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Nonlinear Tracking Control of Rigid Spacecraft under Disturbance
using PD and PID Type H_., State Feedback

Yuichi Ikeda, Takashi Kida and Tomoyuki Nagashio

Abstract— This study investigates six degrees-of-freedom
nonlinear tracking control of rigid spacecraft under external
disturbances. We propose two nonlinear tracking controllers
having disturbance attenuation ability, namely, a proportional-
derivative (PD)-type H.. state feedback controller and a
proportional-integral-derivative (PID)-type ., state feedback
controller. Both these controllers have positive definite gain
matrices whose conditions to be satisfied are given by linear
matrix inequalities. The properties of these controller are
compared and discussed through numerical studies.

[. INTRODUCTION

Future space programs require agile relative position and
attitude control technology of spacecraft. Rendezvous and
docking, capturing of inoperative spacecraft, and formation
flight in orbit are the typical scenarios where such systems
can be used. A key component for controlling position and
attitude is a tracking controller that controls the six degrees-
of-freedom (six d.o.f) of spacecraft under the influence
of external disturbances. For agility of the spacecraft, we
treat above missions as nonlinear control problems where
translation and rotation are dynamically coupled with each
other.

Many studies have been carried out on the nonlinear
attitude control of rigid spacecraft. Among these studies, the
studies on passivity-based control [1], [2], [3] seem most
promising, because this control technique is simple to imple-
ment, has robust stability against parameter uncertainties, and
can be combined with an adaptive scheme. Attitude tracking
using a proportional-derivative (PD)-type state feedback con-
troller having positive scalar gains is proposed in [2] and it is
extended to backstepping control [4]. However, these control
methods ensure only the asymptotic stability of the relative
attitude under a disturbance-free environment. For achieving
tracking control under disturbance, most researchers have
focused on the nonlinear H, controller that makes Lo gain
of closed-loop system from disturbance to controlled output
less than v > 0 [5], [6], [7]. They also employ PD-type scalar
gain state feedback controllers. However, although these
controllers generally require high feedback gains to achieve
high disturbance attenuation ability, these control methods
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are not realizable because the maximum level of the control
input is constrained by physical limitations. Therefore, we
consider it is not necessarily only approach to the control
purpose.

In light of the above facts, we first extend the results of [2]
to a six d.o.f. PD-type tracking controller that has positive
definite feedback gain matrices, and derive a condition
to prove that this controller is a PD-type Ho, controller.
Then, we propose a proportional-integral-derivative (PID)-
type state feedback controller that can effectively attenuate
the constant signal under disturbance. Next, we derive a PID-
type Hoo state feedback controller. Finally, the properties of
these controllers are compared and discussed via a numerical
study.

The following notations are used throughout the paper.
a* € R3*3 is the skew symmetric matrix derived from
vector a € R3. |a|| = (aTa)'/? denotes vector 2-norm.
A >0 (A >0)denotes A being positive (semi) definite,
and A4 = ||A]| is the induced matrix 2-norm. I,, is a unit
matrix of size n X n. Oy, x., 1S a zero matrix of size n x m.
Symbol * denotes a symmetric element.

II. MODELING AND PROBLEM DESCRIPTION

We consider a control problem in which a chaser space-
craft tracks a target point moving in the inertial frame under
the influence of disturbances. Frames and vectors are defined
in Fig. 1, where {i} denotes the inertial frame, and {c}
and {t} are the chaser and target spacecraft fixed frames,
respectively. Our objective is to control the chaser so that its
mass center C tracks point P and frame {c} tracks the frame

{t.

chaser

Fig. 1.

Definitions of vectors and frames
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The translation and rotation dynamics of the chaser fixed
frame {c} are given by the following equations [8].

mo +mw*v = f+dy, 1)
Jo+w*Jw="T1+d,, 2)

where variables v,w € R? are linear and angular velocities,
f,7 € R3 are the control force and torque inputs, and
df,d; € R? are the disturbance force and torque inputs,
respectively !. Constant coefficients m € R and J € R3*3
are the mass and inertia, respectively. The position of mass
center C and the attitude of {c} w.r.t {i} are given by the
following kinematics if a quaternion is used for attitude
parametrization.

1 X
f:U—wXT, q:E(Q)w:§ |:77[3_:—T6 :|wa 3)
where 7 € R? is the position and ¢ = [ €' n |7 € S? is the

quaternion with the constraint ||¢|| = 1,V¢ > 0.
On the other hand, the dynamics and kinematics of the
target motion are described as follows.

my0y + myw; vy = 0, 4

Jtdjt + th tht = 0, (5)

. . 1[5 + €
Tt = v —wi T, G = E(q)w = 3 [Ut i€T ¢ } we. (6)
t
Then, the position and velocity of point P fixed in frame {¢}
are given by

Tpt =Tt +pt7 Upf, = V¢ + wt><pt7 (7)

where the p; € R3 is a constant vector in fixed frame {t}.
The objective of our tracking control problem is to find
control laws such that

W = Wt

r="Tp,, 4=4qt, UV =7Up,,

when ¢ — oco. To this end, an error system in {c} is described
as follows. Let the direction cosine matrix from {t} to {c}
be

C= (773 — eeTee) I3 + €€l — 2n.€eX ©))
using the quaternion of relative attitude q. = [ €. 7. |7
where €. and 7. are defined as

bl

€e = Me —Mer + €€, Me =y + € € 9)

The relative position, linear velocity, and angular velocity
are given in the same {c} frame as

re =1—Crp,, Ve =0—C0p,, we=w—Cuw;. (10)

Substitution of (10) into (1), (2), and (3) using the identity
C = —w}C yields the following relative motion equations

mie = — m|(we + Cwi) *ve + Cip,

IPractically, the resultant inputs f and 7 are given by f = f. and 7 =
P& fe + Te, respectively, where f., 7. € R3 are the outputs of force and
torque actuators, respectively, and p. € R3 is the arm length from the
mass center to the point of application of force. It should be noted that f.
and 7. are uniquely determined from f and 7, respectively, if p. is given.
Disturbances d 7 and d, are in the same location.

+ (Cwi)Cop, ) + f + dy, (11)
Jd}e = - (We + CWt)XJ(we + th)
—J(Cwy —w)Cuwy) + 7 +dr, (12)
Fe = Ve — (we + Cwy) e, (13)
. 1 neds + €
e = E(ge)we = ) {77 iETE } We.- (14)

By transformation, the tracking control problem is reduced
to a regulation problem to design control inputs f and 7 such
that

(Te; €e; Tle; Ve, We) - (Oa 0,1,0, 0)

when ¢t — oo under disturbances dy and d., according to
(11)—(14).

III. CONTROLLER DESIGN
A. PD-Type H, State Feedback Controller

First, we investigate PD-type state feedback controller.
Its feature compared with conventional methods is that it
allows matrix feedback gains. By the extension, the design
of feedback gain parameters becomes very flexible. For this
design, we further transform (11)-(14) as

Ve = Ve — (Cwi) ™ 7o, (15)
f=[f+md,, (16)
T=7T+40q, (17)

where f,7 € R? are the new inputs, and

8r =2(Cwi)* Ve + (Cwi)™ (Cwi) ™ Te

+ (Cw)*re + Cp, + (Cwy)*Cop,, (18)

§g =wX JCwi + (Cwy)™ J(we + Cwy)
+ J(Cowp — wXCuwy). (19)

Then, (11)—(14) are simplified as

mve = —mwi e + f +dy, (20)
Jwe = —w)Jwe + T + d-, (21
Te = Ve — WSTe, (22)
e = E(ge)we. (23)

The above system (20)-(23) is passive w.r.t. inputs u =
[ fT 77 17 and outputs y = [ 97 wl |7 (see Appendix
A). By transformation (15)—(17), the control problem is now
to regulate the system (20)—(23) in order to design control

inputs f and 7 such that
(re; €e; Ne; Ve, We) - (07 0,1,0, 0)

when t — oo.
Now, let us consider the state feedback control law that
has positive definite gain matrices as follows:

- 1
f = __(kmre"‘Kle)e)v 24)

az
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1
T= _b_Q(K(Qe)ee + Kdgwe); (25)
K(ge) = (mels — € ) Kp, + kpy (1 — ne) I,
where a9, bs € R are the positive design parameters,
kp, >0, Kp, = K, >0, ky, >0, (26)
Ka =Kj >0, Kg, = Kj, >0, (27)

kpy kpy €ER, Ky, Kay, Kg, € R3%3,

and the output to be controlled is defined as z = ¥(, where
Y is the weighting matrix,

¥ = diag{0o,, 00,09,0,},

Oy Oy, 0y €ERP3 0, € R,

T =T

(=[re v e I

€

2cos_1(|ne|) w

From the definition of quaternion, 2 cos™!(|n.|) of the ele-
ment of { represents the eigen-angle around the unit vector
(eigen-axis) with respect to relative attitude [6]. In addition,
regarding the target states, the following assumption is made.

Assumption I: The target states ry, €;, N, V¢, Wy, V¢, and wy
are directly measurable, uniformly continuous, bounded, and
known for all ¢ € [0, 00).

Then, the following theorem can be obtained.

Theorem 1.

Given ai,as9,b1,bs, and v, where a1,b; € R are the
positive design parameters, the closed-loop system of (20)—
(23) with (24) and (25) satisfies the £, gain less than or equal
to v from disturbance input d = | d? dX 1T € L£5[0,T)
to controlled outputs z if feedback gains satisfy following

conditions
F >0, 2kp I3 > Ky, > kp, I3, R >0, (28)

e 1
R-2TY — 4—72WTW >0, (29)

F = diag{]-"l, .7:2}, R = diag{Rl, RQ},

F = kplfg almIg-, _ 2Kp2 bIJ
L= * a2m13 ’ 2= * bQJ ’
raj ai
—k,. I —K
Rl = az P13 2@2 @
| * Kg, —aimlis
- b
L (2ky, 15 — K,,) K
R bg 2b2
2 = )
» Ko, — iy
— arls  azls Osxsz Osxs
Osxs Osxs  bily  boly |’

¥ = diag{o,, 0y, wonls, 00}

Moreover, the state variable of the closed-loop system be-
comes
(re; €ea 776) 1767 we) i (07 Oa 17 Oa O)

as t — oo for arbitrary initial state when d = 0.
Proof: See Appendix B. [ ]
Remark 1:

1) The obtained conditions (26)—(29) are linear matrix
inequalities (LMIs) w.r.t. feedback gains that are ef-
fectively solved using convex optimization tools [9].

2) When only the asymptotic stability is required, the
positive definiteness of feedback gains automatically
satisfy (28). This is proved by letting design parameters
a; = b; =0 and ag = by = 1 in the proof.

3) If we set Ko = kp3ls, matrix K (g.) becomes positive
scalar constant k.

B. PID-Type Hoo State Feedback Controller

The PD-type H o state feedback controller has disturbance
attenuation ability in that it minimizes the £ norm of the
control output. However, the magnitude of the feedback
control input generally becomes larger when the attenuation
requirement increases. In the classical linear control theory,
the integral compensation is usually used to eliminate the
offset errors caused by the constant step disturbance. This
section proposes a nonlinear PID-type state feedback con-
troller.

We consider the following control law:

_ 1
f= _a_2 (kpyre + Ka,0e) — ki &1

" “ ) (30)
& = / <re + —2er8> dt
0 ai
_ 1
T = _E (K(q€)€e + Kd2w6) - ki2§2
‘ b , (3D
& = / (ee + —2{(2 — 1)z — e?}we> dt
0 2b1
where
ki17ki2 € Ra kilvkw > 0; (32)

and other feedback gains and design parameters are the same
as defined in (24) and (25). Then, the following theorem can
be obtained.

Theorem 2:

Given a1, as, by, ba, and ~, the closed-loop system of (20)—
(23) with (30) and (31) satisfies the L5 gain less than or
equal to v from d to z if feedback gains satisfy following

conditions
F>0, 2ky,Is > Kp, > ky, I3, R >0, (33)

O |
R—ETE—WWTWEO, (34)

.7:— = diag{fl,fg }, 7% = diag{le,?ég },
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. kpllg a1m13 agkilfg
Fi=| «* asmls 0 ,
L * * ark;, I3
. -2Kp2 biJ b2k, I3
Fo = * boJ 0 ,
L * * biki, I3
R _ﬂkplf?, — azkils ﬁKdl
Rl = |2 20,2 ,
L * Kg, —aymls
[ b3
Ry = 5(2/%3]3 — Kp,) — (b2 + 4—1)1)761‘2]3
L *
b1
—K,
TG

K, —§b>\I—ik~I
d2 — 501ATIs = g s f3

Moreover, the state variable of the closed-loop system be-
comes

(Te7 €eyTe, ’De; We, 517 §2) - (07 Oa 17 Oa 07 Oa O)
as t — oo for arbitrary initial state when d = 0.
Proof: See Appendix C. [ ]

Remark 2:

1) As in Theorem 1, the obtained conditions (26), (27),
and (32)-(34) are LMIs w.r.t. feedback gains, and
controllers (30) and (31) have a scalar proportional
feedback gain k,, by letting K, = k1.

2) It can be shown that the position and attitude can track
their targets without offset errors when the disturbance
is constant. At the steady state, v, = 0 and w, = 0
hold. Therefore, as

t t
K(g) = K,,, & = /O redt, € /0 codt,

the closed-loop system is
t

1
—kp, e + ki, redt —dy =0, (35)
aQ 0
1 t
— K, ec + ki, / €.dt —d, = 0. (36)
bQ 0
If we define
t 1
= dt — —d
€1 (/0 Te kil f) ’
t 1
€9 = / Eedt — —dn> y
< 0 kiZ
then (35) and (36) become
) ks ) _
é1= —k—pllel, by = —ki, K, ey (37)

Since ag, ba, kp,, ki, ki, > 0 and K, = KpT2 > 0,
e; — 0 when t — oo. Therefore, from (35) and (36),
it can be said that r, — 0 and ¢, — 0 when { — oo.

IV. NUMERICAL STUDY

The properties of the proposed controllers are compared
and discussed in this numerical study. For this purpose, we
set the physical parameters of the target and the chaser
spacecraft as

my = 300 [kg], J; = diag{50, 275,275} [kgm?].

75.0 —28.1 -—-28.1
m =200 [kg], J=| = 75.0 —28.1 [kgm2].
* * 75.0

The target position in the {t} frame is given as p; = [0 5 0]%.
The initial conditions for the chaser spacecraft are
7(0) = [10 10 10]T [m], »(0) = [0 0 0]7 [m/s],
q(0) = [0.06 0.69 0.06 0.72]" [-], w(0) = [0 0 0]” [rad/s],
and those for the target are 2

7:(0) = [3 3 3]" [m], v:(0) = [0 0 0]" [m/s]

q:(0) =[0 00 17 [-], w(0) =[0.2 0.2 0.2]" [rad/s].
A. Tracking Performance under Disturbance-Free Environ-

ment

First, we show the six d.o.f. tracking ability of the PD- and
PID-type controllers when d = 0. The PD and PID controller
gains are chosen to satisfy only the conditions (28) and (33),
respectively. The controller gains are set as

PDZG,l:bl:O, a2:b2:1,

PID : a1 = 0.2, bl = 0.1, as = b2 = 1,

kp, = 1513, Kp, = 1013, kp, =12,

Ky, = 12013, Kq, = 4013, k;;, = 0.8, k;, =0.3.
Figs. 2 and 3 show the responses of positions, quaternions of
chaser spacecraft, and target of the PD and PID controllers,
respectively. For both controllers, the chaser tracks the target.
However, the performance of the PID controller degrades
because of the time delay introduced by the integral com-
pensation.

B. Tracking under Constant Disturbance
The following three controllers are applied under the same
initial conditions, when constant disturbances
dy =1[333]7 [N], d,=[333]" [Nm]

are added:

e Case 1 : PD controller,
e Case 2 : PD H, controller when v = 0.2,
e Case 3 : PID controller.

In Case 2, the design parameters are set as

a1:8, b1:4, (l2:b2:40,

2The attitudes described by quaternion ¢(0) and g¢:+(0) correspond to
Euler angles of 3-2-1 system of (¢(0), 6(0),(0)) = (80,80, 80) [deg]
and (¢¢(0),6:(0),:(0)) = (0,0,0) [deg], respectively. However, all
simulations are performed using the parameterization of quaternion.
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Tess Ttps [m] Teys Tips [m] Teys Tipy [m]

0 10 20 30 40 50 60 70 80 90 100
time [s]

Fig. 2.

Tess Ttps [m] Teos Tips [m] Teys Ttpy [m]

0 10 20 30 40 50 60 70 80 9h 100
time [s]

Fig. 3.

o, =6I3, 0, =113, oy = 3, o, = I,

and feedback gains are derived by solving LMIs (26)—(29).
In addition, to prevent relative error from vibrating, the
following conditions are added:

Kq, > 8kp, I3, Kq, > 8K,,, Kq, > 8kp,13.

The results are shown in Figs. 4, 5, and 6. The PD controller
fails in tracking, but it succeeds when the H., property
is added. However, finally, tracking errors are retained,
although their values are very small. On the other hand, PID
controller achieves the best performance in the steady state,
even though it does not exhibit the H, property. However,
near the initial time ¢ = 0, the performance degrades because
of the time delay caused by integral compensation.

C. Disturbance Attenuation Ability

Finally, we examine the disturbance attenuation ability. We
compare the PD and PID controllers, both of which exhibit
the H o property when v = 0.8, 0.4. The design parameters
are set as

a1:8, b1:4, a2:b2:40,

o, = 6l3, 0, = 113, oy = 3, o, = I,

€cy9 €ty [']

0 20 40 60 80 100 _10 20 40 60 80 100

€cz €tg [']
(=}

20 40 60 80 100
time [s]

0 20 40 60 80 100 _10
time [s]

PD controller: responses of position (left) and attitude (right) of chaser (solid line) and target (dashed line).

€cys €ty [']

20 40 60 80 100

20 40 60 80 100
time [s]

- -1
0 20 40 60 80 100 0
time [s]

PID controller: responses of position (left) and attitude (right) of chaser (solid line) and target (dashed line).

and feedback gains of the PD controller are derived by
solving LMIs (26)—(29) whereas those of the PID controller
are derived by solving LMIs (26), (27), and (32)-(34). In
addition, to prevent relative error from vibrating and integral
gains k;1,k;o from becoming very small, the following
conditions are applied:

Kd1 > 8]€p1_[3, Kd2 > Ssz, Kd2 > 8]€p3]3,
ki1 > 0.8, kio > 0.5.

The disturbance input d € £2[0, 7] is

d; = 3sin (I—Ot> 117 [N,

d, = 3sin (41015)[1 1 1)7 [Nm],

where ¢ € [0,100]. For the same initial conditions, the re-
sponses of norms of relative positions and attitude described
by Euler angles of 3-2-1 system are obtained. They are shown
in Figs. 7 and 8. It is concluded that the transient property
of the PID H,, controller is better than that of the PD
‘Hoo controller. However, the convergence for the sinusoidal
disturbance degrades.
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Tegs Tips (M  Teyy Tip, [M] Teyy Tep, [m]

0 30 60 90 120 150
time [s]

Fig. 4. PD controller (Case 1) : responses of position (left) and attitude (right)

Teas Ttps [m] Teys Ttpy [m]

or

Tess Ttps [m]

~16 30 60 90 120 150
time [s]

Fig. 5.
disturbance.

Tess Ttps [m] Teys Ttps [m] Ters Ttpy [m]

1% 30 60 90 120 150
time [s]

30 60 90 120 150
time [s]

o730 60 90 120150 ‘o
time [s]

of chaser (solid line) and target (dashed line) under constant disturbance.

30 60 90 120 150
time [s]

0 30 60 90 120 150 (]
time [s]

PD Hoo controller (Case 2) : responses of position (left) and attitude (right) of chaser (solid line) and target (dashed line) under constant

30 60 90 120 150
time [s]

"0 30 60 90 120 150 o
time [s]

Fig. 6. PID controller (Case 3) : responses of position (left) and attitude (right) of chaser (solid line) and target (dashed line) under constant disturbance.

V. CONCLUSION

We have investigated six d.o.f nonlinear tracking con-
trol technologies of spacecraft under external disturbance
in order to prepare for the future space missions. To this
end, a PID-type state feedback controller as well as a PD-
type state feedback controller was proposed. The conditions
of the asymptotic stability of error systems and the Lo
gain properties of a closed-loop system were obtained. The

performances of the above-mentioned controller have been
compared and discussed through numerical studies. These
controllers require the accurate values of mass and inertia.
However, they can be extended to include parameter adaptive
schemes, as shown in [10].
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APPENDIX
A. Passivity of Systems (20)—(23)

Let us define the storage function as

m 1
E= Ellz?en2 + Zwl Jwe. (38)

2

The time derivatives of (38) along the trajectories of system
(20)—(23) with df = d, = 0 become

E =mil (—mwXT. + f) + wl(—wX Jwe + 7)

=0l f+wlr

=yTlu.
Therefore, system (20)—(23) is passive w.r.t. input u and
output y.

B. Proof of Theorem 1

Let us define the candidate of Lyapunov function as

by

> wl Jw,

a k
% :?QmHT)eH2 + %Hrenz + almreTTJe +
+ el Kpyee + kpy (e — 1) + brel Jw,
1
:_XT}-X—’_ k:D3 (ﬂe - 1)27

2
x=1lre o e wel'

(39)
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Therefore, V > 0 if F > 0. The time derivative of (39) along
the trajectories of the closed-loop system become 3

V =(a17e + a2®e) T (f 4+ dy) + kp, 7L T + arm)| 5|
+ (bIGe + bQWe)T(% + d‘r) + WZK(Qe)Ge

b
+ ElweTJT(qe)we - bleeTweX Jwe

a a _ _
— —al kp, H?“e||2 - reTKdlve — veT(Kd1 —ayml3)ve
2 az

by

T T
- by €, Kg,we —w, Kg,we

b
+ ElweTJT(qe)we - bleeTweX Jwe + (arre + agl_)e)Tdf
+ (blee + b2we)Td7'7
where T'(ge) = nels + €. In (40), as
1T(ge)ll =1, llecll <1, flw || = [lwell

(40)

%lweTJTwe — bl wX Jwe| < ;bl)\JHweHQ,
and the identity € (nels — €X) = €ln, yields
—et K(ge)ee = —€¢ {ne(Kpy — kpy Is) + kpy I3 Yee
= —e. G(ne)ee,

where G(n.) is described as follows according to 7.

(41)

ne(KpQ - k/‘pSIB) + k/'p3[37 1 > Ne > 0
G(ne) =< kp3ls, Ne =0
—[ne|(Kp2 — kpsls) + kpsls, 0>ne > —1

From the above equation, G(n.) > 0 for all 7, if 2k,, I3 >
K, > kp,Is. Furthermore, minimum value of G(7.) is

n%ieng(ne) =G(—1) = 2kp3ls — Kpo.
Therefore, if 2k, I3 > K, > k,,I3, then (41) becomes
—ee K(ge)ee < =€ (2kpy s — Kopy)e,
and (40) satisfies

. al al — — =1
V <=y flrel® = =l Koy ve = 0] (Ka, — ayml)oe
2 2

b
- b—lef(%pgfg — Kp,)ee —
2

b
bz

T
€c Kdzwe

3
— weT (Kd2 — Eblx\Jlg)we + (arre + agﬁe)Tdf

+ (bree + bowe) T d,

=—x"Rx+x"W'd. (42)
By the completion of the square, we obtain
1

4—72XTWTWX

VAt ll2? = 22)ld)? < = xTRx +

3In the manipulation of equations, following relations are used: Va, b, ¢ €
R3, aXa =0, bTaXb=0, and bTaXc+ c'a>Xb = 0.

1
=7l = 5z Wxl* + TETRC
Y
If we note that
d"=—Wx
is the worst-case disturbance and that
(TET8¢ < x"ET8x
from 2 cos™1(|ne|) < 7||ec| [6], the inequality
. . 1
V|22 =22 dl? < —xT (R =278 = SWTW)x
2
holds Vd € £5]0,T]. Therefore, condition (29) implies
V<Al ~ =)

indicating that the £5 gain of the closed-loop is less than or
equal to v [11].
With regard to the asymptotic stability, when d = 0, (42)
becomes _
V=—x"Rx

and V < 0 if R > 0. Therefore,
V(x(t)) < V(2(0), Yt > 0. (z = [x" n]")

and z is bounded because V is radially unbounded. Fur-
thermore, control inputs (24) and (25) are bounded by the
conditions in Assumption 1. Since & is also bounded,

V=—2"Rx
is bounded and V is uniformly continuous w.r.t. {. Addition-
ally, since V is lower bounded from V > 0,
V0= x— 0

when t — oo from Lyapunov-like lemma [12]. Therefore,
Ne = 1 when V = 0; that is, the closed-loop system is
asymptotically stable for all initial states.
C. Proof of Theorem 2

Let us define the candidate of Lyapunov function as

as _ k. _
)% :7m|\ve||2 + %HT6H2 + aymrl v, + agki&lre

a b
+ 71’%1|\§1||2 + gweTJWe + eeTKp2€e + kp, (e — 1)2

b
+brel Jwe + boki, € €c + 5 iy €2l

1 .ra.
25 T}—X—’_k;%(ne_]-)Qv

X=1[rd 00 & e we &1
This is constructed from (39) by adding terms of &; and &».
Therefore, using the same steps those used in the proof of
Theorem 1, we obtain its time derivative as
V< —XT7A2X +xIwta.

Along the line of the above discussion, the Lo gain property
of a closed-loop system and the asymptotic stability are
concluded.
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