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Adaptive Backstepping Control for a Miniature Autonomous Helicopter

ZHU Bing and HUO Wei

Abstract— An adaptive backstepping control algorithm is
presented for trajectory tracking of a miniature autonomous
helicopter with inertial parameter uncertainties. The control
algorithm is designed based on a simplified helicopter model in
cascaded form with the backstepping technology. The inertial
parameter uncertainties are compensated online with param-
eter adaptive update laws. The closed-loop stability analysis
for the un-simplified complete helicopter model under this
control algorithm is provided. Simulation results demonstrate
the performances of the proposed approach.

I. INTRODUCTION

Helicopter has many advantages over ordinary fixed-wing
vehicles (for instances, hovering, vertical taking-off & land-
ing, and low-velocity flight); consequently, controller design
for autonomous helicopters became one of the foci in some
recent studies. However, nonlinearities, uncertainties and
couplings in the helicopter model lead to some difficulties
in the controller design, especially for model-based design
approaches.

Generally, controllers for autonomous helicopters can be
classified into three categories— 1) controllers for hovering,
2) controllers for path-following, and 3) controllers for
trajectory tracking. The task of hovering control are often
solved with linear controller and extensive utility of the
aerodynamic derivatives [7]. Comparatively, path-following
and trajectory tracking control tasks are usually completed
by nonlinear approaches, such as approximate linearization
[11], backstepping technology [3]-[6] and so on.

Backstepping control is a Lyapunov-based approach, the
advantages of which includes the accommodation of non-
linearities and the avoidance of wasteful cancelations [8].
So far, backstepping methodology has been employed by
many researchers to trajectory tracking of autonomous heli-
copters. C. Lee’s backstepping design [3] for the autonomous
helicopter realizes the asymptotical tracking of a simplified
helicopter model, but the controller performance on the com-
plete model is not discussed. E. Frazzoli introduces a back-
stepping approach combined with Riemannian geometry[4]
and proves bounded tracking of the helicopter; however,
the obtained controller is expressed with some fairly com-
plicated symbols thus difficult to implement by engineers.
H.R. Pota utilized backstepping approach to control the
helicopter velocity [5], but the controller does not guarantee
the stability (or boundedness) of the attitude. Although the
backstepping controller proposed by I.A. Raptis [6] is proved
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to assure both tracking of the simplified cascaded system
and boundedness of the attitude, the stability condition for
the complete model with coupled terms remains theoretically
untreated. Besides, parameter uncertainties in the helicopter
model are considered by none of the above researches.

In this paper, an adaptive backstepping control algorithm
is presented to achieve the trajectory tracking of a miniature
autonomous helicopter with constant inertial parameter un-
certainties. In this approach, rotation matrix is considered to
describe the attitude kinematics of the helicopter [6][11], so
that its simplified dynamical model appears cascaded. Based
on the simplified model, detailed design procedures of the
adaptive backstepping control algorithm are provided, and
projection algorithms [10] are introduced to the adaptive laws
for adjusting parameters such that the estimated parameters
are locally bounded. Closed-loop stability analysis for the
complete helicopter model with coupled terms shows that
the tracking error is bounded under the proposed control
algorithm.

The rest of this paper is arranged as following. In section
II, the mathematical model of the helicopter is derived, and
the objective of the controller design is stated. In section III,
a detailed designing procedure of the adaptive backstepping
controller is proposed, and stability analysis is also presented.
Simulation results are then displayed in section IV. Finally,
conclusion is given in section V, with some future works
being suggested.

II. PROBLEM STATEMENT
A. Mathematical Modeling for Miniature Helicopter

Two reference frames are adopted for mathematical mod-
eling:

a) The earth reference frame(ERF): This frame is fixed
to the earth, with the origin locating at a fix point on the
ground. The x axis points to the north and the z axis points
upright. The y axis can be confirmed by the right-hand rule
for the dextrorotational helicopter or the left-hand rule for
the levorotational helicopter.

b) The fuselage reference frame(FRF): This frame
is fixed to the helicopter fuselage. The origin locates at
c.g.(center of gravity) of the helicopter fuselage, with the
Xp axis pointing to the head of the helicopter. The z;, axis is
perpendicular to the x; axis and points upright. The y; axis
can be confirmed by right-hand rule for the dextrorotational
helicopter or left-hand rule for the levorotational one.

The mathematical model of the miniature unmanned heli-
copter could be derived by Newton—Euler equations [6][11]:

P=V (1)
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mV = —mg3 + R (Y)F )
R(y) =Ri(7)S(0) (3)
Jo=—-S(w)Jo+Q 4)

where P £ [x,y,z]T and V £ [u,v,w]’ are position and
velocity of c.g. of the helicopter in ERF, respectively; m
denotes the mass; g3 = [0,0,g]” and g is the gravitational
acceleration; ¥ 2 [¢,0,y]” stands for the attitude in ERF;

the rotational matrix from FRF to ERF is given by

cOcy  cysOsd —chdsy  chcysO +sPsy
R =[Rij| 2 | cOsy sysOsp+cocy cosysO —spcy
—s6 cOs¢ cOco

where c¢(-) and s(-) are the shorts for cos(-) and sin(-),
respectively; @ = [p,q,r]” represents the angular velocity
in FRF; S(-) denotes the skew-symmetric matrix such that
S(w)Jw = o x Jw; the inertial matrix is given by

[ 0 e
JEL 0 I, 0
_IXZ O I 2

Resultant forces and torques exerted on fuselage in FRF are
given by

F, T, sing
F£| F |=| -T,sinn—T, (5)
F, T,,cosncos€E
and
L Tuhmsinn + Tihy + Oy, sin€
02 | M | =| Tulu+Tuhysine+0, — O sinm (6)
N —Tulysinn + Tl — Q, cos€cos N

where T,, On, T; and Q; represent the thrusts and the
counteractive torques generated by the main rotor and the
tail rotor, respectively; hy,, hy, 1, I; are the vertical and
horizonal distances between c.g. of the helicopter and centers
of the rotors, respectively; € and 1 are the longitudinal
and lateral flapping angles, respectively. Since the flapping
dynamics of the main rotor is extremely fast compared with
the fuselage dynamics, the flapping dynamics is negligible
in this research. The relationship between the thrusts and the
collective pitch is given by [2]

T; = tapsiAiQFR? (7)

(®)

and the relationship between the thrust and the torque is
given by:
Qi = 4eipsidiQi R ©)

84 3 /si
i = —+ 1132, [ =
ql 8 + Cl 2

where subscripts i =m and ¢ represent the main rotor and the
tail rotor accordingly; p, s;, a;, A;j, Q; and R; denote density
of the local air, solidity of the rotor disc, slope of the lift

(10)

curve, area of the rotor disc and radius of the rotor disc,
respectively; & is the drag coefficient of the rotor which
often has a typical value of 0.012 [2].

From above model we know that the motion of the
helicopter is controlled by 6,,, 6;, €, and 7).

B. Objective of the Trajectory Tracking for Miniature Heli-
copter

In this research, it is assumed that m and J are unknown
constant parameters with known bounds M; and M, i.e.
il < My and [lp]| 2 [T, By, Lo L) || < Mo, where |[-
denotes the Euclidean norm for vectors and the induced
Euclidean norm for matrice. Our objective is to design a
trajectory tracking control algorithm such that the controlled
autonomous miniature helicopter can track any feasible com-
mand trajectory P, = [x,,v,,z,]7 and yaw angle y, with
limited errors.

In following research, the non-vanishing coupling terms
demolishing the cascaded structure of the helicopter model
are treated as bounded disturbances; thus the best expectation
is bounded tracking. Under the adaptive backstepping con-
troller designed in the following sections, it is proved that
the tracking error of the miniature autonomous helicopter
becomes bounded.

ITII. ADAPTIVE BACKSTEPPING CONTROL
ALGORITHM DESIGN

A. Model simplification

Because the helicopter model (1)—(4) is strongly coupled,
it should be simplified to facilitate controller design. Since
the cyclic flapping angles and the tail rotor thrust are fairly
small according to the physical properties of the helicopter
[1][9][11], it is reasonable to take

F~0, F~0, F~T,
in (5) for simplifying the model, and it follows that

Ri(Y)F =R3T, 1D

where Rz denotes the third column of R,(y) and ||R3|| = I.
Substituting (11) into (2) enables the helicopter model to
appear cascaded, which facilitates the backstepping control
design. The neglected terms

T, sing
—Tysinn —T;
Tu(cosecosn —1)

A2 (12)

will be considered later in stability analysis.

The counteractive torque of the tail rotor Q; contributes a
tiny part of M, and is also negligible; so the torques in (6)
can be simplified by

0 =0a7+05 (13)
where
ht Qm 7;nhm 0
QA = 0 Tmhm - Qm ) QB = Tmlm
I; 0 —Tuly —Omn
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and T 2 [T;,&,n]”. Invertibility of Q4 can be proved by
04| = — (Ml + 113, Ta — 1,05, # 0.
The neglected terms

O (sing — €) + Tyhy(sinn — 1)
Or — Qu(sinn —n) 4 Tyhy(sine — €)
Om(1 —cosecosn) + Tuly(n —sinn)

A2 (14)

will also be considered in the stability analysis.

B. Recursive backstepping design

Step 1: For the position kinematics (1), the velocity V can
be viewed as the input. Obviously, the position tracking error
P, £ P— P, can be stabilized by choosing

t
V=V, 2 -K,P —Kl,»/ P.dt + P, (15)
0

where Kj;, and Kj; are constant positive definite matrices.
Set the Lyapunov candidate

1 1 't 1
L= EPeTPe—i—E/ PertKU/ P.dt
JO 0

Its derivative can be obtained as
Li=-P'Ki,P. <0

Step 2: To backstep, define the velocity tracking error V, £
V —V, and the mass estimation error /i = it — m. Selecting
the Lyapunov candidate
m

Lzle-&-2

1 ‘ 1
veTV@Jr5 / VIdtKy; / Vdr + —m*  (16)
0 0

2n

we have
. . t 1.
Ly =—P'K\pP. + PV, +mV]V, + V] Ky /0 V,dt + ?ﬁuﬁ
1
1 .
=—P K1, P+ PV, +mV] (—g3+ —R3T — V.)
t 1,
VI Ky / V.dt + — ik
JOo N
where R3T,, is given by (11). Design
t
R3Ty = Ue £ R3: Ty = 11X — KopVe —KZ,-/ V,dt—P, (17)
0

where K3, and Kj; are constant positive definite matrices,
and X = g3 +V,, the derivative of Lyapunov candidate (16)
can be obtained by

. 1,
Lr=—P'K\pP,+ PV, VKV, + V] X —VIP, + ?mm
1

1,
=—P'Ki,P. V] K,V + X"V, + ?mm
1

If choose ||/A(0)|| < M; and design its adaptive update law
by following projection algorithm:

—nXxTv,, if ||m| < M
= or || =My, m'XTV, >0  (18)
0, if || = My, mTXTV, <0

it follows that

. mxTv, _ .
Lr=—P'Ki,P.— VK>V, + &y TEmm
where
0, if ||| < M,
o) = or ||| = My and mXTV, >0 (19)

1, if ||| =M; and mXTV, <0
If @ =0, [, <0; if @ =1, we know ||| = M; and
n%XTVe <0, so
N P ST 2 2
i = = (|| + [l —m||” — [|m]|") > 0
and @ ’m;;‘/e mm < 0, which also indicates L, < 0.
Step 3: Command trajectories of this step is acquired by

e

T, = H.ucHa R3. = T (20)
m
And the attitude kinematics can be described by
R3 = Rt83 = R,S(CO)€3 = —R,S(e3)a) 2n

where e3 = [0,0,1]7. Since R3 = [Ry3,R23,R33]7 and ||R3| =
1, R33 depends entirely on R3 and R3. Extracting the first

two lines of (21) yields
5 Ri3 —Ri2 Ry P |asp
=l =R R L e

where the invertibility of R is obvious.

Define R3, £ R3 — R3., where R3. represents the vector
composed by the first two elements of R3., and choose the
Lyapunov candidate

1 _ _ 1 't t
Ly=ILr+ ~RL,R30 + = / R}, dtKs; / Ri,dt
2 2 Jo 0

we get
i T T T
Ly=—PI'Ki,P. — V] K2y Ve + T,V R3,
_ - - t _
+R§6R3e + R’;‘reK3i/ R3edt
0
=—P'Ki,P.— VK2,V + T,V R3.
. - — t —
+ R, (Ry — Rse) + RL K, /0 R3.dt
=—P'Ki,P.— VI Ky, V. + T,V Rs,
. _ t
+ R, (Rwy — R3e) + RE K, /0 R3.dt
Assigning the angular velocity command

1 . R
@ = @y 2 R (—KspRse — Koy /0 Raedt + R — TpRS)

(22)

_ T _ Ri3+R13¢ _
where 0 = [§1,5]", 8 = u. — #Riizwe and & = v, —
Ry3+Ro3c . . . ot Qi : _
Roy Rz we; K3p and K3; are constant positive definite ma

trices; we have
Ly=—PI'K,P.— VI K>,V, — R} K3 R, <0

Step 4: Before backstepping for the attitude dynamics,
the controller for the yaw angle y has to be designed. An
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augmentation approach for generating Y, is introduced by
using the command trajectory x,,y, as follows:

xrj}r _xryr ! .
r= W7 Yy = /0 ydt (23)
where y,(0) = atan2(y,(0),x,(0)).

Consider the yaw angle kinematics [6]:

o <o
V=gt o

where r is regarded as the pseudo input. Define y, £ v — y,
and choose the Lyapunov candidate

ku/z /.l 2
dr
v ([ w
it follows that

Ly =—PIKi,P. -~ VK>,V

L4—L3+ WE

_R3TeK3PR3€
!
+ Ve We + kl//i l//e/o llfed[
=—P'Ki,P. — V'K,V — R}, K3, R,

t
+ We(li/_ Wr) +kline/0 l/fedt
=—P'Ki,P. — V] K2,V — R%, K3, R,

59 <o . . /’
+We(CGCI+CGr V’r)+kwtwe o Y. dt

If r is designed by
N fsd) cO
r=r.= cd) c(]) <kwq/e+kw/ W, dr — l//,> (24)
where ky,, and ky; are constant positive numbers, then
La=—PI'K\pP. — V] KopVe — R K3, R3e — kyp 2 <O

Step 5: Define o, 2 [0 ,r.)T, @0, 20— 0., JET -1,
p = L, Ly, Lz, Iz, ] and p = p — p. Select the Lyapunov
candidate

1 T l t T t ~ ~
0, J0,+ = | @, dtKy; [ @dt + —
5 Le e+2/0 e 41/0 e +2y2pp
its derivative can be obtained by

Ls=—PI'K\,P, — V] K2,V, — R}, K3, Rz,

+R38R(’)Ze + Were ¢

Ls =14+

—k,,,,,y/ez
1
+a)TJa)e+a> K4,/ a)edt+yp Th

where Jo, =Jo —J0, =
input Q is designed by

—S(@)Jw+ Q — Ja@,. If the control

t
Q:S(w)fw+fd)C—K4pa)e—K4,~/ wdt—&  (25)
Jo

where & = [RIR, W.c¢/cO]", then the derivative of Lya-
punov candidate Ls is given by
Ls =—PIKi,P. — VI K2,V — R%,K3pR30 — kyp W2
— 0! K40, + 0! S(0)J o + of Jo. + %ﬁTﬁ
= PeTKlpPe - VeTKZPVe - R3TeK3pR3e —kyp ‘/’ez

~ |
— & Kipwe +pTY 0, + %pTP

where
De  —qr qr  —pq—r’e
A .
Y£| pr g —pr p-r
—-Pq pq Fe qr — pe

If select ||p(0)|| < M; and design its adaptive updating laws
by projection algorithm:

L eYTe. i Pl <M
p= or ||pl| =M, pTYTw, >0 (26)
—pYTw,+x, if ||p]|=M, pTY w0, <0
ATyT
where k £ 72% p, it then follows that
Ls =—PI'Ki,P. — V] K2V, — RL,K3pR30 — kyp 2

nxTv, pry”

m D¢ T A
— weTK4p(De+G71A7 T

it @y
>eE PP

where @) is defined by (19) and @ is given by
0, if Bl < M

o, = or ||p|| =M, and pTY @, >0 7
1, if ||p||=M; and pYT 0, <0
In Step 2, ZD] Vf nm < 0 has been derived. Similarly, here

@, = 0 results “in Ls <0, and @, =1 (ie. ||p]| = M, and
pTYT w, < 0) implies that

~T

A PR A
pro=5UpIP+lIp—pI*~lpl*) >0

and @, HszwepTﬁ < 0, which also means that 1.5 < 0.

Step 6: Since T, and Q = [L,M,N]” have been designed
in previous steps, 6,, can be obtained from (7):

T 3 te 4t
fog = ———" em:[ Smcm+ cm] (28)

PsmAmQLR2’ 2 2 am
and Q,, is determined by
o) 3 sy,
gem = ?d + 1-13t62m 77 Qm = QCmpsmAmQran}Sn

Then 7 = [T;,€,7n]" can be obtained from (13):

T=0," (0~ 0s) (29)
and the collective pitch of the tail rotor is yielded by
1; 3 Stler | Mer
t=——>—=, == — 30
o pStAththz ! 2 l 2 + a; ‘| ( )

which ends the adaptive backstepping design process.

C. Stability analysis

Assumption 1: The small coupling terms are bounded by
AL < LI+ Ar and [|Ax]| < lol[E]l + Az, where & is
defined by

CE P Vel I1Rsell llwell, e 1)

and 1y, ly, A1 and Ay are small positive numbers.
In the above assumption, the non-vanishing terms A; and
A, concerns the values of A; and A; at the equilibrium points,
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which are very small according to the physical properties.
The vanishing terms 1, ||| and I4||{]| are based on the fact
that A; and A, are related to the states of the system.
Proposition 1: Consider the helicopter system (1)—(4)
with unknown constant inertial parameters m and J bounded
by ||m|| < M; and ||p|| < Ma, and suppose Assumption 1 is
satisfied. If the controller is designed by (15), (17), (20),
(22)—(25), (28) and (30) with proper design parameters, and
the adaptive laws are assigned as (18) and (26) with initial

€] > (A +A2)/(k§ —1,—1ly), which indicates that the
A1+A2
ke—h—lo"

tracking errors are bounded by ||| <
|

IV. SIMULATION AND DISCUSSION

In following simulation, values concerning the helicopter

aerodynamics are obtained from [12]. M| and M, are as-
sumed to be 15 and 1, respectively. Initial values of the

values ||[(0)|| <My and |[p(0)]| < Mo, then estimated parameters /2 and P, as well as real values of m

1) the estimated parameters m and p satisfy ||| < M
and ||p|| < My, respectively;
2) tracking errors of the closed loop system are bounded.
Proof:
1) Set the Lyapunov candidate for p as L = ﬁﬁTﬁ.
a) If ||p|| < My, the boundedness is obvious.
b) If ||p|| = M and pTYT @, > 0, then

L=—p"YTw, <0

which indicates that ||| is decreasing.
¢) If ||p|| =M, and pTYT @, <0, then
ATy T
L=—p"¥To,+ 2125750
1117
which means that ||p|| is non-increasing.
In conclusion, ||p|| < M, is guaranteed, if ||p(0)|| < Ma
is assigned. Boundedness of 7z can be proved similarly.
2) Select Ls as the candidate Lyapunov function. When
the non-vanishing neglected terms A; and A, are
considered, the derivative of Ls is given by

Ls = —PIK\pP, — VI KpVe — RS K3 pR30 — kyp W2
~AvT ATvyT
e . a pY

mX*'V, Qe T A
—a)eTK4pa)e+Gf17mm+sz °p’

=P P
1811
+VIR A + 0! Ay

<-— )Lmin(Klp) HPEHZ - A«min(sz)||Vg||2
- lmirz(K3p) HR3€||2 - lmin(Kll/p)”WeHZ

nxtv,
—)umin(KéLp)ngHz"‘w] e ¢

ATy T
Y @ 7.
T PP+ A IRANVell + 1Az ]| e |
<= (kg = b= 1) [IS]7 + (A1 +A2) ||

mXTV, 'Y w, 1.
+ O —— S+ Oy P
i P2

<= (kg == 1) [C17 + (A +A2)[I€]
€)Y

where @) and @, are given by (19) and (27), Auin(+)
represents the minimum eigenvalue, and

kg = min(lmin(Kip%lmin(ku/p»v i=1,2,3,4

In (31), we have used ||R;|| = 1 which can be obviously
proved by R’ R; = I3,3. If the controller parameters are
designed such that kg > [, +1g, then Ls decreases when
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TABLE I
INERTIAL PARAMETERS IN SIMULATION

Notations |  Values | Notations |  Values
1(0) T0kg m 8.75kg
[ (0) 0.15kg - m? L 0.19kg - m?
Iy (0) 0.3kg-m? Iy 0.34kg - m?
1.(0) 0.25kg - m? I, 0.3kg - m?
[.(0) Okg - m? I 0.05kg - m?
15 10

Es E
x >
- 0 -
0 practical practical
command command
-5 -5
0 10 20 30 40 50 0 10 20 30 40 50
time(s) time(s)

E
N2
0 practical 0.2 practical
command command
2 0
0 10 20 30 40 50 0 10 20 30 40 50
time(s) time(s)

Fig. 1. The trajectory of the controlled autonomous helicopter

2 3
Eo E?
X >
kS 5 1
° . o
@ @ 0
-4 -1
0 10 20 30 40 50 0 10 20 30 40 50
time(s) time(s)
2 0.2
15 g o
£ =
:_r~T 1 2 -02
o >
5 05 S -04
5 5
0 5 -0.6
-05 -0.8
10 20 30 40 50 0 10 20 30 40 50
time(s) time(s)

Fig. 2. The tracking errors of the controlled autonomous helicopter
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Fig. 3. The roll and pitch angle of the controlled autonomous helicopter

10
9 J
c Z\/
8 J

7 i i i i
0 10 20 30 40 50

time(s)

Fig. 4. The estimation for m

0.2

_X 015 k B
01 i i i i
0 10 20 30 40 50
time(s)
0.34
_%2032 : : |
0.3 i i i i
0 10 20 30 40 50
time(s)
0.26
_N 025 : |
0.24 : : : .
0 10 20 30 40 50
time(s)
0.02
_X 0 |
-0.02 . ; ; ;
0 10 20 30 40 50
time(s)
Fig. 5. The estimation for p

and p, are shown in TABLE I. The command trajectory is
given by

x(t) =1.92-1077° —2.4-107* + 81074
y(£) =1.536-10771° - 1.92-105* + 6.4 - 104>
(1) =1.152-1077F — 1.44-1075* +4.8 - 1074

and ;. is specified by (23).

Fig. 1-5 display the simulation results for the complete
model with error terms (12) and (14) under the control
algorithm and the parameter adaptive law provided in Propo-
sition 1. As is illustrated in Fig. 1, the helicopter tracks
the command trajectory with some tracking errors. Fig. 2
demonstrates that the tracking errors are bounded, as is
expected by Proposition 1. The ultimate bounds of the errors
are fairly small, indicating that the side-effects brought by

neglecting A; and A; are tiny. The roll and pitch angles of
the controlled helicopter are maintained in acceptable rages,
as are exposed in Fig. 3. The boundedness of estimated
parameters are verified by Fig. 4 and Fig. 5.

V. CONCLUSIONS AND FUTURE WORKS
A. Conclusions

An adaptive backstepping approach is proposed in this
paper to solve the trajectory tracking problem of an au-
tonomous miniature helicopter with constant inertial pa-
rameter uncertainties. The control algorithm is designed
through backstepping approach, while the inertial parameter
uncertainties are compensated online by adaptive update
laws based on projection algorithm. It is proved that the
proposed adaptive backstepping control algorithm guarantees
the bounded tracking of the miniature autonomous helicopter.

B. Future Works

In this work, derivatives R3. and @, are obtained from
numerical differentiators, because the analytical expressions
are rather complicated to implement. Performances of the
closed-loop system would improve significantly, if R3. and
@, can be expressed in analytical forms. Moreover, con-
straints of control inputs are necessary to be included in the
research to avoid occasional aggressive attitude. At present,
the authors are working at implement the proposed controller
on a practical miniature unmanned helicopter.
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