensures that the tempera-
ture converges to the set-point, the stability of the closed-loop
system is guaranteed in the operating range of interest. To
this end, we define Vr(t) = (T(tx) — 430)2. The LEMPC
formulation for the chemical process example in question
subject to asynchronous and delayed state measurements has
the following form:

1 to+NA = )
A T RT() 1
wuses(a) NA /t [koe CA(T)} dr  (18a)

a

stE(t) = f(2(8) + Zgi(zt(t))u;‘(t),
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Fig. 1. State trajectories of the process under the LEMPC design of Eq. 18

for initial condition (C'4(0),7(0)) = (2 kmol/m3,400 K) subject to
asynchronous and delayed measurements and bounded disturbances.

Vit € [tq — da,ta) (18b)
2
B(t) = F@() + Y gi(@(0))ua(t),
i=1
Vit € [ta,ta + NA) (18¢)
ul(t) € gC,Vt € [ta,ta + NA) (18d)
Tty —dg) = 2(te — da) (18e)
E(t) € Qp (18f)
Ui(t) cU;,i=1,2 (18g)
Vr(te + (L + 1D)A) < BVp(t, +1A),
l=0,...,Nps— 1 (18h)

where z(t,) is the measurement of the process state at
sampling time ¢, and 8 = 1/1.1 = 0.909 and the constraint
of Eq. 18d implies that the first Np, steps value of u; should
be chosen to satisfy the integral constraint where the explicit
expression of g can be computed based on Eq. 17 and the
magnitude constraint on u;. The constraint of Eq. 18h forces
the Lyapunov function, based on the temperature, to decrease
for Np, sampling times.

The simulations were carried out using Java programming
language in a Pentium 3.20 GHz computer. The optimization
problems were solved using the open source interior point
optimizer Ipopt [16]. Figures 1 and 2 show the state and
manipulated input profiles, respectively, starting from the
initial condition (2 kmol/m?3,400 K) under bounded pro-
cess disturbances and subject to delayed and asynchronous
measurement samplings. From these figures, we can see that
uy1 goes up to its allowable maximum value to increase the
reactant concentration as much as possible early on (due to
the second-order dependence of the reaction rate on reactant
concentration) and the temperature rises as fast as possible
when the temperature initial condition is below 430 K to
maximize the reaction rate to maintain the maximum possible
reaction rate. From these figures, we can also see that the
practical stability of the closed-loop system is ensured in the
presence of asynchronous and delayed measurements. This is
because in the design of the LEMPC of Eq. 18, asynchronous
and delayed measurements are taken explicitly into account.

Also, we have carried out a set of simulations to confirm
that the application of the LEMPC design with the integral
constraint on u; improves the economic objective function
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Fig. 2. Manipulated input trajectories under the LEMPC design of Eq. 18
for initial condition (C'4(0),T(0)) = (2 kmol/m?3,400 K) subject to
asynchronous and delayed measurements and bounded disturbances.
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compared to the case that the system operates at a steady-
state satisfying the integral constraint. It should be mentioned
that this comparison is performed under the case that there is
no process disturbance and under synchronous state feedback
sampling. This steady-state is computed by assuming that the
reactant material amount is equally distributed in the interval
[0,t¢]. To carry out this comparison, we have computed the
total cost of each scenario based on the index as follows:
7= L3 ke 2

where tg = 0 hr, t); = 1 hr and M = 100. To be consistent
in this comparison, we set u; to a constant value over the
simulation time, ¢ty = 1 hr, such that it satisfies the integral
constraint while letting uo be computed by the controller.
By comparing the cost function values, we find that in
the proposed LEMPC design via time-varying operation
(starting from (Ca,T) = (2 kmol/m?3,400 K)), the cost
function achieves a higher value (19299.47) compared to
the case of steady-state operation (17722.07) (i.e., equal in
time distribution of the reactant). Also, by starting from
(Ca,T) = (2 kmol/m?,440 K), the cost function achieves
a higher value (19459.67) compared to the case of steady-
state operation (17852.85).

IV. DISTRIBUTED LEMPC

As the number of manipulated inputs increases as it is the
case in the context of control of large-scale chemical plants,
the evaluation time of a centralized MPC may increase
significantly. This may impede the ability of centralized MPC
to carry out real-time calculations within the limits imposed
by process dynamics and operating conditions. Moreover,
a centralized control system for large-scale systems may
be difficult to organize and maintain and is vulnerable to
potential process faults. To overcome these issues, in this
work, we propose to utilize a sequential distributed EMPC
architecture as shown in Fig. 3. In this architecture, each
set of the m sets of control inputs is calculated using an
LEMPC. The distributed controllers are connected using one-
directional communication network, evaluated in sequence.
We will refer to the controller computing u; associated
with subsystem ¢ as LEMPC . In this section, we propose
two different implementation strategies for the sequential
distributed EMPC architecture and we assume that the state
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of the system is sampled synchronously and the time instants
at which we have state measurements are indicated by the
time sequence {{;>0} with ¢, = o + kA, k = 0,1,...
where ¢ is the initial time and A is the sampling time.

A. Implementation strategy |

In this implementation strategy for the distributed EMPC
architecture, all the distributed controllers are evaluated in
sequence and once at each sampling time. Specifically, at
a sampling time, ¢, when a measurement is received, the
distributed controllers evaluate their future input trajectories
in sequence starting from LEMPC m to LEMPC 1. Once a
controller finishes evaluating its own future input trajectory,
it sends its own future input trajectory and the future input
trajectories it received to the next controller (i.e., LEMPC j
sends input trajectories of u;, 2 = m, ..., j, to LEMPC j—1).

This implementation strategy implies that LEMPC j, j =
m,...,2, does not have any information about the values
that w;, « = 5 — 1,...,1 will take when the optimization
problem of LEMPC j is solved. In order to make a decision,
LEMPC j, j = m,...,2 must assume trajectories for u,,
1 =7—1,...,1, along the prediction horizon. To this end,
the Lyapunov-based controller h(x) is used. In order for
the distributed EMPC to inherit the stability properties of
the controller h(x), each control input u;, i = 1,...,m
must satisfy a constraint that guarantees a given minimum
contribution to the decrease rate of the Lyapunov function
V (z). Specifically, the proposed design of the LEMPC j, j =
1,...,m, is based on the following optimization problem:

thy N
ujrélgf{m /tk : L(# (1), u1(T), - -+ s um (T))dT (19a)
st 2 (t) = F(Z7(t),ur(t), ..., um(t),0) (19b)
ui(t) = hi(@ (te)), i=1,...,5 — 1,

YVt e [tk+l7tk+l+1)7 [=0,...N—1 (19¢)
wi(t) =ul(tlty),i=j+1,...,m (19d)
uj(t)eU;, i=1,....m (19e)
& (t) = (ty) (19)
V(& (t)) < p, Vt € [tr, tern),

if tp <t'and V(x(ty)) <p (19g)
Wf(x(tk), uf (te), - uf_y (te), uj(te), - -

un(ti)) < 2D ) ), ),

ox



Wit1(th), - um(te)),

ifty, >t orp<V(z(tr)) <p (19h)

where 77 is the predicted trajectory of the nominal system
with u;, @ = 7+ 1,...,m, the input trajectory computed by
the LEMPC controllers of Eq. 19 evaluated before LEMPC j,
u;, © = 1,...,7 — 1, the corresponding elements of h(z)
applied in a sample-and-hold fashion, u}(¢|tx) denotes the
future input trajectory of u; obtained by LEMPC i of the
form of Eq. 19, and ul(tx), ¢ = 1,...,m, are inputs
determined by h;(z(tr)) G.e., ul(ty) = hi(z(tx))). The
optimal solution to the optimization problem of Eq. 19 is
denoted uj(t[ty) which is defined for ¢ € [ty,tr+n). The
relation between p and p is characterized in Theorem 2
below.

In the optimization problem of Eq. 19, the constraint of
Eq. 19g is only active when z(t;,) € ; in the first operation
mode and is incorporated to ensure that the predicted state
evolution of the closed-loop system is maintained in the
region (2; (thus, the actual state of the closed-loop system
is in the stability region €2,). Due to the fact that all of the
controllers receive state feedback x(¢;) at sampling time ¢y,
all of the distributed controller operate in the same operation
mode by verifying whether V(x(tx)) < p; the constraint
of Eq. 15h is only active in the second operation mode
or when p < V(z(tg)) < p in the first operation mode.
This constraint guarantees that the contribution of input u;
to the decrease rate of the time derivative of the Lyapunov
function V'(z) at the initial time (i.e., ), if u; = uj(tx|ty)
is applied, is bigger than or equal to the value obtained when
uj = hj(z(tg)) is applied.

The manipulated inputs of the proposed distributed control
design from time ¢ to ¢4 (K =0,1,2,...) are applied in
a receding horizon scheme as follows:

uz(t) = u:(ﬂtk)a i=1,...,m, Vt € [tkatk+1)' (20)

Theorem 2 below provides sufficient conditions under
which the LEMPC of Eq. 19 guarantees that the state of the
closed-loop system is always bounded in 2, and is ultimately
bounded in a small region containing the origin.

Theorem 2: Consider the system of Eq. 2 in closed-loop
under the distributed LEMPC design of Eq. 19 based on
a controller h(x) that satisfies the conditions of Eq. 3. Let
€w >0, A>0,p>p>0andp> ps >0 satisfy:

p<p—fvifw(l)) 21
and

—az(ayt(ps)) + LLMA + L0 < —e,/A. (22)

If (to) € Qp ps < P Ppmin < p and N > 1, then the
state x(t) of the closed-loop system is always bounded in
Q, and is ultimately bounded in §) with pmin defined in
Proposition 3 .

Proof: The proof consists of three parts. We first prove
that the optimization problem of Eq. 19 is feasible for all
states x € £),. Subsequently, we prove that, in the first
operation mode, under the LEMPC design of Eq. 19, the
closed-loop state of the system of Eq. 2 is always bounded

Pmin
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in €,,. Finally, we prove that, in the second operation mode,
under the LEMPC of Eq. 19, the closed-loop state of the
system of Eq. 2 is ultimately bounded in ppyip.

Part 1: When x(t) is maintained in , (which will
be proved in Part 2), the feasibility of the DEMPC of

Eq. 19 follows because input trajectory u,;(t), j = 1,...,m,
such that u;(t) = hj(x(tksq)), Yt € [thtqsthtqr1) With
q=20,...,N —1is a feasible solution to the optimization

problem of Eq. 19 since such trajectory satisfy the input
constraint of Eq. 19e and the Lyapunov-based constraints
of Eqs. 19g and 19h. This is guaranteed by the closed-loop
stability property of the Lyapunov-based controller h(z); the
reader may refer to [17] for more detailed discussion on the
stability property of the Lyapunov-based controller h(x).

Part 2: We assume that the LEMPC of Eq. 19 operates in
the first operation mode. We prove that if x(t) € Q5, then
(tp1) € Qp; and if z(t) € Q,/Qp, then V(z(try1)) <
V(z(t)) and in finite steps, the state converges to ; (i.e.,
x(ty1j) € Q5 where j is a finite positive integer).

When z(t;) € Qz, from the constraint of Eq. 19g, we
obtain that Z!(¢;4+1) € Q;. By Propositions 1 and 2, we
obtain the following inequality:

V(@(tes1)) < V(@ (tes1)) + fr (fw (D).

Note that LEMPC 1 has access to all of the optimal input
trajectories of the other distributed controllers evaluated
before it. Since V (Z!(tx41)) < p, if the condition of Eq. 21
is satisfied, we can conclude that:

(23)

z(tps1) € Q.

When z(t;,) € ,/€Q, from the constraint of Eq. 19h and
the condition of Eq. 3, we can obtain:

Wﬂm(tk%@(tk‘tk% oot (e |tr), 0)
< PO 1 00), o)) w1l 1ad10), 0)
< D) ta), (1)), o o2), 0
< —ag(|z(te)])-

(24)
The time derivative of the Lyapunov function along the actual
system state z(t) for t € [t,tr+1) can be written as follows:

_ Mf($(t)7u>{(tk|tk)7 oo U (teltr), w(t))

Via(t) = S
(25)
OV (a(tr))
0

Adding and subtracting Flx(t), ul (telte), - -,
u’, (t|tr), 0) to/from the above equation and accounting for

Eq. 24, we have:
V(x(t) < —as(|z(ts)])

+Wﬂx(mu;(t,ﬂ\t,c),.,.7u’:n(tk|tk)7w(t)) (26)
_Wf(x(t)yuik(tkﬁk),..-7ujn(tk‘tk)vo)
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Fig. 4. Distributed controller evaluation sequence.

Due to the fact that the disturbance is bounded (i.e., |w| < 6)
and the Lipschitz properties of Eq. 5, we can write:

V(2(t) < —aslag(p.) + Lyle(t) - a(t)] + Luf. 27)

Taking into account Eq. 4 and the continuity of x(t), the
following bound can be written for all 7 € [ti, txt1)

|x(T) — x(tr)| < MA. (28)

Since x(ty) € Q,/9Qp, it can be concluded that z(t)) €
Q,/9,,. Thus, we can write for ¢ € [t tp11)

V(x(t) < —as(ag ' (ps)) + LLMA+ L0, (29)

If the condition of Eq. 22 is satisfied, then there exists ¢,, > 0
such that the following inequality holds for z(t;) € Q,/Q;:

V(x(t)) < —ew/A, Yt = [tr, tes1).
Integrating this bound on ¢ € [y, tx+1), we obtain that:

Vi(z(tes1)) < V(@) — €w
V(x(t)) < V(z(ty)), Vt € [tr,tri1)

for all z(t;) € Q,/€Q;. Using Eq. 30 recursively, it is proved
that, if z(t;) € Q,/Q, the state converges to 2 in a finite
number of sampling times without leaving (2,,.

Part 3: We assume that the DEMPC of Eq. 19 operates in
the second operation mode. We prove that if z(¢;) € €2, then
V(z(tg+1)) < V(x(tx)) and the system state is ultimately
bounded in an invariant set €2, . . Following the similar steps
as in Part 2, we can derive that the inequality of Eq. 30 hold
for all z(ty) € Q,/Q, . Using this result recursively, it is
proved that, if z(t;,) € Q,/Q,_, the state converges to ,_ in
a finite number of sampling times without leaving €2,. Once
the state converges to €2, C €2, . . it remains inside €,
for all times. This statement holds because of the definition
of pmin. This proves that the closed-loop system under the
LEMPC of Eq. 19 is ultimately bounded in 2 ]

(30)

Pmin *
B. Implementation strategy II

In the implementation strategy introduced in the previous
subsection, the evaluation time of the distributed LEMPC at
a sampling time is the summation of the evaluation times
of all the distributed controllers. For applications in which
a small sampling time needs to be used and fast controller
evaluation is required, we may distribute the evaluation of
the distributed controllers into multiple sampling periods. In
this implementation strategy, the distributed controllers are
evaluated in sequence but over several sampling times and
only one controller is evaluated at each sampling time. Fig-
ure 4 shows a possible evaluation sequence of the distributed
controllers in this implementation strategy. In Fig. 4, at g,
LEMPC m is evaluated and it sends the input trajectories of
Uy, to LEMPC m — 1; at tx41, LEMPC m — 1 is evaluated
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and it sends wu,, and u,,_1 to LEMPC m — 2; from time
tk42 tO ti4m, LEMPC m — 2 to LEMPC 1 are evaluated
in sequence and one complete distributed control system
evaluation cycle is carried out. Another controller evaluation
cycle starts at tjy,,4+1 with the evaluation of LEMPC m
again. In order to guarantee the closed-loop stability of
this implementation strategy, the design of the distributed
LEMPC of Eq. 19 needs to be modified to account for the
multiple sampling time evaluation cycle; details are omitted
due to space limitations.
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