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On the Radius of Convergence of Cascaded Analytic Nonlinear Systems

Makhin Thitsa

Abstract— A complete analysis is presented of the radius
of convergence of the cascade connection of two analytic
nonlinear input-output systems represented as Fliess operators.
Such operators are described by convergent functional series,
which are indexed by words over a noncommutative alphabet.
Their generating series are therefore specified in terms of
noncommutative formal power series. Given growth conditions
on the coefficients of the generating series for the component
systems, the radius of convergence of the cascaded system is
computed.

I. INTRODUCTION

Most complex systems found in applications can be
viewed as a set of interconnected subsystems. This paper
focuses on the cascade connection of analytic nonlinear
input-output operators represented as Fliess operators [7],
[8]. Such operators are described by functional series indexed
by the set of words X* over the noncommutative alphabet
X = {xg,x1,... 2y }. Their generating series are therefore
specified in terms of noncommutative formal power series,
the set of which is denoted by R*((X)). Specifically, one can
formally associate with any series ¢ € R((X)) a causal m-
input, /-output operator, F,, in the following manner. Let p >
1 and ¢y < t1 be given. For a Lebesgue measurable function
w: [to, t1] — R™, define ||ul|, = max{|luw;l[, : 1 <i < m},
where ||u;||, is the usual Ly-norm for a measurable real-
valued function, u;, defined on [to, t1]. Let Ly [to,t1] denote
the set of all measurable functions defined on [tg,¢;] having
a finite || - ||, norm and By*(R)[to,t1] := {u € L' [to, t1] :
|lull < R}. Define iteratively for each n € X* the map
E, : L7"[to, t1] — Clto, t1] by setting Eyu] = 1 and letting

t

Evpfultto) = [ w(r)Eyfulr,t0)dr,
to

where z; € X, 7 € X*, and uy9 = 1. The input-output

operator corresponding to c is the Fliess operator

FJul(t) = " (e,n) Bylul(t, to),

nex*

where (c,n) € RY, n € X*. If there exist real numbers
K., M. > 0 such that

[(e,n)| < KM nlt, e X, (1)

then F, constitutes a well defined mapping from
Bl"(R)[to, to + T into BL(S)]to, to + T for sufficiently
small R,T > 0, where the numbers p,q € [l,00] are
conjugate exponents, i.e., 1/p + 1/q = 1 [11]. (Here
|z| := max; |z;| when z € R%.) The set of all such locally
convergent series is denoted by RY . ((X)). In particular,
when p = 1, the series defining y = F.[u] converges if

max{R,T} < (2)

1
M.(m+1)
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Fig. 1. The cascade connection of two Fliess operators.

[2], [3]. Let m : RS o ((X)) — RT U {0} take each series
c to the smallest possible geometric growth constant M.,
satisfying (1). In this case, R ((X)) can be partitioned
into equivalence classes, and the number 1/M.(m + 1) will
be referred to as the radius of convergence for the class
7~ Y(M,). This is in contrast to the usual situation where
a radius of convergence is assigned to individual series. In
practice, it is not difficult to estimate the minimal M, for
many series, in which case, the radius of convergence for
7~ 1(M,) provides an easily computed lower bound for the
radius of convergence of c in the usual sense. Finally, when
c satisfies the more stringent growth condition

(c.n)| < KM, ne X, 3)

then the series F. defines an operator from the extended
space Ly’ (to) into C[tg,00) [11]. The set of all such
globally convergent series is designated by RS ((X)).

The cascade connection of two Fliess operators as depicted
in Fig. 1 always produces another input-output system with
a Fliess operator representation [4], [5]. It was shown by
Gray and Li in [9] that local convergence is preserved under
composition, while global convergence in general is not
preserved. For example, rational systems, which are always
globally convergent, need not produce another rational sys-
tem when cascaded [4], [5]. No claim was made in [9] that
the growth constants derived there for the cascade connection
constituted the radius of convergence, and, in fact, certain
examples presented therein strongly suggested otherwise.
Recent work, however, on self-excited feedback connected
Fliess operators has produced some powerful new techniques
for computing the radius of convergence of interconnected
systems [10]. It will be shown in this paper that these
methods can be applied to the cascade connection.

The remainder of the paper is organized as follows. In the
next section, some mathematical preliminaries are presented
to better frame the problem and establish the notation. In
Section III the radius of convergence is computed for the
case when the subsystems are both locally convergent. The
global case is addressed in the subsequent section.

II. PRELIMINARIES

A. Formal Power Series

A finite nonempty set of noncommuting symbols X =
{zo,21,...,2m} is called an alphabet. Each element of X
is called a letter, and any finite sequence of letters from
X, n =z ---x;,, is called a word over X. The length
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of 7, |n], is the number of letters in 7, while ||, is the
number of times the letter x; appears in 7. The set of all
words with length k is denoted by X*. The set of all words
including the empty word, @, is written as X*. It forms a
monoid under catenation. Any mapping ¢ : X* — R is
called a formal power series. The value of c at n € X™* is
written as (c,n). Typically, ¢ is represented as the formal
sum ¢ =}, v.(¢,n)n. The notation ¢ < d means that the
component series satisfy (¢;,n) < (d;,n) for all n € X*
and ¢ = 1,2,..., /. The collection of all formal power series
over X, R*((X)), forms an associative R-algebra under the
catenation product and a commutative R-algebra under the
shuffle product, denoted here by ..

B. The Composition Product

To describe the generating series of the cascade connected
system F. o Fy, define the following family of mappings
associated with d € R™((X))

Dy, s R((X)) = R((X)) : e = wo(di we),

where ¢ = 0,1,...,m and dy := 1. Assume Dy is the
identity map on R((X)). Such maps can be composed
in an obvious way so that D, ., := DD, provides
an R-algebra which is isomorphic to the usual R-algebra
on R((X)) under the catenation product. The composition
product of a word n € X* and a series d € R™((X)) is
defined as

i), Ty, PN

(i Tipy_y - Tiy)0od =Dy, D
| S—
U

For any ¢ € R*((X)) the definition is extended linearly as

cod=Y" (e;n) Dy(1).

nex*

It was shown in [4], [5] that for any ¢ € R*((X)) and d €
R™((X)), the identity F.oFy = Fioq is satisfied. It is known
in general that the composition product distributes to the left
over the shuffle product. The following theorem states that
local convergence is preserved under composition.

Theorem 1: [9] Suppose ¢ € R{ (X)) and d €
R7-((X)) with growth constants K., M. > 0 and
Kg,My > 0, respectively. Then c o d € R, ((X)).
Specifically,

(cod,v)| < Ko((p(mKaq) + )M)¥(jv] + 1)1, v e X7,

where ¢(z) := x/24 \/x?/4 + x and M = max{M., My}.

In light of (2) and the theorem above, a lower bound on
the radius of convergence for y = Foqfu] is 1/(¢(mKy) +
1)M(m + 1). No example has been presented to date for
which the radius of convergence corresponds exactly to this
bound.

Finally, in much of the analysis to follow, the subset of
R¢((X)) described below will be useful.

Definition 1: [6], [7] A series ¢ € RY((X)) is said to be
exchangeable if for arbitrary 7, € X*

|"7:vz = ‘£|x1’220a17am = (6777): (c,ﬁ).

Theorem 2: [10] If ¢ € R*((X)) is an exchangeable
series and d € R™((X)) is arbitrary then the composition
product can be written in the form

(c’ xgo DR x:’;ﬂ).

III. LoCALLY CONVERGENT SUBSYSTEMS

The goal of this section is to calculate the smallest possible
geometric growth constant for the cascade connection of two
locally convergent Fliess operators, thereby producing the
radius of convergence for the interconnection. The following
theorem is a prerequisite for proving the main theorem of
this section.

Theorem 3: Let X = {xg,x1,...,%m}. Let ¢ €
R - ((X)) and d € R7-((X)), where each component of

(@ n) € R is K. MM |y|!, n € X* with K., M, > 0, and
likewise, each component of (d,n) € R™ is KdMLli"||77|!,
n € X* with K4, My > 0. If b = ¢ o d, then the sequence

(b;, k), k > 0 has the exponential generating function'
7k 20
f(@o) == Z(bi»%)ﬁ
k=0

K.
- 1-— MCJZQ + (mKdMC/Md) ln(l - Mdl‘o)

for any i = 1,2,...,£. Moreover, the smallest possible
geometric growth constant for b is

My
1 —mKW (m}{d exp (%}&%‘Z))

where W denotes the Lambert W -function, namely, the
inverse of the function

g(W) = Wexp(W)

My =

[1].

Proof: There is no loss of generality in assuming ¢ = 1. First
observe that ¢ is exchangeable, and thus, from Theorem 2 it
follows that

e L o 7\ T,
_ T T o d m
b= KM Y K= m...m%

k=0 TQr s Tm >0 TO : rm :

ro+- o +rm=k
= k
- [
= ZKG (Mc(.%'() + macodl))
k=0

(Note that d = --- = Jm.) Shuffling both sides of this
equation by M.(zo + maxod;) yields

B\_uMc(LU() —l—me‘oCzl) = KC(MC({L‘O +mx0J1)) Wkt

k=0
Adding K. to both sides gives
b= K.+ MC[B L (370 + mxocil)]. 4)

I'The sequence (b, mlg), k > 0 and f are related by the formal Laplace-
Borel transform as explained in [12].
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By inspection, (b, () = K., (b,z0) = K.M.(1+mkK,) and
(byz;) =0 fori =1,2,...,m. Let (b,v,) := max{(b,v) :
v e X™}. For any v € X", n > 2 it follows from (4) that

(b, v)
:MCZ Z (b,n)(zo + mzody, &) (nwé,v)

=0 nex?
gexn—i
= M, Z > (b)) (o + maody, §)(nw &, v)
next
&exﬂ i
n—1 B B
<MY (b)Y (w0 +maody, o) (7w xe€, v)
=0 next
woslexnf'l
n—2 B B
=M.> (b)) > (L+mdy, &) (nwmed v)+

i=0 nexi
glexn—i—1

neXn—1

In the first summation directly above, note that |{'| > 1, and
thus, (1 +mdy, &) = m(dy,&'). Consequently,

n—2
(bv) < M > (bywi) mEMY" ™V (n —i— 1))
=0
Z (77 L xof/, Z/) + (6, Vn_l)Mc(l + mKd)-
neX?

glexn—i—1

S (wwow)

nexn—1
n—2 )

< M, Z(b, v;) mKdMsnﬂfl)(n
1=0

Z (77‘—‘457V)+

neX?
cexn—i

Z (nLU§7V)

nexn—1
fex

n—2

= MY (b,vi) mEgM{" ™ ) (n— i — 1)) (?) +
1=0

(b, Vp—1)Mo(1 +mKg)n.

Note that the inequality above still holds when the left-hand
side is replaced with (b,v,). Now let a,, n > 0 be the
sequence satisfying the recurrence relation

i1

(I;, Un—1)M.(1+mKy)-

n—2
n= M. S aimE M (=i — 1)
an 4;a,md p (n—i—1) ; +
ap—1 M (1+mKg)n, n> 2,
where a9 = K. and a1 = K.M.(1 + mK,). Since the
relation above involves only positive terms, it follows that
(b,vn) < an, ¥Yn > 0. It is easily verified that the sequence
an,n > 0 has the exponential generating function

(o) = o
)T T T Moo + (mEgM./Mg) In(1 — Mazo)

(&)

When all the growth constants and m are unity, a,, n >
0 is the integer sequence number A(052820 in the Online
Encyclopedia of Integer Sequences (OEIS) [13].

Next it will be shown that (¢ o d,zy) = apn, n > 0. It is
sufficient to show that the zero-input response of the cascade
system represented by the Fliess operator F ; is equal to f.
The generating series for vy = Fy [0] is

o, =d100=>Y KMkl f;,
k=0

and thus,

Ky
K Mktk =
kZO d¥d 1—Mdt

Now from (4) observe
cod= K.+ (¢od) . M.(xog+ maody).

Note that xod; has the exponential generating function
[ v1(7) dr. Therefore,

y(t) = Felo](t) =

=K. +y(t

Fe[F3[0)(t) = Froal0](#)
(t+m/ vy (7 d7'>

1—M<t+mf0v1 dT)

K.
1= Mot + (mKgM./Mg)In(1 — Mgt)
= [t
This proves that for every n > 0
(b,v) < (byvyn) < an = (b,xl), ve X™

Since f is analytic at the origin, the smallest geometric
growth constant is determined by the location of any sin-
gularity nearest to the origin in the complex plane, say x,
[15, Theorem 2.4.3]. Specifically, M; = 1/|x{|, where it is
easily verified from (5) that z(, is the positive real number

1 M, — M,
X _— .
mk, TP\ KM,

This proves the theorem. |

1

It is known that if u is analytic with generating series
Cu, then y = F,[u] is also analytic [14], and its generating
series is given by ¢, = co ¢, [9], [12]. In this situation, the
following corollary is useful for estimating a lower bound
on the interval of convergence for the output.

Corollary 1: Let X = {xo,xl, .. mm} and Xo = {zo}.
Let ¢ € RY (X)) and ¢, IT , where each
component of (¢,7) € R is K n‘\n|‘ 77 € X* with
K., M. > 0, and likewise, each component of (¢,,zy) €
R™is K., M n!,n >0 with K., M., > 0.1f ¢, = coé,,
then the sequence (¢,,,zf),k > 0, has the exponential
generating function

f(awo) = K

1— M.xo + (mK,, M./M, ) In(1 — M., o)
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for any ¢ = 1,2,...,¢. Moreover, the smallest possible
geometric growth constant for ¢, is

MCU,
M.—M,

L= mEe, W (s exp (3525 ))

The following lemma is also needed to prove the main
result.

Lemma 1: Let X = {x9,71,...,7m,} and ¢,d € RY((X))
such that |¢;| < d;, ¢ = 1,2,...,¢, where |¢;| :=
> nex~|(ci,m)| n. For £ € X* it follows that £ o c[ < {od.
Proof: The proof is by induction on k = || — |£],,. Let
Co=a(® and & = x(Fx; x0" " w2 for k> 0, where
1 <i; <m. For k = 0, the claim is trivial since

M-

Cy

oc=uaioc=ua("=x°0od=2¢§ od.

Assume now that |(&; o ¢,n)| < (€ od, n) up to some fixed
k > 0. Observe that

er10c=z5"" ey, w (o)
<@Hoam=aaﬂm@mw>%<“ﬁ”m»
_Z Z clk+17 Ekoc/@)
aeXi
ﬁexﬂ J

(v B,y "D (),

where 2 (-) denotes the left-shift operator ;" (-) applied i

times, and n := |z, (i 1+1) (n)| > 0. Therefore,

|@Hﬂwn|<Zj§j

aexd
EEX” J

a)| | o e, B)]-

Clk+1 b

<amax0”““%m>

<ZI§:

7=0 aexJ
Bexn—3i

(0w B2
= (514)-"-1 o da 77)

Thus, the inequality holds for all £ > 0, and the lemma is
proved. u

kOd /6)

’Lk+1 7

et )

Finally, the main result of this subsection is presented.
Theorem 4: Let X = {xzg,z1,...,2,}. Let ¢ €
RY (X)) and d € R7,((X)) with growth constants
K., M, > 0 and K4, My > 0, respectively. If b = cod
then
|(b,v)| < KoM ul, v e X (6)

for some K; > 0, where
My

1 —mKdW( i €XP (%}i%‘j))

Furthermore, no smaller geometric growth constant can sat-
isfy (6). ~

Proof: Since |d| < d, it follows from Lemma 1 that for any
veX”®

My =

0, 0)] < D7 en)litnod,v)

nex*

< 3 KMl (o d,v)

nex*
= (Bi,l/),

where b = éod and i = 1,2,...,¢. In light of Theorem 3,
(b;,v) is asymptotically bounded by Ml‘)l’||1/|!. Thus, some
K3 > 0 can always be introduced such that

(bi,v) < KoM ), ve X,

Furthermore, (l_)i,xg) is growing exactly at this rate. Thus,
no smaller geometric growth constant is possible, and the
theorem is proved. u

Example 1: Let X = {xg,x1} and ¢,d € R{(X)) such
that M = M, = M,. Then
M

3 1
"I KV (1K) (2* o (K))
%KdM

when K > 1. This is consistent with Theorem 1. On the
other hand, if K; = 1 then M, = (1 — W(1))"'M =
2.3102M, which is less than the estimate (¢, + 1)M =
2.6180M given by Theorem 1. 0

Example 2: Suppose X = {xg,z1} and b = ¢ o d with

¢ = ex- KMyl pand d = 32, . KdM‘”‘\np
The output of the cascaded system as shown in Fig. 1 is
described by the state space system

M.

7= % 2214 2), 2(0) = K,
M,

2"2 = ng(l +U), 22(0) = Kd
Ky

Yy=z.

A MATLAB generated zero-input response is shown in Fig. 2
when K, =1, M, =2, K; = 3 and My = 4. As expected
from Theorem 3, the finite escape time of the output is tes. =
1/M,, = 0.1028. The output responses corresponding to the
analytic inputs u;(t) = 1/(1 —t) and us(t) = 1/(1 — t2),
each having growth constants K., = M., = 1, are also
shown in the figure. Their respective finite escape times are
tese = 0.08321 and ¢.,. = 0.08377. Here u; has the shortest
escape time since all the coefficients of its generating series
are growing at the maximum rate, while us has all its odd
coefficients equal to zero. By Corollary 1, any finite escape
time for the output corresponding to any analytic input with
the given growth constants K. , M., must be at least as
large as T'= 1/Mz, = 0.05073. 0

IV. GLOBALLY CONVERGENT SUBSYSTEMS

The goal of this section is to calculate the smallest possible
geometric growth constant for the cascade connection of
two globally convergent Fliess operators, thus producing the
radius of convergence for the interconnection. The following
two theorems are essential for proving the main theorem.

Theorem 5: Let X = {xo, Ziy...,&Tm}. Let ¢ €
R.LA((X)) and d € R ?C ), where each component of

n

(e,m) € R is K MM, n € X* with K., M, > 0, and
likewise, each component of (d,n) € R™ is Kthlfl, n e
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a1 u(n=0

u(n=1/(1-1)
u(t)=1/(1-7)

401

e

I L L L L )
0 0.02 0.04 0.06 0.08 0.1 0.12

Fig. 2. Output responses of the cascade system F 7 to various analytic
inputs in Example 2.

X* with K, My > 0.1f b= cod, then (b;,v) < (b, al')),
v € X*, and the sequence (b;, xf), k > 0 has the exponential
generating function

F(wo) = Keexp (

forany ¢ =1,2,... /.

mKgexp(Maxo) + Mgzg — mKy
My/M,

Proof: As in the local case, there is no loss of generality in
assuming ¢ = 1. Using Theorem 2, observe that

l_)_ o KM Z N wOLuro (mecZ)L”T’"
= (W) '
k=0 rQse o >0 Tm:
70+ +rm=k

Lk

K, i (MC(.’L‘Q + mxocil))

k!
k=0
Therefore, (b, )) = K. and

w k-1

m0+mx0d1) -
=K. Z 1) ) l_uMc(l—Fmdl)

= bLuMc(l—i—mdl). 7
By inspection,
(25 (0),0) = KcMe(1 + mKq)
0) = K- MmK Mg + Ko(M(1+mKy))?
x;) = K-McmK Mg, i =1,2,...,m

(x5 (b), 2
(x5 (D),

For any v € X™, n > 2, it follows that
(wal(E),V)
= M, Z > (bn)A+mdi, ) (nwé,v)

nex?
gexn—t

n—1
:Mcz Z (I_),xonl)(]_—|—md_1,£)(l'077/u4571/)+

i=1 zgn’ex’t
gexn—i

M. Y (bowon) (L +mdy, 0)(zon',v)+

zon €EX N

M, 3 (B,0)(1+ mdy, €)(E,v)

§6X"

75 3D DAY

i=1 nlexi-1
gexn—1t

M. > ),
nexn-1i
M (b, 0ym(dy,v).
Therefore,

(5561(5),”)
< M. Z !

(x() ( ) Nn—1)M,

n—1 n
=M, Z ZO 771 1 mKdM <Z>+

(IO (b)7 nn—l)Mc(l + mKd) + K(:MchdM(?'

)1+ mdy, §)(won w &, v)+

(1 + md17 (Z))(CCOU/7 V)+

)y ie1)mE g MG Z mwé, v)+

neX?
cexn—t

(1 +mKy) + K. M.mK M}

Similar to the analysis in the previous section, let a,, n > 0
be the sequence satisfying the recurrence relation

n—1
an =M aiymE My (") +
(3

i=1
a1 M(1+mKy) + K- McmKgM}, n > 2,

where ag = K .M (1 + mKy) and ay = K.-M.mK Mg +
K (M.(1 + mKy))?% Tt follows that (zy5'(b),v,) <
an, ¥Yn > 0, and thus, (b,v,) < b,, Vn > 0, where
b, = ap—1 and by = K.. It is easily verified that the
sequence b,,,n > 0 has the exponential generating function

mKy eXp(deo) + Mgxg — mKy
flan) = Koo o

When all the growth constants and m are unity, b,,, n > 0 is
the integer sequence number AQ00110 (shifted one position
to the left) in the OEIS. These integers are called the Bell
numbers. -

Next it will be shown that (¢ o d,af) = b,, n > 0. It is
sufficient to show that the zero-input response of the cascade
system represented by the Fliess operator F}_; is equal to f.
The generating series for vy = Fy, [0] is

oo

7 ko k

Cy, =d100= g KqMy xq,
k=0

and thus,
(t) = ZKdM‘];H = Kd exp(Mdt).
k=0 ’

From (7) and the fact that z; '
follows that

y'(t) = My(t)(1 4+ mKqexp(Mqt)),

(b) =0,i=1,2,...

y(0) = K.
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Solving this differential equation yields
K Mat) + Mgt — mK
y(t) = Koexp (m aexp(Mat) + Myt = m d).

Md/Mc
Thus, for every n > 0
(Z), V) < (Ba Vn) <b, = (57$3)7 S Xn’

and the theorem is proved. u

Theorem 6: Let X = {xg,21,...,Zm}. Let ¢ €
RLA((X)) and d € RE-((X)) with growth constants
K., M. >0 and Kq, Mg > 0, respectively. Assume ¢ and d
are defined as in Theorem 5.If b =cod and b = ¢od then

[(b,v)] < (Bi,xgu‘), veX* i=1,2,...,¢,

where the sequence (b;,z5), k > 0 has the exponential

generating function
mKy exp(deo) + Mgz — mKy
flzo) = K.exp ( )
( ) Md/Mc
Proof: Again from Lemma 1, it follows that for any v € X*

B,) < D en)ll(nedy)l
nex*
<> KM (nod,v)
nex*
= (Ei,V).

By Theorem 5, (b;, v) is bounded by (b;, z), which has the
exponential generating function f(z). Thus, the theorem is
proved. |

It is worth noting that the Bell numbers (without any left
shift), B,,, have the exponential generating function e® .
Their asymptotic behavior is

By, ~n”(A(n))" el

where A\(n) = n/W(n). Thus, the Lambert W-function ap-
pears to also play a role in the global problem. More impor-
tantly, since the double exponential appearing in Theorem 5
has no finite singularities, as appeared in the local analysis
in Section III, the following main result is immediate.

Theorem 7: The cascade connection of two globally con-
vergent Fliess operators has a radius of convergence equal to
infinity. Therefore, the output of such a system is always well
defined over any finite interval of time when u € LY, (to).

It is important to understand that this theorem is not
saying that the composite system has a globally convergent
generating series in the sense of (3). If this were the case,
then it would be possible to bound y(t) = F.oq[0] by a
single exponential function rather than a double exponential
function (see [11, Theorem 3.1]). Thus, the fastest possible
growth rate for the coefficients of a cascade connection
involving components with globally convergent generating
series falls somewhere strictly in between the local growth
condition (1) and the global growth condition (3).

Example 3: Suppose X = {z¢,x1} and b = ¢od with ¢ =
D opex- K M!" yand d = D pex- KM 5. The cascaded
system is described by the state space realization

,2:1 :Mch(1+Zg), 21(0) :KC

Zo = MdZQ(l —+ u),

Yy =z.

22(0) = Kd

A MATLAB generated zero-input response of this system is
shown on a double logarithmic scale in Fig. 3 when K. =
M., = Kg; = My = 1. As expected from Theorem 5, this
plot asymptotically approaches that of §(t) =t as t — oc.

O

In(In(y(1)))

Fig. 3. Zero-input response of the cascade system F 7 in Example 3 on
a double logarithmic scale and the function §(¢) = ¢ (dashed line).
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