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Singularly Perturbed Implicit Control Law
for Linear Time Varying SISO System.
Part II: State Observation

S. Puga, M. Bonilla and M. Malabre.

Abstract— This paper considers the problem of
stabilizing a single-input single-output linear time
varying system using a low order controller and an
equalizer filter. The closed loop is a linear singularly
perturbed system with uniform asymptotic stability
behavior. Following the results of Kokotovié’s book,
we show how to design a control scheme, control law
plus state observer, such that the system dynamics
is assigned by a Hurwitz polynomial with constant
coefficients. We calculate bounds, ¢ € (0,e"), for
guaranteeing the uniform asymptotic stability of the
singularly perturbed closed loop system.

NOTATION

¢ X; € RF stands for the vector which the i-th entry
is equal to 1 and the other ones are equal to O.
I, € R¥** stands for the identity matrix of size
k. T,{vT} stands for the upper triangular Toeplitz
matrix, which first row is v7. Ty{v} stands for the
lower triangular Toeplitz matrix, which first column
is v. 0,,, € R¥*¥ stands for the zero matrix, or
simply 0, when y = v. And 0, € R" stands for
the zero vector. BDM{H;, Hs,...,H,} denotes a
block diagonal matrix whose diagonal blocks are
{Hy,Hs,...,H,}.

o Given a vector function f(-) € R™, [|f ()l = 1)z
and for a function matrix A(-) € R™*", ||A(")|| =
IA()|l2, see [2]. A vector function f(e,t) € R™ is
said to be O(e) over an interval [t1, 2] if there exist
positive constants K and e* such that ||f(e, t)]| <
Ke, Veel0,e*], Vte[t1,ts], see [4].

I. INTRODUCTION

This paper is a continuation of [14], where we have
proposed a control law for SISO time varying systems,
d¢/dt = A(t)¢+B(t)u, based on the singular perturbations
approach [8], where the knowledge of the time varying
parameters is not required, but only some bounds. The
aim of such a control law is to approximately match the
closed loop system to a given time-invariant linear state
space system represented by dz,/dt = Aozs + Bir. We
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are now incorporating the observation problem to the
control law proposed in [14], following also the singularly
perturbed framework.

The synthesis of observers based on the singularly
perturbed systems approach is not new, see for example
[13], [5], [6]. With respect to the case of linear time
varying systems two important papers are [7] and [11].

In [11] the synthesis of the state observer is realized
by separating a classical full order Luenberger observer
into the slow and fast subsystems, one observer is for
the slow subsystem and the other observer is for the
fast subsystem. For the stability analysis of the closed
loop system, the knowledge of the parameters system is
required.

In [7], the observer is only synthesized for the slow
subsystem. For the stability analysis of the closed loop
system, the knowledge of the parameters system is again
required.

In this paper, we propose a high gain observer, for
SISO time varying systems, based on the singular per-
turbations approach, where the knowledge of the pa-
rameters is not required. We only need the knowledge
of some bounds on the parameters system. Based on
these bounds, we give an upper bound, ¢* > 0, for the
singularly perturber parameter, ¢, such that for a positive
¢ smaller than €*, the closed loop stability is guaranteed.

The paper is organized as follows. The problem is first
stated in section II. Next, in Section III we recall the
singularly perturbed linear control law, proposed in [14],
which aim is to lead the closed loop into the Kokotovié’s
singularly perturbed system model. In Section IV we
propose a high gain observer, by a proper approximation.
In Section V we study the stability of the system and
the observer together. Finally, in Section VI we give
an academic example. All the proofs are sent to the
Appendix.

II. SYSTEM DEFINITION AND REPRESENTATION FORM

Let us consider a Linear Time Varying System (LTVS),
which dynamics is represented by:

O yhan(t) Syt rar(t) Sya )y = o (1)

defined for ¢t > ¢y > 0, with initial conditions: y(t¢),
dy(to)/dt, ..., A" ty(te)/dt" 1, where y € R is the
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dependent variable, u € R is the input, at time t € J =
[0, 00). The coefficients, a;(¢) and b(t), are unknown and
such that:!
HI  ai() € C®(J,R), |la;(®)] < Lo
|[La;(t)| < Lia, Vie{l,...,n},VteJ
H2 b() € C*(J,R), 0 < b < b(t) < by and
|$bt)| <e Viteld
A simple device can be used to recast this differential
equation into the form of a linear state equation with
input v and output y. Defining the state variables as
"=y dy/dt d"'y/dt"" |, we then get time
varying linear state equation:

d¢/dt = A(H)C + B(tyu
A(t) = (Tuf ()T} = X2 (3, ()T
B(t) = b(t)x"
y(t) = C¢, € = ()7,

and

3

(2)

:

where: a,(t) = [ a(t) a®) |7, k€
{1, ..., n} the initial state condition is:

C(to) = [y(to) dy(to)/dt - T

III. SINGULARLY IMPLICIT CONTROL LAW

A" y(to) /dt™ 1]

For the state space representation (2) we have pro-
posed in [14] the following control law, composed by a
singularly perturbed control law and an equalizer filter,

Singularly perturbed control law

cu=—0nermr [ ] e

Equalizer filter
dzy, —(a,

Lad ] = [ [+
dt

TT
1+€ 1
8 S]]

(4)
where: £ = 1/7 — § and @, = [ a1 ay ]T, with:
ke {l,...,n}; B, 7 and £ are positive parameters; and
ai, - .-, a, are the coeflicients of the Hurwitz polynomial
p(\) = A" +a, A" L4 .. fa@A+ay. 7 is a signal reference
and h is a perturbation, such that:

H3 r e L*nC>(J,R).
H4  h is bounded continuous real function, which
norm is of order .

(1+€)(X )"

The aim of the equalizer filter is:

1) To assign the closed loop dynamics at a time invari-
ant linear system with the Hurwitz characteristic
polynomial p(X).

2) To assign a rate of exponential convergence to the
desired dynamics.

The aim of the singularly perturbed control law is:

IFor simplicity, in this paper we only consider functions of class
C>(J, R). But it could be considered functions of class C*, where
k is a sufficiently positive large integer such that the derivability
conditions were fulfilled. See also Corollary 2.4.12 of [12].

1) To change the base representation system for ob-
taining a singularly perturbed model.
2) To close the desired dynamics by an & order.
The perturbation signal h is considered, in order to take
into account the effects of the high gain observer, which is
considered in Section IV. The closed loop system is repre-
sented by the following singularly perturbed description:

dl‘/dt . A11 A12 T
Edz/dt - A21(€ t) A22(€,t) z
b (5)
e e l
where x = [ ¢1 Cn1 Tn Tntl ]T, z = (, and:
[ Tu{(&?nil) T} ‘ Q(nfl) Q(nfl)
An = —(@, )7 —(1+20) [
(Q(<n71)>)T (/6 - 1) _ﬁ
n—1

AR
Ani(e,t) = [ —e(ag,_y(@)" | b(t) 0 ]
Az (e, t) = [—ean(t) — b(1)],
Om-1 | Opmoy
Az = _(E(n—l)) —an + (1+4)
(O(n—1y) —(5 -1)
Ass(t) = [ Q)" | 0() ]

Note that the matrix As5(0,t) satisfies for all t € J:

HA?Q(Ovt)||2 < by
H%A22(Oat)”2 <c¢ and (6)
_b2 S §R€ A(AQQ(O,Z‘:)) S _b1

In [14], we have obtained the following particularization
of Theorem 4.1, Lemma 4.1 and Theorem 6.1 in [8] for
our case study:

Theorem 1: Given the matrix Ags(e,t), the properties

(6) and ||h|| = O(e). If:
an, +/>1
7<1/(@n+ 6 —1) and (7)
Bby
51 BMy+KM; M’

where:

My = /14 (a1 - 12 +201 - 92,

Sty = fay+5- 2 11

My =[S0 @ + (8- 1)
are satisfied, then the singularly perturbed description
(5) is uniformly asymptotically stable for ¢ € (0,¢e7).
Moreover, for all ¢ € (0,e7) the following expressions
hold uniformly on ¢ € [to, tf]:

x(lii) = z5(t) + O(e)
(t)A21 (t)xs(t) + 25 ((t —to)/e) + 0(6)(8)

(1) = — A3
where zs is solution of the slow system, dz(t)/dt =
Apx + Ajpz and edz/dt = Agi(e,t)x + Aaa(e, t)z,
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and zy is solution of the fast system, dzy(r)/dr =
Axa(0,t0)zp(T) + Aas(to + eT)h(to + e7), with the
initial conditions: (o) zo and zf(0)
A55(0,t0) Agy (to)xo + 2o.

IV. SINGULARLY PERTURBED OBSERVER

In this section we are going to assume that the state
is no longer available, so we have to observe it. Since
the signals, a;(t), ¢ € {1,...,n}, are unknown (see
Hypothesis H1), we have to use a high gain observer. We
use in fact, the proper approximation of a non proper
system proposed by [9]. Indeed, let us consider the ideal
observer (c.f. (2)):

(ﬁ+1))Tw

Ndw/dt = w(t) =Ty ; §= (xniy)

(9)
. _ 2 _ 1
where for our case: N = Tf{X(ﬁH)} and I' = X(n41)
y, ¥y and w are the input, the output and the descriptor
variables, respectively, and n =n — 1.
In [9], the authors proposed the following singularly

perturbed proper approximation:

Lf

z

dz s
N

Yy = (X;)TZ - %9(1,2)?4

B~ ()T

X —(Mﬁ:U@)
£"q(1,2) ] (10)
+ | _ 1 Y
{ @0X (1)

where 2y € R!, z € R", and y; € R'. 3; and ¢ are two
positive real numbers. Up and My are the Butterworth
filter’s matrices [1], namely:

3

, for
,for 7

even

Urn = Tu{(XZ)T},
v _ { BDM{M;, . My o}
"=\ BDM{M, ... M(n_1y2.1} odd
(11)
Mj = (Sinej)lg + Tg{(COS2 GJ)Xg} , 01 = 7r/(2’ﬁ),
0j+1 :0J+A9 , Aﬂzw/ﬁ, jE{l,...,ﬁ—l}.

(12)
n/2
[T (A +sin6;)* + cos®6;) , for n even
i=1
(n—1)/2
A+1) II ((A+sin6;)* 4+ cos?6;), for @ odd

i=1
(13)
The matrix Qy € R™*("+t1) ig obtained by solving the
following algebraic system equations:?

Qo (EN) +(Mn —Un)'Qo = —(Mx — Uﬁ)%XZ(X:ﬁ)T
(14)
1
Ry = _EQON (15)

2Let us recall that the eigenvalues of the Butterworth filter are all
different, and placed over the semi-circle of radius 1/, on the left-
half complex plane; thus Spectrum(N) N Spectrum(Mz — Uz )™t
= (0, hence there exists a unique solution for these equations [3].

)

And the number g 9) corresponds to entry (1,2) of
matrix Q.

In [9] is proved the following Theorem (c.f. Theorem
5.1 in [8]):

Theorem 2 ([9]): Let us consider the following Butter-
worth Filter:

dzy
{ﬁi]‘{

yr = (x2) "z

-8y =" ()T
Xr =

—=n

(16)
with the initial conditions: z;(0) € R! and z;(0) € R™.
Then there exists €* € (0,1), such that for any € € (0,¢*):
1) The cascade formed by (9) and (16) is externally
equivalent to (10) 3.
2) The output, yy, of system (10), satisfies:

ur(t) = L ly(t) +e M (0) + O(VE)
= Calt) + e BN (0) + O(VE) Yt (21;;

In the Appendix -A we show the key points of the proof
of this Theorem, which enable us to built the matrices
QO and Ro.

Corollary 1: There exist matrices, Dy and Ds,

Dy =-Qy' (M —Uz) and Dy=-Qy'q,, (18)

where: Qg = | a4, 4 9., |, and the g, are the

column vectors of matrix Qo for i € {1,...,n jrll}, such
that:
G) = (0 +h() = Dis) + Daylt) )
h(t) = O(e), Vt>t".

Furthermore: lir% Cr(t) = ().
£—

V. CLOSED LOOP SYSTEM

Applying the control scheme composed by: the singu-
larly perturbed control law (3), the equalizer filter (4),
and the singularly perturbed observer, (10) and (19), we
get the closed loop system described by (5).

Now, in view of Corollary 1, Theorems 1 and 2 we
conclude the stability of the closed loop system (5).

In order to show how to synthesize the results of this
paper, we consider the following illustrative example.
VI. ILLUSTRATIVE EXAMPLE

Let us consider a LTVS represented by (1) with n = 3
and with parameters:

ag(t) = Zl m sin (4jt)
J:

b(t) =1+ 0.568 (sin(t) + sin(2t))

3That is to say, the representation, (9), (11), (12) and (16), and
the representation, (10), (11), (12), (14) and (15), have the same
input-output trajectories (see for example [12]).
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Note that b = 0.5. The state representation is given by
(2) with:

as(t) = [ ar(t) as(t) as(t) |"

(21)

The parameters a;, as and as, of the equalizer filter (4),
are the coefficients of the following Hurwitz polynomial
p(\) = A3 +0.92)2 + 0.25) + 0.02, namely:

(a1, a2, asz) = (0.02, 0.25, 0.92) (22)
Since ag = 0.92, then the selection, § = 10 and 7 = 0.1,

satisfies inequalities (7). From (7), we get: ¢} = 0.18,
then e € (0,0.18); let us take € = 0.09, namely:

(, B, 7) = (0.09, 10, 0.1) (23)
Since nn = n — 1 = 2, then 6; = w/4 (see (12)). And
the other matrix Qg of the observer (10) is (see (29)T:

_ | V2 -1y 0 R VoY
QO{ 0E 1/(\/555) 1}'Then'q1{ 0/6 ’

“1/e 0 ~
1/(\/565-:) 1} and Q" =

[ _175\/5 _01 } Based on the proof of Corollary 1, we

qa2 = —1/g, Qo

get:4 By = 10. Thus the singularly perturbed observer
(10) takes the following form:

dzp/dt = —10z; — (0.09)3 1 0 ]z — (0.09)y
dz/dt = 0109{(1)}@0109{ 11//\25 1/_\}5}2
1 [ v2/(0.09)2
~0.09 0 Yy
yr = [1 0]z+(1/(0.09)%)y

(24)
From (18) and (19) in Corollary 1, we can compute (y,
_[ev2 e [ V2
o= | N e [N D
The ideal model to match is:
dPy* /dt® 4 0.92d%y* /dt* + 0.25dy* /dt 4 0.02y* = r.

In order to satisfy H3, r € C°°(J, R), the reference r has
been chosen as follows:

10 [*
) =575 ),

(25)

p(o)do, t € [0, 100]

where: o(t) = € 777, with ! = (12/75)¢ — 1.

A MATLAB® numerical simulation was performed
with the solver settings: “Start time” = 0.0, “Stop time”
= 100, “Type” = “Fized—Step”, “Solver” = “ode45 Runge—
Kutta”, “Fized-step size” = 0.04, “Periodic sample time
constraint” = “Unconstrained”, “Tasking mode for peri-
odic sample times” = “auto”. In Fig. 1, we show the
behavior of system, (2), (20) and (21), controlled by (3),
(4), (22) and (23), with the state observer (24) and (25).
Comparison can be done with the simulations given in
[14].

4From (40), we have: Ag = —f — &3, then from (41) we get:
By =B.
5The function ¢ is taken from Definition 2.4.5 in [12].

0 50 100 0 50 100
(a) (b)
20 1
% 2 4 % 50 100
(c) (d)
100
20
0 o}-wwwww
-20
-100
0 2 4 0 50 100
(e) ()
5[ 1
\H\ ““ “\ J‘A\ N\
L rid IR
TV °
Ju
_5 1
0 2 4 0 50 100
() (h)
0.5
G(\
05 50 100

()
Fig. 1. Control variables: (a) output y , (b) matching model error

ly — y*|, (c)—(d) observation error ||¢ — (¢||, (e)—(f) control law u,
(g)—(h) equalizer filter signal x4, and (i) equalizer filter signal z3.

VII. CONCLUSION

In this paper, we have proposed a singular implicit
control scheme for LTVS SISO systems. The control
scheme is composed by the singularly perturbed control
law (3) and the equalizer filter (4).

The aim of the equalizer filter is to assign the closed
loop dynamics, and to assign a rate of exponential con-
vergence. The aim of the singularly perturbed control law
is to bring the system into a singularly perturbed model,
and to get a desired dynamics by an ¢ order.

The parameters, 0§ and 7, enable us to compute a
sufficiently small € such that the uniform asymptotic
stability of the singularly perturbed model is guaranteed.

We have considered the perturbation signal h in order
to take into account the effects of high gain observer.
We have proposed a singularly perturbed observer which
aim is to obtain the observed state (y = ( +h, where the
vector function h is O(e).

Appendix

A. Key points of the proof of Theorem 2

Putting the ideal non proper filter, (9), together with
the Butterworth filter, (16), we get the global singularly
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perturbed system:

dw
N 0 O dt
[ 0o 1 0 1 dfgjf

t
Iﬁ gz
0 0 ¢ Edtf
E
Tt 0 0
I N P [f]
O XD —(Ma — Un) 25
26
¥ (26)
1
"Xt
+ 0 Y
0
| —
B T
yf(t):[() 0 (K;)T][wT x5 z?}
| S ———

In order to prove the external equivalence between (26)
and (10), in [9], the authors have followed the procedure
shown hereafter:

1) Let us first define two invertible matrices: Q =

Iﬁ+l 0 0 I'ﬁ+1 0 0
, where

0 1 and R = 0 1 0

Ro 0 In

Qo 0 In

Qo satisfy (14) and (15).
2) Let wus mnext mnote that: Spectrum(N) N
Spectrum(M; — Uz)~! = 0, then (14) has a
unique solutlon (see for example Chapter 8 in [3]).
3) Let us now apply matrices @ and R to
N 0 O
QER = [ 0 1 0
0 0 e€ln

Tnt1 0 0
QAR = | —e""(x)"Ro =B —e"T(x)" |,
0 X' =

the matrices of (26):

)

1
X(nt1)
QB=— 0 ,CR=| 0
QoX(s i) X

4) Let us finally do the change of variable:
Z(t) = z¢(t) — Row(t) (27)
Adding its third row with the pre-multiplication of
its first row by Qo, we get the externally equivalent
proper system (10).
One way for obtaining the matrices @y and Ry is the
following (see also [10]):

1) Let us denote by r; and g, the column vectors of
matrices Ry and Qq, respectively. Thus from (15),

we get:
[ 1£1 i } = _
T E [ 4 gﬁ+1 [ Xﬁ+1 Xﬁ+1 =n+1 ]
= 7% [ 4, B 05
(28)
2) Then, from (14), (15) and (28), we get:
(4 4 G JH[0 0 K] =
_é(Mﬁ - Uﬁ) [ QQ gﬁ gﬁ-i,—l 05 :|
(29)

3) For solving (29), the columns have to be equated
from the last to the first.

4) Observe that: (x.)"Ro = _%Q(Lz)(&%)T’ where
4@, is the entry (i, j) of matrix Qo.

B. Proof of Corollary 1

We first consider the case € = 0, and then we analyze
the case € > 0.

1) Let us consider for a while that ¢ = 0, then from
(16) and (9), we get:©

(O = Un) 23, (0) = (1) 50 = (i) () w0
(30)
Substituting (14) and (15) into (30), we obtain the

equation:

(My — Un) 24, (t) = [(Mz — Ur) Ro — Qo w(t)
(31)
Using (27) and (31), the last equation can be

written as:

(Mﬁ - Uﬁ) ZO(t) = —Qow(t)

Because (9) is an ideal observed, the following
identity holds:

~Q5" (Ma = Un) 20(t) = | @5, | 1n | 1)

(32)

_ { Q'a, | 0n }c(t)+ [0, | Tn ]C(2)
(33)
Finally we get:
Q' (Mn = Un)20(0) = Q') =g
[ dy/dt d"ty/aemt |

2) Let us now consider the case, € > 0, which is based
on the particular case ¢ = 0.
From (16) and (9) we get:

(d/dt +pp)azy = —e" (Xi)T 2

(Tad/dt + (M5 — Us)) zr - = s + X0 (x "+1)Tw

(35)

If we apply the operator (d/dt+ 3y) to the second

row of the last equation, we then have (recall that
(9) is an ideal observer):

- T
(Mr — Un) (& + By) 2 xﬁ@gg(%+mm
(1 (G +8) g+ () ") =
(36)
taking into account (14), (15) and (27), we have:

(8 + 0r) (M = Ua) 2+ Qo€) =
i S,

6We write, 2y, and Zp, instead of, z; and Zz, for emphasizing that
we are considering the case € = 0.
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This last equation is equivalent to:
(5 +85) Qo [@El (M —Ux) z + @ElQoC}

o T
=—¢ <In (§+08f) @ +em"x2 (X;) ) zf
(38)
Let us rewrite this last equation in the same form
as (33) and (34):

Qo (% +/3f) h= EBA
Qo' (Mn—Us)z+ Q'
+ [ dy/dt " ly/dent ] =—h

1" (39)

We can check that system (16) satisfies the invert-
ibility condition of Theorem 3.1 in Chapter 2 in [8].
Indeed, let us first define the matrices:

—n

_ T _
AO = —ﬁ — €n+1 (X;L) (Mﬁ - Uﬁ)71 X(L
and (40)
Az = (My — Up)
From (13), we get: det (My — Uy) = 1; in [9], the
matrix inverse of (M5 — Uy) is computed. Further-
more, we can see from (13) that the i eigenvalues
are distinct. Then Theorem 3.1 states that the

eigenvalues of (16) are approximated as follows:

A=A (Ao) +O(e) = —f¢ + Ofe)
and
/\i :%()‘1 (A22)+O(E>)’ (&S {177’ﬁ’}

(41)

Since matrices Ay and Ass are Hurwitz, then Corol-
lary 3.1 in Chapter 2 in [8] implies that there exists
an €* > 0, such that (16) is asymptotically stable
for all € € (0,e*].

Now, since the input g of the filter (16) is obtained
by means of the ideal observer (9), and since we
have assumed conditions insuring differentiability
and boundedness of the related signals (see assump-
tions H1-H4), it follows that h(t) is also a bounded
vector function.

Finally, from equation (39) we have:

t
h(t) = Qg e Pt (0) + eQp / e Pt p(r)dr
0

then the vector function h(t) tends exponentially
to 0 when ¢ tends to 0. Therefore, from (39) we
get:

[ dy/dt "ty dent ]

This concludes the proof. O

[6]

[7]

(8]

[9]

(10]

(11]

(12]

13]

[14]
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