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Abstract

This paper addresses the control problem of linear pe-

riodic discrete-time systems with delays under the positivity

constraint, which means that the resulting closed-loop sys-

tems are not only stable, but also positive. Linear periodic

state feedback controllers are used in the stabilization prob-

lem. Necessary and sufficient conditions are established for

the existance of such controllers for discrete-time periodic de-

layed systems. Then, sufficient conditions are proposed un-

der the additional constraint of bounded control, which means

that the control inputs and the states of the closed-loop sys-

tems are bounded. Finally, the results are extended to uncer-

tain periodic delayed systems with a polytopic uncertainty de-

scription. Numerical examples are provided to illustrate the

established results.

1. Introduction

A Positive system is very relevant in some continuous-

time and discrete-time problems of the common life which

cannot be described by negative signals, like, for instance,

population dynamics evolutions, prey-predator problems, bi-

ological problems, etc. These systems appear in many practi-

cal problems when the states represent physical quantities that

have an intrinsically constant sign (Absolute temperatures,

concentrations, etc) [1]; see, e.g. [2], [3], [4], [5], [6], [7],

[8], [9], [10], [11] and [12] and the references therein. Both

positive and periodic linear systems have been studied in dif-

ferent application fields ranging from biology and chemistry.

Indeed, periodic processes arise very often in nature and engi-

neering and thus application of linear periodic systems may be

found in a large spectrum of different fields. Linear periodic

systems represent a subclass of linear time-varying systems

and are certainly, by far, the simplest. A number of important

results on linear periodic systems have been reported in the

literature, see, e.g. [13], [14], [15], [16], [17], [18], [19], [20],

[21], [22] and the references therein. Moreover, Stability is

one of the most important properties of systems, and a massive
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literature has been concentrated on this issue for positive sys-

tem [1]. This has impulsed a large number of research results

obtained for the stability and robust stability of positive dis-

crete and continuous-time linear systems without delays and

with delays; see, e.g. [8], [9], [11], [23], [24], [25], [12], [26],

[27], [28], [29], and [7] and the references therein. It turns

out in [9], [23], [29] and [24] that the delays have no impact

on stability of linear positive systems. Asymptotic stability of

the discrete-time positive systems with bounded time-varying

delays has been dealt with in [23]. The approach of the linear

copositive Lyapunov function captures the nature of positiv-

ity; thus, it is widely used in research on positive systems [12].

Some necessary and sufficient stability conditions for positive

systems by means of linear composite Lyapunov function are

proposed in [7]. Reference [25] tries to adapt the linear copos-

itive Lyapunov function to LTI discrete-time positive systems

with delays, focusing on controller design under the positiv-

ity constraint and/or with bounds on the input and the states.

Authors of reference [29] obtained a necessary and sufficient

stability condition for continuous-time positive systems with

delays. This result was then improved to design positive ob-

servers for delayed continuous-time positive systems in [30].

Then, there is a great number of research results obtained sep-

arately for both positive and periodic linear system but not

for positive periodic linear system. Then, the idea of [26] is

original. In [26] LMI-based conditions for the existence of a

desired periodic state feedback controller guaranteeing the re-

sultant closed-loop systems is asymptotically stable and posi-

tive are presented. In this context, this article is an extension

of works done on the linear positive discrete-time systems for

linear periodic positive discrete-time systems. In this paper,

the stabilization of linear discrete-time periodic systems with

delays under the condition that the closed-loop system is pos-

itive is addressed as well as the case of bounded state and

or control variables. Our development is based on a Linear

Programming approach. The established conditions are in the

form of linear equality and linear inequality constraints which

can be easily associated to linear objective function resulting

in a linear programming technique [12]. The problem of sta-

bilization in the presence of polytopic parameter uncertainty

is also dealt with.

Notation: �n denotes the n−dimensional Euclidean space.

�
n
+ denotes the non-negative orthant of the n-dimensional real

space �n, �n
+∗ = �

n
+ − {0}, �

m×n is the set of all m× n real

matrices, I is the �n×n identity matrix. Matrix M ≥ 0(> 0)
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means that all its entries are nonnegative (positive), and vec-

tors x ≥ 0(> 0) can be used in the same way. (.)⊤ denotes

transposition of matrices or vectors. The following nota-

tions of matrices are used in this article: Al(k) =
[

al
i j

(k)
]

,

Ar
l
(k) =

[

alr
i j

(k)
]

, vector b⊤
i

(k) is the ith row vector of matrix

B(k), and br
i
⊤(k) is the ith row vertor of matrix Br(k). For

simplicity, let �T = [0,1, . . . ,T −1]⊂� and �∗
T
= [1, . . . ,T −1].

2. Problem statements and preliminaries

Consider the following antonomous T-periodic system:

x(k+1) = A(k)x(k) (1)

with A(T + k) = A(k), ∀k ∈ N, x(k) ∈�n is the state vector.

The following definition and lemma are needed.

Definition 2.1 The periodic system (1) is said to be positive

if and only if for any x(0) ≥ 0, the corresponding trajectory

x(k) ≥ 0 holds for all k ∈ N.

Systems in which we are interested are positive periodic sys-

tems where the state does not vanish during one period, that

is x(k) ∈ �n
+∗, for all k = 0,1, . . . , p. To illustrate our idea let’s

take the two following cases of system (1):

1. Let A(2n) =

[

0 0

0 0

]

, A(2n+1)=

[

−1 −1

−1 −1

]

, n ∈�.

For any x(0) ≥ 0, we have x(k) ≥ 0 because x(1) = 0.

2. Let p = 3 and x(0) =

[

a

b

]

≥ 0. In addition, A(0) =

[

1 0

0 0

]

,

A(1) =

[

0 0

0 −1

]

, A(2) =

[

−1 2

0 −1

]

. Then, x(k) ≥ 0, be-

cause x(2) =

[

0

0

]

.

In both examples, the system is positive although, at least, one

of its state matrix is negative. Therefore, the case where the

state vanishs during the first period is not interesting. In the

sequel, we define the calss C as the class of systems for which

the state does not vanish durig the first period.

Lemma 2.1 [26] The periodic system (1) belonging to C is

positive if and only if A(k) ≥ 0 for all k ∈ �T .

By lemma 2.1, in order to determine whether or not a

periodic system is positive, one has to check only the positivity

of the entries of the dynamic periodic matrix of the periodic

system.

Lemma 2.2 [31] Assume that the periodic system (1) is posi-

tive. It is stable if and only if there exists 0 < λ(k) ∈�n; k ∈ �T
such that:

λ(i+1)−A(i)λ(i)= 0, i ∈ �T

λ(0)−A(T −1)λ(T −1) > 0 (2)

Lemma 2.3 [31] Consider the autonomous positive periodic

system x(k+ 1) = A(k)x(k), k ∈ �, that is Ak ≥ 0, k ∈ �T . For

any initial condition x(0) satisfying 0 ≤ x(0) ≤ x̄(0), the two

statements are equivalent:

1. There exists a T−periodic vector x̄(k) ≥ 0 such that 0 ≤

x(k) ≤ x̄(k), ∀k ∈�

2. There exists x̄(k) ≥ 0 given by

x̄(k) =

{

A(k−1)x̄(k−1), f or 1 ≤ k < T

x̄( j) f or k ≥ T ; k = nT + j; n ≥ 1; j ∈ �T
(3)

and satisfying x̄(0)−A(T −1)x̄(T −1) ≥ 0 (4)

3. Main results

This section consists of two subsections. The first subsec-

tion is devoted to designing controller for linear discrete-time

periodic systems with delays, and the second one is for the

periodic systems with delays and uncertainties.

3.1. Stabilization of delayed periodic systems

3.1.1. Unconstrained control. Consider the following linear

delayed periodic system:

x(k+1) =

h
∑

l=0

Al(k)x(k− l)+B(k)u(k),

x(l) ≥ 0, l = −h,−(h−1), . . . ,0 (5)

where Al(k) ∈�n×n, B(k) ∈�n×m and

u(k) =

h
∑

l=0

Fl(k)x(k− l), (6)

with Fl(k) ∈�m×n. The closed-loop periodic system is

x(k+1) =

h
∑

l=0

(Al(k)+B(k)Fl(k))x(k− l),

x(l) ≥ 0, l = −h,−h+1, . . . ,0 (7)

The following theorem holds for (7).

Theorem 3.1 System (7) is stable and positive, if and only

if there exist T−periodic vectors zl j(k) ∈ �m, and 0 < αl(k) =

[αl1(k),αl2(k), . . . ,αln(k)]⊤ ∈�n, l ∈ �h+1 and j ∈ �∗
n+1

such that

the following conditions hold:

al
i j(k)αl j(k)+bi(k)zl j(k) ≥ 0; i, j ∈ �∗n+1; l ∈ �h+1;k ∈ �T (8)

α0(k)−

h
∑

l=0

Al(k−1)αl(k−1)−B(k−1)

h
∑

l=0

n
∑

j=1

zl j(k−1) = 0;

k ∈ �∗T

αl(k) = αl−1(k−1), l ∈ �∗h+1 and k ∈ �∗T
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α0(0)−

h
∑

l=0

Al(T −1)αl(T −1)−B(T −1)

h
∑

l=0

n
∑

j=1

zl j(T −1) > 0

αl(0) > αl−1(T −1), l ∈ �∗h+1 (9)

Moreover, the state feedback gains are giving by

Fl(k) = [zl1(k)/αl1(k),zl2(k)/αl2(k), . . . ,zln(k)/αln(k)] ,

l ∈ �h+1,k ∈ �T . (10)

Proof: Let x0(k) = x(k), x1(k) = x(k−1), . . ., xh(k) = x(k−

h). System (7) is equivalently transformed into

y(k+1) = (Ā(k)+ B̄(k)F(k))y(k), y(0) ≥ 0 (11)

where Ā(k), B̄(k) and F(k) are defined by

Ā(k) =



















































A0(k) A1(k) · · · Ah−1(k) Ah(k)

I 0 · · · 0 0

0 I
. . .

...
...

...
. . .

. . . 0 0

0 · · · 0 I 0



















































;

B̄(k) =



































B(k)

0
...

0



































∈�n(h+1)×m; F(k) =
[

F0(k) · · · Fh(k)
]

;

y(k) =
[

x⊤0 (k), . . . , x⊤h (k)
]⊤

(12)

It suffices to show that system (11) is stable and positive

if and only if (8) and (9) hold. The remaining of the proof is

divided into two parts: sufficiency and necessity.

Sufficiency: First, because αl j(k)> 0 for all k ∈ �T , (8) im-

plies al
i j

(k)+bi(k)zl j(k)/αl j(k) ≥ 0; i, j ∈ �∗
n+1

; l ∈ �h+1; k ∈ �T ,

which in turn is equivalent to the fact that Al(k)+B(k)Fl(k)≥ 0

and therefore Ā(k)+ B̄(k)F(k) ≥ 0 for all k ∈ �T . According to

lemma 2.1, the periodic system (11) is positive.

Second, since

Fl(k)αl(k) = [zl1(k)/αl1(k),zl2(k)/αl2(k), . . . ,

zln(k)/αln(k)] =

n
∑

j=1

zl j(k) (13)

It follows from (12) and (13) that (9) is equivalent to

α(i+1)− Āc(i)α(i) = 0, i ∈ �T

α(0)− Āc(T −1)α(T −1) > 0 (14)

where Āc( j) = (Ā( j)+ B̄( j)F( j)), for j ∈ �T .

α(k) =
[

α⊤0 (k),α⊤1 (k), . . . ,α⊤h (k)
]⊤
> 0, k ∈ �T (15)

Using lemma 2.2 together with the fact that α(k) > 0 and

Ā(k)+ B̄(k)F(k) ≥ 0 for all k ∈ �T , implies that (11) is stable.

To sum up, (11) is both stable and positive.

Necessity: According to lemma 2.1 and lemma 2.2, the

positivity and stability of (11) indicate that Ā(k)+ B̄(k)F(k)≥ 0

and guarantee the existence of 0 < α(k), defined by (15), such

that (14) holds.

On the other hand, Āc(k) ≥ 0 is nothing but (8), and (14)

implies (9). The proof is thus completed.

3.1.2. Constrained control. The remainder of this subsec-

tion deals with the following constrained periodic system:

x(k+1) =

h
∑

l=0

Al(k)x(k− l)+B(k)u(k), 0 ≤ u(k) ≤ ū(k)

x(l) ≥ 0, l = −h,−h+1, . . . ,0 (16)

where ū(k) is a T−periodic constant vector serving as the up-

per bound of the input u(k) defined by (6). The closed-loop

periodic system of (16) is

x(k+1) =

h
∑

l=0

(Al(k)+B(k)Fl(k))x(k− l), 0 ≤ u(k) ≤ ū(k)

x(l) ≥ 0, l = −h,−h+1, . . . ,0 (17)

In this situation, the goal is to find out the T−periodic vector

0 < ȳl(k) ∈ �n for all l ∈ �h+1, such that there exists a state-

feedback control law u(k) =
∑h

l=0 Fl(k)x(k − l) ≤ ū(k) for all

k ∈� under which the following two constraints are satisfied.

∗ the closed-loop periodic system is positive and stable.

∗ x(k) ≤ ȳ0(k), k ∈�, if and only 0 ≤ x(−l) ≤ ȳl(0), l ∈ �h+1.

The result is stated in the following theorem.

Theorem 3.2 For an arbitrary T−periodic vector 0 ≤ ū(k) ∈

�
m, suppose that there exist a T−periodic vectors 0 < ȳl(k) =
[

ȳl1(k), ȳl2(k), . . . , ȳln(k)
]⊤
∈ �n and 0 ≤ zl j(k) ∈ �m, l ∈ �h+1

and j ∈ �∗
n+1

such that the following conditions hold:

h
∑

l=0

n
∑

j=1

zl j(k) ≤ ū(k), al
i j(k)ȳl j(k)+bi(k)zl j(k) ≥ 0;

i, j ∈ �∗n+1; l ∈ �h+1; k ∈ �T

ȳ0(k)−

h
∑

l=0

Al(k−1)ȳl(k−1)−B(k−1)

h
∑

l=0

n
∑

j=1

zl j(k−1) = 0;

k ∈ �∗T ;

ȳl(k) = ȳl−1(k−1), l ∈ �∗h+1 and k ∈ �∗T ;

ȳ0(0)−

h
∑

l=0

Al(T −1)ȳl(T −1)−B(T −1)

h
∑

l=0

n
∑

j=1

kl j(T −1) > 0;

ȳl(0) > ȳl−1(T −1), l ∈ �∗h+1

Then, the periodic system (17) is stable and pos-

itive, and 0 ≤ x(k) ≤ ȳ0(k) and 0 ≤ u(k) ≤ ū(k)

for all k ∈ � whenever 0 ≤ x(−l) ≤ ȳl(0), with

Fl(k) =
[

zl1(k)/ȳl1(k),zl2(k)/ȳl2(k), . . . ,zln(k)/ȳln(k)
]

, l ∈ �h+1
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and k ∈ �T .

Proof: The proof is similar to that of theorem 3.1. Note

that (17) is equivalent to:

y(k+1) = (Ā(k)+ B̄(k)F(k))y(k),

y(0) ≥ 0, 0 ≤ F(k)y(k) ≤ ū(k), (18)

where y(k), Ā(k), B̄(k) and F(k) are as in (12).

Just as in the sufficiency part of the proof of theorem 3.1, one

can show that Ā(k)+ B̄(k)F(k) ≥ 0 and

ȳ(i+1)− Āc(i)ȳ(i) = 0, i ∈ �T

ȳ(0)− Āc(T −1)ȳ(T −1) > 0 (19)

with ȳ(k) =
[

ȳ⊤
0

(k), ȳ⊤
1

(k), . . . , ȳ⊤
h

(k)
]⊤
> 0, k ∈ �T . Then

(18) is positive and stable according to lemma 2.1 and lemma

2.2. Lemma 2.3 shows that 0 ≤ y(k) ≤ ȳ(k) and therefore

0 ≤ x(k) ≤ ȳ0(k) for all k ∈ �. By definition, F(k) ≥ 0,

k ∈ �T . Hence, u(k) = F(k)y(k) ≤ F(k)ȳ(k) =
∑h

l=0
Fl(k)ȳl(k) =

∑h
l=0

∑n
j=1 zl j(k) ≤ ū(k), i.e., 0 ≤ u(k) ≤ ū(k) for all k ∈�. The

proof is completed.

3.2. Robust stabilization of periodic uncertain de-

layed systems

This subsection will generalize the results in the subsec-

tion 3.1 to periodic uncertain delayed system. The proof are

omitted, because they are derived in the same way as section

3.1.

Consider the following periodic uncertain system with delays:

x(k+1) =

h
∑

l=0

Âl(k)x(k− l)+ B̂(k)u(k),

x(l) ≥ 0, l = −h,−h+1, . . . ,0 (20)

where the periodic matrices Âl(k) ∈ �n×n and B̂(k) ∈

�
n×p are not exactly determined. the (h+1)−tuple
(

Â0(k), . . . , Âh(k), B̂(k)
)

is assumed to belong to the following

convex set:

Sk :=















m
∑

r=1

βr

(

Ar
0(k), . . . ,Ar

h(k),Br(k)
)

;

m
∑

r=1

βr = 1; βr ≥ 0















;

(21)

where Ar
0
(k), . . . ,Ar

h
(k),Br(k), r ∈ �h+1 and k ∈ �T , are

known T−periodic matrices.

Suppose that the periodic state-feedback control law of (20) is

chosen as (6). The closed-loop periodic system is

x(k+1) =

h
∑

l=0

(Âl(k)+ B̂(k)Fl(k))x(k− l),

x(l) ≥ 0, l = −h,−h+1, . . .,0 (22)

A convex-combination argument based on theorem 3.1

results in the following theorem.

Theorem 3.3 Assume that there exist T−periodic vectors

zl j(k) ∈ �m, and 0 < αl(k) = [αl1(k),αl2(k), . . . ,αln(k)]⊤ ∈ �n,

l ∈ �h+1 and j ∈ �∗
n+1

such that the following conditions hold:

alr
i j(k)αl j(k)+br

i (k)zl j(k) ≥ 0; i, j ∈ �∗n+1; l ∈ �h+1;

r ∈ �∗m+1; k ∈ �T (23)

α0(k)−

h
∑

l=0

Ar
l (k−1)αl(k−1)−Br(k−1)

h
∑

l=0

n
∑

j=1

zl j(k−1) = 0;

r ∈ �∗m+1; k ∈ �∗T ;

αl(k) = αl−1(k−1), l ∈ �∗h+1 and k ∈ �∗T ;

α0(0)−

h
∑

l=0

Ar
l (T −1)αl(T −1)−Br(T −1)×

h
∑

l=0

n
∑

j=1

zl j(T −1) > 0, r ∈ �∗m+1;

αl(0) > αl−1(T −1), l ∈ �∗h+1. (24)

Then (22) is stable and positive for every

(h+1)−tuple
(

Â0(k), . . . , Âh(k), B̂(k)
)

∈ Sk, with Fl(k) =

[zl1(k)/αl1(k),zl2(k)/αl2(k), . . . ,zln(k)/αln(k)], l ∈ �h+1; k ∈ �T .

Now consider

x(k+1) =

h
∑

l=0

Âl(k)x(k− l)+ B̂(k)u(k),

0 ≤ u(k) ≤ ū(k)

x(l) ≥ 0, l = −h,−h+1, . . . ,0 (25)

where ū(k) and u(k) are as in (16), and Âl(k), B̂(k) are

as in (20). Based on theorem 3.2, theorem 3.4 below can be

obtained.

Theorem 3.4 For an arbitrary T−periodic vector 0 ≤ ū(k) ∈

�
m, suppose that there exist T−periodic vectors 0 < ȳ(k) =
[

ȳl1(k), ȳl2(k), . . . , ȳln(k)
]⊤
∈ �n and 0 ≤ zl j(k) ∈ �m, l ∈ �h+1

and j ∈ �∗
n+1

such that the following conditions hold:

h
∑

l=0

n
∑

j=1

zl j(k) ≤ ū(k), arl
i j(k)ȳl j(k)+br

i (k)zl j(k) ≥ 0;

i, j ∈ �∗n+1; l ∈ �h+1; k ∈ �T ; r ∈ �∗m+1

ȳ0(k)−

h
∑

l=0

Ar
l (k−1)ȳl(k−1)−Br(k−1)×

h
∑

l=0

n
∑

j=1

zl j(k−1) = 0;k ∈ �∗T ; r ∈ �∗m+1;
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ȳl(k) = ȳl−1(k−1), l ∈ �∗h+1 and k ∈ �∗T ;

ȳ0(0)−

h
∑

l=0

Ar
l (T −1)ȳl(T −1)−Br(T −1)×

h
∑

l=0

n
∑

j=1

zl j(T −1) > 0,r ∈ �∗m+1;

ȳl(0) > ȳl−1(T −1), l ∈ �∗h+1. (26)

Then for every (h+1)−tuple
(

Â0(k), . . . , Âh(k), B̂(k)
)

∈ Sk,

k ∈ �T , (20) is stable and positive, and 0 ≤ x(k) ≤ ȳ0(k) and

0 ≤ u(k) ≤ ū(k) for all k ∈�, whenever 0 ≤ x(−l) ≤ ȳl(0), with

Fl(k) =
[

zl1(k)/ȳl1(k),kl2(k)/ȳl2(k), . . . ,kln(k)/ȳln(k)
]

, l ∈ �h+1

and k ∈ �T .

4. Illustrative example

Consider the following 2−periodic system (16) with:

[

A0(0) A1(0) B(0)
]

=

[

−0.2 0.4

0.4 0.2

∣

∣

∣

∣

∣

∣

−0.3 0.4

0.2 0.22

∣

∣

∣

∣

∣

∣

0.4

0.1

]

;

[

A0(1) A1(1) B(1)
]

=

[

−0.2 0.3

0.1 0.2

∣

∣

∣

∣

∣

∣

−0.3 0.35

0.1 0.25

∣

∣

∣

∣

∣

∣

0.42

0.15

]

It is easy to check that this 2−periodic system is neither

stable nor positive.

We are looking for periodic state-feedback control law that

stabilizes the 2−periodic delayed system and enforces the state

to be nonnegative with respect to the following constraint on

the control signal: 0 ≤ u(k) ≤min(u(0),u(1))= 0.3.

Let uk as in (6) where Fl(k) is described as (10).

0 < ȳl(k) =
[

ȳl1(k), ȳl2(k)
]⊤
∈ �2, and zl1(k),zl2(k) ∈ �+, l ∈

�h+1, k ∈ �T , and h = 1 are the solutions of the following linear

programming (LP) optimization problem

min
(ȳli(0),ȳli(1),zli(0),zli(1)

2
∑

i=1

(ȳli(0)+ ȳli(1)) (27)

Subjet to:

ȳ0(k)−

1
∑

l=0

Al(k−1)ȳl(k−1)−B(k−1)

1
∑

l=0

2
∑

j=1

zl j(k−1) = 0;

k ∈ �∗T

ȳl(k) = ȳl−1(k−1), l ∈ �∗h+1, and k ∈ �∗T

ȳ0(0)−

1
∑

l=0

Al(1)ȳl(1)−B(1)

1
∑

l=0

2
∑

j=1

zl j(1) > 0

ȳl(0) > ȳl−1(1), l ∈ �∗h+1

1
∑

l=0

2
∑

j=1

zl j(k) ≤ ū(k); al
i j(k)ȳl j(k)+bi(k)zl j(k) ≥ 0 , j ∈ �∗n+1;

l ∈ �h+1 and k ∈ �T .

Using linear programming (the function linprog from the

optimisation toolbox is used to determine uk), and applying

theorem 3.2, we obtain the following matrices:

[

F0(0)⊤
∣

∣

∣ F1(0)⊤
]

=

[

0.5046

0.0481

∣

∣

∣

∣

∣

∣

0.7874

0.0290

]

;

[

F0(1)⊤
∣

∣

∣ F1(1)⊤
]

=

[

0.4963

0.0194

∣

∣

∣

∣

∣

∣

0.7328

0.0240

]
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Figure 1. State trajectory x(k) from random positive ini-

tial value

Figure 1 shows the evolution of the state variables of the

2−periodic system stating that the considered periodic system

is asymptotically stable and positive.
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Figure 2. Evolutions of the control signal

Figure 2 shows that the control signal respect the con-

straints bounds.
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5. Conclusion

In this paper, new necessary and sufficient conditions in

the form of equality and inequality constraints to stabilizing

linear discrete-time periodic system with delays under the pos-

itivity constraint are proposed. The problem is also considered

for bounded control. The solution to the case where the con-

trol vector is positive and upper-bounded is also provided. The

case of uncertain discrete-time system with delays, is also ad-

dressed and robust state space feedback controller is designed

in order to ensure the stability and the positivity of the uncer-

tain closed-loop system. All the proposed conditions are solv-

able in terms of Linear Programming (LP). The future direc-

tion is to generalize the obtained results to positive discrete-

time periodic systems with unknown time-delay.
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