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Geometrical Conditions for Output Depending
Observability Normal Form

G. Zheng, D. Boutat and J-P. Barbot

Abstract— We give geometrical conditions, which guarantee
the existence of a diffeomorphism in order to transform a
nonlinear system without inputs into a canonical normal form
depending on its output. Moreover we extend our results to
a class of systems with inputs. We end this paper by some
examples and its simulations to highlight the proposed algo
rithm.

Index Terms— Algebraic/geometric methods, Nonlinear sys-
tems, output feedback and observers.

I. INTRODUCTION

In order to use the Luenberger’s observer [9] for nonlinear
systems, the so-called problem of the Nonlinear Observer
Canonical Form (NOCF) was born. In [12] authors give suffi-
cient and necessary conditions which guarantee the existence
of a diffeomorphism and of an output injection to transform
a single output nonlinear system without inputs into NOCF
form. For a multi-output nonlinear system without inputs,
it was solved in [13] and [16]. Another approach was
introduced for the analytical systems in [11] by assuming
that the spectrum of the linear part must lie in the Poincaré
domain and it was generalized in [14] by assuming that the
spectrum of the linear part must lie in the Siegel domain.
Other approaches using quadratic normal forms were given in
[1] and [3]. Moreover, [10] gave the sufficient and necessary
geometrical conditions to transform a nonlinear system into
a so-called output-dependent time scaling linear canonical
form, while [5] gave the dual geometrical conditions of [10].

In this paper, we study the geometrical conditions to
guarantee the existence of a local diffeomorphism z = ¢ ()
which transforms the locally observable dynamical system
into a NOCF form depending on the output [17]. More
precisely, let us consider the following system:

Lt .
where v € U C R" and h : U C R® — R are sufficiently
smooth. We are interested in deducing necessary and suffi-
cient geometrical conditions to guarantee the existence of a
local diffeomorphism z = ¢(x) which transforms system (1)
into the following form

2= Ay)z + B(y),
{ y=2z,=Cz, 2)
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where
0 0 0 B1(y)
ai(y) - 0 0 B2(y)
Aly) = . . s By = .

0 - anafy) 0 Bn(y)
and a;(y) # 0 for y € |—a,a[ and a > 0. This kind of
linearization is called Single Output Dependent Observability
normal form (SODO normal form).
For dynamical systems in the form (2), some types of
high-gain observer [6], [4], [7] can be synthesized. Here we
may apply the following high gain observer [2]:

P=AW)E+Bly) ~T M) B ICT(C2—y), g
0=—pR, —~ ATR, — R,A+CTC,

where T'(y) is the n x n diagonal matrix T'(y) =

n—1 n—1 _
diag[H a;i(y), I ai(y),--- } and A is the
=1

’ a7l—1(y)7 1

i=2
n X n matrix defined as follows

0 0 0

} 1 0 0

A= ,
0 10

Indeed, here the output of system (2) is considered as an
input of (3). Setting e = z — Z, the observation error can be
obtained as follows:

é=(Ay)-T ' (y) R;lCTC) e.

And the convergence of such observer is proved in [2], thus
in section 4 we simply highlight the design of such observer
for systems in the form (2).

This paper is organized as follows. The next section
addresses basic notations. In section 3, we present our main
theorem to guarantee the studied transform for nonlinear sys-
tem without inputs. Section 4 is devoted to the generalization
of our results to a class of systems with inputs, and some
practical particular cases are studied in the same section.

II. NOTATIONS AND TECHNICAL RESULTS

Throughout this article, L;}_lh for 1 <7 < n denotes the
(i — 1)*" Lie derivative of output h in the direction of f,
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a basis of the cotangent bundle 7*U of U. Then, we also
consider the vector field 7; defined in [12] as follows

0i (1) =0, for 1<i<n-—1,
Qn(7'1):1,

and by induction we define

e = (=1)"1 ad];_1 (1), for2<k<n. )

“4)

It is clear that {7y, --
TU of U.

,Tn} is a basis of the tangent bundle

Let us recall a famous result from [12].

Theorem 1: The following conditions are equivalent

i) There exist a diffeomorphism and an output injection
which transform system (1) into normal form (2) with
ar(y)=1for 1 <k <n-1.

ii) [1;,75] =0for 1 <1i,j <n.

If for some 1 < k < n—1 the functions ay(y) in the form
(2) are not constant, then i) of Theorem 1 is not fulfilled.
In [10], authors considered the case of «;(y) = s(y) for
1 <17 < n— 1. Firstly, for j > 2, they defined

iG-1)

==+l

Then, for the non-trivial case n > 2, according to the
following equality:

d(0,,(12)) = l,,A02 modspan {6, }

we can uniquely determine the smooth function A. In the
following, we calculate s(y) as follows:

s =expo

where o is a solution of the following equation
0 if0<j<n-2
LT.7‘+10 = { A

ifj=n—-1
By defining
{ ?1 = SnilTl
;H»l = [?’M %}
for 1 < i <mn—1, then Theorem 2 in [10] can be stated as
follows:

Theorem 2: The following conditions are equivalent

i) There exist a diffeomorphism and an output injection
which transform system (1) into normal form (2) with
ag(y) =s(y) for 1 <k <n-—1.

ii) [, 7] =0for 1 <4i,j <n.

This paper is for the purpose of studying the case where
a;(y) for 1 < i < m — 1 is neither constant, nor scalar
function of the output, i.e. a;(y) can be not equal to o (y)
for 1 <i,5 <m—1and i # j. The main result is given in
the next section by assuming that a family of functions a;(y)
for 1 < i < n —1 can be uniquely determined. The details
on calculation of such family of functions is exhaustively
discussed in [18].
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III. MAIN RESULT

If there exists a diffeomorphism which transforms system
(1) into form (2), then Proposition 2.3 of [18] gives all «;
for 1 <4 < n — 1. Therefore, let us consider a new family
of vector fields defined as follows:

- 1
T = i d A:L = ,vi; 6
el il:[la (y)m1 and T;4q o [7i, f] (6)
for1 <i<n-—1. Set
0 o - 0 1
0 e Tn—1 E,n
0(7’:17 : v’Fn) = = K,
o
1 ln,Q ln,n
where

FZV;w- =0,(7;) for2<k<nandn—-k+2<j<n.
Consider the following R"-valued form w
w=A"10 = (wr,wa,,wn) (7)

where, for 1 < s < n, we have

n

Wg = Z Ts,mem- 3

m=1

Then, the following algorithm gives all the components of w.

Algorithm 1:

for1<j<n,
Tng ="' =Tpn—j4+2,j = 0 and Tn—j+1,5 = 1.
for2<k<n—-1landl<j<mn,
ko
Tnekyj = = 2 len—kim(j—1)Tn—kti—(i—1).j»
i=2
n—s+1
and then, equation (8) becomes: ws; = > 7s,m8m.
m=1

Theorem 3: The following conditions are equivalent

1) There exists a diffeomorphism which transforms system
(1) into a SODO normal form (2).

2) There exists a family of functions «a;(y) for 1 < i <
n — 1 such that the family of vector fields 7; for 1 <
1 < n defined in (6) satisfies the following commutativity
conditions

[7:,75] =0, for 1 <id,j <n. (€))

3) There exists a family of functions «;(y) for 1 < 4 <
n — 1 such that the R"-valued form w defined in (7) satisfies
the following condition

dw = 0. (10)

Proof:  Assume that there exists a diffeomorphism
which transforms system (1) into form (2), then we compute
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a;(y) for 1 < i < n — 1 according to Proposition 2.3 in
[18]. Thus, 1t is easy to show that 7, = e az which yields
that 71 = 8—21 and then, by construction we obtain 7; = adz
for 2 < i < n. Consequently, we have [7;,7;] = 0 for
1<i,j<n.

Reciprocally, assume that there exist a; > 0 for 1 <7 <
n—1 such that [7;,7;] =0 for 1 <¢,j <mn, then it is well-
known ([8], [15]) that we can find a local diffeomorphism
¢ = z such that

0
¢ (TZ) azl
As ¢.(T;) = % is constant, hence
0 B ~ e 0
8721¢*(f) - ¢* ([Tzvf]) — al¢*(Tz+1) - azﬂa

thus %qﬁ*(f) for 1 < i < n — 1. Consequently,
by integration we obtain: o« (f) = A(y)z + B(y).

Moreover, as dhoT; = 0 for 1 < i < n—1and dho7,, =1,
we obtain ho ¢~ ! = z,.

Finally, in order to prove that in Theorem (3) Condition
2) is equivalent to Condition 3), it is sufficient to prove that
equation (9) is equivalent to equation (10).

Recall that for any two vector fields X, Y, we have

0[18

dw(X,Y) = Lx (w(Y)) = Ly (w(X)) — w([X,Y]).
Setting X =7; and Y = 7;, we obtain
dw(7i, 75) = Lrw(Tj) — Lew(Ti) — ([T, 7).

As w(7;) and w(7;) are constant, then we have
dw(7i, 75) = —w([7, 75])-
Because w is an isomorphism and (7;),.,,, is a basis of
TU, then equation (9) is equivalent to equation (10).
|

Remarks 1: i) The R™-valued form w can be viewed as
an isomorphism T7U" — U >< R"™ which brings each 7; to
the canonical vector basis 8— Moreover, dw = 0 means
that there is a local dlffeomorphlsm ¢ : U — U such that w
is the tangent map of ¢.

i7) The diffeomorphism ¢(z) = z is determined by w =
¢« (), which can be given locally as follows

2z=¢i($)=/wi+¢i(0) for1<i<mn,
Y

where + is a smooth path from 0 to x lying in a neighborhood
Vo C U of 0.

The following simple example is studied in order to
illustrate Theorem 3.
Example 1: Let us consider the following system

T = 1’:(_%)4551553’

j:Q - %Ilv

T3 = p(y)xe, (1D
T4 = v(y)z3,

Yy ==a4.
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which gives
91 = d‘1‘47
02 = vdxs + ' x3dxs,
03 = yudzs + 29/ yrsds + ((vp) w2 + (v'y) 23) daa,
01 = yul-dry + (29 p+ (yp)') yasda:
+ (29 ypws + v (yp) 2 + 37 (') 23) das
+O[2] (acl, T2, 1'3)91.

Then we have 7, = 1tz 8

uB o
According to Proposmon 2 3 in [18], a1 = ﬂ, le’
and a3 = c37, so the new vector fields are

— C2
_C3M

1 = c1 (14 x4) i, To = Czi,
Or1 O0x2
T3 = 6378 7~'4:7a + 7 78 .
8%3 ’ 0554 14+ T4 8$1

It is clear that [7;,7;] = 0 for all 1 <4, < 4. Therefore,
according to Theorem 3, system (11) can be transformed into
SODO normal form (2).

Moreover as A = 0(7, - -
putation gives

,Tn), @ straightforward com-

d(i—j), d(i—;’), day )T.

As w = do¢, thus the diffeomorphism which transforms
system (11) into SODO normal form (2) is

T
x1 T2 I3
y Ty T X4
<01 (1424) 2 c3

with which system (11) could be transformed into

w:]\*l@:(d

1
c1(14+x4)?

o) ===

2 =0,
22 = %ﬁ(y)zla
S
z3 = gﬂ(y)zb
o Za = c37(y)z3 )
So far, in this paper, we have only considered systems
without inputs. The next section is devoted to systems that
are also driven by an input term.

IV. EXTENSION TO SYSTEMS WITH INPUTS
Consider a system with inputs in the following form
{ &= f(z)+g(z,u),
y = h(x),

where t e U CR"”, f:UCR*" > R", g:UXxR™ — R",
h : U C R® — R are analytic functions and for = € U,
g(x,0) = 0.

For system (12), the SODO normal form along its output
trajectory y(t) is as follows

{ = A(y)z + By) +n(y, u),
Y=z, =Cz,

12)

13)

where A(y) and ((y) are given in (2% and n(y,u) =
[ my.w), me(y.w), -0 maly,w) |

Theorem 4: System (12) can be transformed into SODO
normal form (13) by a diffeomorphism if and only if
i) one of conditions in Theorem 3 is fulfilled.
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1) [9,75] =0for 1 <i<mn-—1.

Proof: From Theorem 3, we can state that there exists
a diffeomorphism ¢ such that

¢.(f) = A(y)z + B(y)-

For 1 <i < n—1, because ¢, (7;) = % is constant, hence
we have
0

0z

Therefore ¢.(g) = n(y,u). Thus, we obtain the form (13).

|

Remark 1: If g(z,u) = g1(x)us + -+ + gm (@)U, and

also both conditions 7) and i) of Theorem 4 are fulfilled,
then

¢+(9) = ¢+([9,7i]) = 0.

n(y,u) = Bi(y)ur + -+ + B (y)um-

Let us now study some special cases of the term n(y, u).

Corollary 1: Assume that conditions ¢) and i) of Theo-
rem 4 are fulfilled,

a) if [g, 7] = 0, then

(Y, u) = n(u).
b) if g(z,u) = g1(z)ur + - -+ + gm(x)uy,, and
[k, Ti] =0, for1<i<nandl <k <m,
then
77(2%“) = Blul +o 4+ Bmunu

where B; are constant vector fields.
Example 2: Let us consider the following system

. 2
1= 1?1)’3 T1T2 + 14x3 u,

. wply

T2 = Tyas T (14)
3 = v(y)x2 + u,

Yy = xs3.

A similar computation gives:a (y) = 2 (y) and as (y) =
¢o7y (y) . Therefore, we obtain 71 = ¢; (1 + z3) 8%1’ To =

o = — Ie 1 i
6278902 and ij— 7353 + 1313 ax}v' . ~
As g = [P g + g = T then [g, 7] = [9,72] = 0

and system (14) is transformed into
2 =0,
Zp = (y) =1,
Z3 = c2v (y) 22 + u,
Yy = z3.

by the following diffeomorphism

15)

T
X To
r)=z=(——7—,—,7
o) (61 (1423)" c2 3)
Following the proposed high gain observer in the form
(3), the corresponding observer for the system (15) can be

designed as follows:

21:7% (23723),
X R 2
29 = u(y) 21— 35 (233 — 23),

ThCo01.2

n — - — - Observation error of z,

Observation error of z, | 7

Observation error of z,

Observation errors

Fig. 1. Observation errors of z1, z2 and z3

where p is the tunable gain. For a more specific but simple
simulation, choose ¢; = co = 1, u(t) = 1, u(y) = 1+ 32,
and 7 (y) = 2 + cos(y). Its simulation results are presented
in Fig. 1 which presents the convergence of system’s states
and their estimations.

In addition, in order to solve the left invertibility problem,
the Observability Matching Condition (OMC) for system
(12) with m =1 is as follows

Lyl 'h=0VeeU, 1<i<n-—1,
LyL} ™ h # 0.

Corollary 2: Assume conditions ) and i) of Theorem 4
are fulfilled and the OMC is verified then

nyuw)=[ myw), 0, -, 0],

Remark 2: The OMC for system (12) with m =
equivalent to g € span{7}.

We give another example in order to highlight Corollary
2.

Example 3: Consider the following system

1 is

i’l = u,
#2 = p(y)a + ply)ed + i, (16)
i3 =y(y) 5

Yy = 3.

A straightforward computation gives a1 (y) = £ 1 (y) and
as (y) = coy (y). Thus, we have 71 = 01% 4+ 1111 %,
;2 = C2 (1+Z1)T22 and ;3 = %

As g € span{71}, then the OMC condition is fulfilled,
therefore system (16) could be transformer by the diffeo-

morphism: ¢(z) =z = (%, ﬁ,xd) into

u
c1’
Zo = S (y) 21,
Z3 = 27 () 22,
Yy =z3.

2 =
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And it is obvious that the input u can be represented as an
algebraic function of the output and its derivative as follows:

VR =i = P =y g e (V) 0+ ey
u = 3 u2
V. CONCLUSION

This paper studied the SODO normal form. Geometrical
conditions, which allow us to determine whether a nonlinear
system can be transformed locally into the studied normal
form by means of a diffeomorphism and of an output
injection, are deduced. Moreover, an extension of our results
is stated for a class of nonlinear systems with inputs.
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