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Set Invariance Under Controlled Nonlinear Dynamics with Application to
Robust RH Control

Gilberto Pin and Thomas Parisini

Abstract— This paper is concerned with the characterization
of the maximal admissible uncertainty under which a nonlinear
discrete-time dynamic system can be stabilized in the neighbor-
hood of the origin by a Receding Horizon (RH) state-feedback
control scheme. This topic is of great interest in both analysis
and design of robust RH controllers for constrained discrete-
time nonlinear systems. In particular, under mild assumptions
on the nominal transition map, the robustness of the overall RH
control scheme is shown to depend on the invariance properties
of the terminal set constraint, which is a design parameter for
the controller. In this framework, resorting to set invariance
theoretic arguments, a numerical procedure is proposed which
allows to evaluate the robust invariance properties of the
terminal set constraint. An application example is provided
to show the effectiveness of the proposed approach.

I. INTRODUCTION

The design of reliable Receding Horizon (RH) controllers
for nonlinear discrete-time systems subjected to state and
control constraints is a very active area of research. In this
framework, invariant set theory [6] has been exploited to pro-
vide nominal feasibility and stability conditions [10]. Chang-
ing the control objective from nominal to robust stabilization,
this paper is mainly focused on the use of invariant set theory
for the synthesis of robustly stabilizing RH controllers for un-
certain nonlinear system. In particular, considering the class
of additive transition uncertainty, the problem of evaluating
an upper norm bound on admissible perturbations is of great
practical interests for the synthesis of reliable controllers.
For the class of RH algorithms which impose as stabilizing
condition a fixed terminal constraint set, X, at the end of
the horizon, the robustness of the overall c-1 system has been
shown to depend on the invariance properties of X, [12].
An estimate of the uncertainty bound can be obtained by
computing the controllability set to X, denoted as C1(Xy)
(i.e., the set of state vectors which can be steered in Xy by
an admissible control action). In general, it is very difficult
to express C1(Xy) analytically, therefore the conception of
algorithms for its numerical approximation is needed. It must
be remarked that the numerical approximation of C;(Xy),
for a generic nonlinear system, is a very computational
demanding problem, although the underlying theory is well
established and a large number of results have been proposed
since the seminal paper [4]. Several algorithms exist for
different classes of systems. Linear systems have been ap-
proached, among many, by [5], [11] and [17]. Procedures for
the computation of approximations of the maximal invariant
set for nonlinear systems have been discussed in [7]. On
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the other side, the problem of characterizing the maximal
admissible uncertainty for robust set invariance has been
approached only recently, in the framework of constrained
linear systems, [16]. Significant recent advances on this
subject can be found in the works of Artstein, Rakovic and
co-workers [2], [15]. In this framework, the contribution of
the present paper is twofold.

1) First, a novel iterative procedure is presented to evaluate,
with arbitrary numerical accuracy, the robust invariance
properties of X, under a nonlinear constrained map
parametrized in the control, f (x,u), zeX, ueU, without
requiring the exact computation of C1(Xy) ;

ii) Moreover, resorting to the notion of finite-time controlla-
bility to a target set, the robust stability properties of RH
control policies based on constraints tightening and termi-
nal set constraint are analyzed, showing that the developed
algorithm can be used to evaluate less conservative bounds
on admissible uncertainties with respect to those provided
by current literature.

II. MAIN NOTATIONS

LetR,R>0,Z, andZ>( denote the real, the non-negative
real, the integer, and the non-negative integer sets of num-
bers, respectively. The Euclidean norm is denoted as | - |.
Given a compact set A C R”, let A denote the boundary
of A. Given a vector x € R", d(z, A) £inf {|¢ —z|,E€ A}
is the point-to-set distance from z € R™ to A, while
O(x,A) £ {d(z,0A) if z € A, —d(z,0A) if v ¢ A}
denotes the signed distance function. Given two sets ACR",
B CR", dist(A, B) £ inf {d((, A),(€B} is the minimal
set-to-set distance. The difference between two given sets
ACR" and B CR"”, with B C A, is denoted as A\B =
{z:2z €A ,x¢B}. Given two sets A € R", B € R", then
the Pontryagin difference set C' is defined as C=A ~B2
{ze R": x4+£€A,VEe B}, while the Minkowski sum set
is defined as S=A®B2 {zxcR" : 2=¢+1n, E€A, nEB}.
Given a vector n € R™ and a positive scalar p € Ry,
the closed ball centered in n and of radius p is denoted
as B(n, p) £ {€€R™ : |¢—n|<p}. The shorthand B(p) is
used when the ball is centered in the origin. A function
a : R>o—R> belongs to class K if it is continuous, zero
at zero, and strictly increasing.

III. PRELIMINARIES
Consider the nonlinear discrete-time dynamic system
Tiy1 = f(we, up, 1), t € Lo, 10 = T ey

where x; € R™ denotes the state vector, u; € R™ the control
vector and v; € T is an uncertain exogenous input vector,
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with T C R” compact with 0 € Y. Assume that state and
control variables are subject to the following constraints

.I'tEX, tEZZo, (2)
’U,tEU, teZZQ, (3)

where X and U are compact subsets of R" and R™,
respectively, containing the origin as an interior point. Given
the system (1), let f(x¢,us) , with f(0,0) = 0, denote the
nominal model used for control design purposes.

Assumption 1: The nominal map f(x,u) is Lipschitz with
respect to x in X, with L. constant Ly €R~. [l

Now, given (1) and a generic state feedback control law
k(z¢), let us define the map g(z¢,vi) 2 f(x4, K(we), vp).
Then the c-l1 dynamics under the action of the exogenous
input vy is described by the system

Tip1 = g(xe, 1), t € Z>0, x0 = T @)
with 2; € X and v, €Y. Moreover, let :Et+i|t, 1€ Z~, denote
the state generated by means of the nominal model on the

basis of the state information at time ¢, x4, and of a sequence
of inputs w1411 2colfuy, . .., ussi—1], such that

55t+i|t = f(i'tJrifl\tu Ut+i—1)7 55t|t =, i € L>o. )

Defining the additive transition uncertainty vector d; =

f(@e,u, ve) — f(xe,ue), we have

Tep1 = fog,ue) +dp (6)
In the sequel, given an initial state vector x(, the prediction
at time ¢ obtained by (5) will be denoted as Z(zg, ug ;—1,1),
with ¢ € {1,...,i}. In this way, the dependency of the
solution on a particular sequence of controls ug;—1 £
col[ug, . . ., u;—1] is pointed out, while the true system trajec-
tory due to a specified realization of uncertainties dg ;1 =
COl[do, ceey d/i—l] will be denoted as ,T(JJQ, ugp,i—1, d07i_1, t).
Moreover, for the sake of clarity, the subscript ¢ will be
neglected when not strictly required, in particular when the
transition map describing the nominal dynamics serves as a
nonlinear map f(x,u) parametrized in the control w.

IV. PROBLEM FORMULATION

The control objective consists in designing a state-
feedback control law capable to robustly stabilize the system
(1), guaranteeing the c-1 invariance of a compact set contain
the origin as interior point, in presence of the class of
uncertainty assumed in the following.

Assumption 2 (Uncertainty): The additive transition un-
certainty vector d; belongs to the compact ball D £ B(d),
with d=sup ,erp(|v|), where p is a K-function. O

In order to meet the control specifications, the class of
robust RH controllers based on the constraint tightening
technique is employed. In this regard, our main focus consists
in providing a less conservative estimate, with respect to
current literature, of the bound on the uncertainty, d, for
which the system can be robustly stabilized by the RH policy
to be described in the following.

First, we describe how the RH state-feedback control law
is obtained by solving, at each time instant ¢, a Finite Horizon
Optimal Control Problem (FHOCP).

Definition 4.1 (FHOCP): Given a positive integer N, €
ZZO, at any time t € ZZO, let ut’t+NC,1|t L COI[Ut|t, ut+1|t7

coy Ugy chl\t] denote a sequence of input variables over
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the control horizon N.. Then, given a stage—cost function h,
the constraint sets X, ;; € X, ¢ € {1,..., N.}, a terminal
cost function hy and a terminal set Xy, the Finite Horizon
Optimal Control Problem (FHOCP) consists in minimizing,
with respect to uy ;4 v, 1, the following cost function

t+N,—1
JFH(xtv Ut ¢+ N.—1|¢> Nc)é lz: h(:Z?”t, ul\t)""hf(xt-ﬁ-Nclt)
=t

subject to the
1) nominal dynamics (5) ;
i) constraints w4 _1¢ €U, #414)¢ € Xyqipe, 1€{1,. .., Ne s
iii) terminal state constraint Ty n,|; € Xy. O

The usual RH control paradigm can now be stated as
follows: given a time instant ¢ € Z>g, let £t|t = x4, and
find the optimal control sequence u; N -1t by solving the
FHOCP. Then, according to the RH strategy, apply

uy = KrE (1), (M

where kg (z¢) £ u$, and uy, is the first element of the
optimal sequence u; t, N1t (implicitly dependent on x;).
Let us now introduce the following further
Assumption 3 (ky, hy, Xy): Assume that there exist an
auxiliary control law x¢(x) : X — U, a function hy(z) :
R™ — R>q a positive constant Ly, € R, a level set of
hy, Xy C X and a positive constant ¥ €R~¢ such that the
following properties hold:
i) Xy C X, Xy closed, {0} € Xy;
ii) IQf(ZE) eU, Vxe Xf;
iii) hy(x) Lipschitz in Xy, with L. constant Ly, € Rxo;

V) by (f(z,kp(2))) = hy(2) <—h(z, 5 f(2)), Vo €X\{0};
V) hy(f (@,57(x))) =hf(r) < —v, v €Rso, Vo € 90Xy O

Let us denote as Xy the region in which the FHOCP is
feasible. If X iy is RPI (see Def. 5.2) for all the possible
realizations of uncertainty, then it possible to show that,
by accurately choosing the stage cost h, the constraint sets
Xivjlt, JE{L, ..., Nc}, the terminal cost function hy, and
by imposing a terminal constraint X ; at the end of the control
horizon such that Assumption 3 holds, the c-1 system is
Regional Input to State Stable in X gy w.r.t. norm-bounded
uncertainties [14]. In this connection, we are going to derive
a bound on the uncertainty for which the invariance Xy is
guaranteed.

V. INVARIANT SETS AND FEASIBILITY OF RH CONTROL

In this section, the interplay between invariant sets and
robust RH control will be addressed. This will allow us
to properly design the parameters of the FHOCP and to
characterize the robustness of the c-1 system under the RH
control law. The following definitions aim to introduce the
basic ingredients of invariant set theory that will be needed.

Definition 5.1 (RCI): A set = C X is a Robust Controlled
Invariant (RCI) set for system (6) if Ju € U such that
flz,u)+deE, Ve e ZEand Vd € D. O

Definition 5.2 (RPI): A set = C X is a Robust Positively
Invariant (RPI) under the map §(z,d) if §(z,d) € E, Vz €
Zand Vd € D. O

Definition 5.3 (C;(X,Z)): Given a set = C X, the i-step
Controllability Set to Z, C;(X, E), is the set of states which
can be steered to = by an admissible control sequence of
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length 4, ug ;—1, under the nominal map f(:z:, u), subject to
constraints (2) and (3), i.e.

Ci(X, E) é{SCQ eX: 3110)1‘_1 €U’ such that
:i:(:z:o,uo_,i,l,t)EX, Vit € {1, B 1},
#(x0,00,i-1,7) EZ . 5

In the sequel, the shorthand C;(E) will be used in place
of C;(R™, Z). Moreover, according to the literature, the set
C1(Xy) will be addressed as predecessor set of X .

The following Lemma (proven in the Appendix) intro-
duces a method to compute the constraint sets of the FHOCP.

Lemma 5.1 (State Constraints Tightening): Under
Assumptions 1 and 2, suppose ', without loss of generality,
Ly, # 1. If the state constraints at the j—th prediction step
of the FHOCP X, ;;, are computed as

A L?‘z -1 )
Xt+j|t:XV“B ﬁd 5 VzE{l,...,NC} (8)
=
then each input sequence which is feasible for the FHOCP
guarantees that the true state will satisfy z,; € X, Vj €
{1, ...,Nc}, Vo, € Xpu, Vo € M~. O
Resorting to feasibility arguments, the main stability result
for the described robust RH controller is asserted by the
following Theorem (see Appendix II for the proof).
Theorem 5.1 (Robust Positive Invariance of Xgrg): Let i
be the largest ¢ € Zs( such that Z —1J < Nc. Under
Assumptions 1-3, the set Xy is RPI under the c-1 dynamics
w.r.t. additive uncertainties d€3(d), where

_ -1
dﬁmin{lex{rllax {d; } 1dist (R™M\X, X7) },

with i
7 A 7i—N, f x
k=1 I
The result stated by Theorem 5.1 motivates us in formu-
lating an affordable method to compute the euclidean metric

dist(R™\Ci(X ), Xf), i€{1,..., No — 1}.
VI. APPROXIMATION OF dist(R™\C;(Xy), X)

At a first glance, the exact evaluation of
dist(R™\C;(Xy), Xs) can be carried out by directly
computing C;(Xy). However, in most situations, only an
inner approximation éi(Xf) can be obtained numerically.
In this respect, an iterative procedure will be described to
compute a lower approximation of dist(R™\C;(Xy), X¢).
The algorithm is based on the following recursion

{ Ci(Eh =Xy,

Ci(B)j+1 =9(Ci(E);, X¢), j € L=,
where ¢ is a suitable set-valued function and C; (B); is
the convex inner approximation of C;(X ) computed at the
j-th iteration. Referring to a numerical example reported
in Section VIII, Figure 1 shows a graphical representation

of two sequences of sets generated by such a recursion to
approximate Cq (X) and Cg(Xy).

)dlst(R"\C (X5). X5). )
-1 O

(10)

IThe very special case L f» = 1 can be trivially addressed by a few
suitable modifications to the proof of Lemma 5.1.
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The main objective of the following analysis consists
in designing the above set-valued operator v, such as to
guarantee the convergence the algorithm toward the desired
euclidean metric dist(R"\C;(Xy), Xs). In order to deter-
mine a function 1) capable to satisfy the above requirements,
we need to address the issue of numerical computability of
set-valued operators, which poses indeed some constraints
on the structure of the approximation algorithm. A detailed
analysis of computability of set-valued operators for non-
linear discrete-time autonomous and controlled systems is
given in [2] and [9]. In order to present a key result on the
computability of controllability sets, some notions of set-
valued analysis [3] must be introduced.

Definition 6.1 ( F(z)): Given the nominal transition
function f(x, ), the set-valued map F:X—Y,YCR" is

defined as A U f:v w) (11)

Definition 6.2 (LSC): A set valued map F: X — Y is
called Lower Semi-Continuous (LSC) in X if Vx €X, given
€€R>0, I6€R>( such that inequality |z —2"| <6 implies

F(a) C F(x") @ B(e). O

Noting that the predecessor operator generates the natural
weak set-va{ued prezmage [8] of a given set = C Y under
E,C(E)=F"1(2)2{zeX : F(z)NE#£0}, a computability
result for F*~1(Z) would imply the computability of C; ().

To this end, let us introduce the notion of robust robust
controllability set, which plays a key role in the computabil-
ity theory for set-valued operators, since it represents the best
computable approximation of the true predecessor set [9].

Definition 6.3 (RC;(X,Z)): Given a set = C X and the
nominal map f(z,u), the i-step Robust Controllability set to
= is defined as RC;(X,Z)2C; (X, int(Z)). O

In the following, the shorthand RC;(E) will be used to
denote RC;(R", E).

The possibility to obtain an arbitrary accurate numerical
approximation of the robust predecessor set is guaranteed by
the following approximate computability result.

Theorem 6.1 ([9]): Given a set ZC X, if the map F'(x)
is LSC in z, Vz € X , then C1(Z) is open whenever Z is
open. Hence, the operator = — RC;(Z) is always lower
semicomputable, i.e., it can be approximated arbitrarily well
by a sequence of compact sets {Ci(Z);}, j € Z>1, with
Cil( ); D Ci(Z);_1, given an initial lower approximation
Ci(ENCRP(E)CC(E). O

Noting that a map defined as in (11) is LSC under
Assumption 1, Theorem 6.1 can be readily extended to char-
acterize the computability of the i-step robust controllability
set RC;(Z). In this regard, let us introduce the following
problem.

Problem 6.1: Given a finite integer 1€Z~ and a compact
set Xy such that Assumption 3 holds, we look for a nu-
merical set-iterative procedure, in the form of (10), capable
to generate a sequence {C;(Xy);, j€Z>1} of compact sets
lower approximating RC;(X ), such that
DNC(X}); CCi (Xp), Vj € Zso;
i)if dlst(R"\C (X5)j, Xp) < dist(R™\RC;(Xy), Xyf) =

dist(R™\Cy(X5)j41,X p)>dist (R™\Cy(X 1), X f) Vi€Zo;
iii)dist(R™"\RC;(X5),X ) < lim; oo dist(R™"\C;(Xy);,Xf)

< dist(R™\C; (Xf),Xf).
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Ca( X)) 5 Ci( X)) 5
Cs( Xp) 4 BIRa
Cs( Xp) 3 Cs( X) 2 | € X) o X
—0.016F T T T T T T T T
-0.018}

_002 L L L L L L L 1

0_8é069 —-0.068 -0.067 —-0.066 —-0.065 -0.064 —-0.063 -0.062

—-0.06
-0.08

Fig. 1.

—0.04 0
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Now, we are going to introduce a numerical framework
to address the issues raised by Problem 6.1. In particular, it
will be shown that the function ¢ in (10) can be designed
such that all requirements are satisfied.

To this end, let us introduce the Finite Horizon Distance
Optimal Control Problem (FHDOCP).

Problem 6.2 (FHDOCP): Given system (6), a set Xy
for which Assumption 3 holds and a compact set X €
RC;(Xy), consider a vector zyp € OZ. The (i-steps) Finite
Horizon Distance Optimal Control Problem (FHDOCP) con-
sists in finding the sequence of control moves ug;—1 =
collug, ..., u;—1], subject to (3), such that the following
value function, Jrgp(xo, upi—1, Xs), is maximized:
J;‘HD(xO’ug,i—l(xO)va): max{(l) ((xou0,i—1, i)aXf)E

up,i—1€U"

An effective optimization-based algorithm, which satisfies
the requirements raised by Problem 6.1, is now presented (for
the sake of notational simplicity, the dependency of Jz
on X will be omitted).

Theorem 6.2 (éi(Xf) ): Given a positive integer i € Z~g
and a compact set X set such that Assumption 3 holds,
consider the recursion (10) with ¥ defined as follows

I(Ci(X5)j,X5)

5 —1 : o o 12

2Ci(Xy); @B<Lf, min  {Jpyp(zug ;) }> RS
x€0C;i(X5);

Then the sequence of sets {C;(X);,j€Z>1} satisfies Points

1)-iii) of Problem 6.1. O

The proof of Theorem 6.2 is given in Appendix III.

Remark 6.1: Notice that Theorem 6.2 assumes that the
optimal value Jg p p (w,ug ;) for each x € 9C;(Xy); as well
as the global minimum minzeaéi(xf)j{J%HD (zu§,;)} can
be actually obtained. For a generic nonlinear system this
is not always the case, therefore a numerical method to
approximate the set-valued function ¥ is described. Notably,
in this case the constraints imposed by Points i)-iii) of
Problem 6.1 cannot be strictly fulfilled, but can be violated
with an arbitrarily small tolerance specified by the designer,
as described in the following section. 0

0.04 0.08

Sequence of sets generated by the iterative procedure (10) for the numerical example reported in Section VIII.

VII. NUMERICAL IMPLEMENTATION OF THE
SET-ITERATIVE SCHEME

In order to derive a numerically affordable implementation
of the set iterations (10)-(12), some properties of the optimal
value function J3 (0, ug ;(z0)) are going to be analyzed.

Lemma 7.1: Under Assumptions /1-3, givep a vector 17;) €
OCi(Xy);, the optimal cost J3; (2, ug ; (7)), the optimal
control sequence ug‘i(:c/o), and the optimal state prediction
(g, ugﬂi(:zré), i), then the optimal value of the function
I3 p (o, ug ;(z)) is lower bounded by

J%HD(anug,i(x ))ZJ%HD(%’“SJ(CCO))_aLf; (13)
for any vector 2y € R™ : |y — x| < o, with o € Rog. [
Proof: In view of Assumption 1, it follows that

(14)
Let n € Rug be such that o = 0L} " J5 (2, ug ,(20)).
then it follows that the state vector :%(:vg ,u&i(:cé)),i) €
B (#(wly g ,(2), 1,18 11 (0 5 1 (7)) ).
that JI?‘HD(xlolvug,i(Ig)) > J%HD(Igv ugl(xlo)) , then

J;‘HD(xg’ug,i(xg))Z(l - n)J;?HD(xé)’ ug,i(ffé)))-
Finally, substituting the expression for 7, the statement of
the lemma trivially follows. [ ]

In the sequel, an algorithm for numerically approximating
the set-valued function ¢ in (12) is discussed.

Procedure 7.1 (Numerical recipe for 9(C;(X;);, X¢)):
First, notice that, given a lower bound

J; < min {Jpgp(@a5,)} 4,€Rx0
z€IC;(xy);
then the following inequality holds
Cilwp); € (Culap)i @ (L7 L)) SOCHX ) X )

Thanks to Lemma 7.1, J . can be obtained by performing a
series of FHDOCP’s in suitably chosen vectors belonging to
0C;(X¢);. In order to ensure the termination of the procedure

in a finite number of steps, let us fix an arbitrary tolerance
0 € R-o, whose significance will be cleared later on. At

~ ’ ’ . ~ " ’ . N
|$($07u8,i($0)a’) - w(wo,US,i(wo)vl)I < Lf;a-

Considering
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: Jerp (fl;« u(o),i—l (I,))

—-0.05

L)
Fig. 2. Graphlcal representatlon of the conic lower bound on JF, 5 D(xg ),
for \xo — xo\ < Lf JFHD(x ug 1(900))

this point, let us consider a grid-like subset X HC@C}(X 7)j
such that d(z, Xp) < 6, Vo € 9Ci(Xy); and e € Ry :
d(z, Xg\{z})>e€, Vo€ X . Being C;(X ;); compact, X is
numerable. Then, performing a finite number of FHDOCP’s
on all the vectors of X, we can compute

ij:(l - O'5L.fz6)zré1)i(rz{J;‘HD (z)}

If l i < 0, the recursion is terminated. Notice that ¢ can
be reduced to allow for a finer gridding, which permits
to compute a possibly tighter bound, at the cost of an
increase in the computational load. Conversely, if J; >0,
the set C;(X;)j41=Ci(xf); ® (L;;ij) is computed and the
recursion is continued.

For implementation purposes, it is convenient that Xy is
given as a polytope [1], such that the sets Ci(X);11, j €
{1,..., N.} can be obtained by performing the Minkowski
addition between polytopes, having previously inner approx-
imated the ball addendum in (12) by a parallelotope. 0

VIII. APPLICATION EXAMPLE

Consider the following discrete-time model of an un-
damped nonlinear oscillator

x(l)tJrl*I(l)t—‘rO 05 [—I(g)t—F 0.5 (1—|— I(l)t) ut}
T(2)p 1™

Z(2), +0.05 [ (1)t+ 0.5 (1— 4.%'(1) ) ut] R
where the subscript (¢) denotes the i-th component of the
vector x;. System (15) is subject to the constraints (2) and
(3). The set X is given by {z€R" : =[x 2(2)]7, |z(1)|<
0.2, |z(2)| <0.2}, while U£{u€R : |[u|<2}. Given X and
U, the Lipschitz constant of the system is Ly = 1.1390.
A linear state feedback control law ui=r ¢ (z;) =k"z;, with
k€R?, stabilizing (15) in a neighborhood of the origin, can be
designed as described in [13]. Choosing k=[0.74 1.80]%, the
following ellipsoidal set, X € X, is RPI under the nominal

dynamics (15) in c-1 with k¢ (z¢)
Xy 2 {xteR" : x?[ 309.21 _6%)6227523 ]xt < 1} .

5)

—162.53

In X, the auxiliary control law satisfies Assumption 3.
Assuming that the system is controlled by a constraint
tightening RH scheme having X as terminal set and N.=9,
in order to obtain the upper norm bound on admissible un-
certainties, the set-iterative procedure (10) has been applied
to Xy, obtaining a sequence of setsC;(Xy);,j € Z>1,i €
{1,...,8}, as depicted in Figure 1. The following bounds
can be inferred from the computed sets by using (9)
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di =4.02-107* dy =4.92-10"* d3 =3.31-10"*
Finally, the upper norm bound on admissible uncertainty
is d=4.92-10%, which is larger than dy, that coincides with

the upper limit computable by the tools provided in [14].

CONCLUSIONS

This paper has presented a novel method, based on set-
invariance theoretic arguments, to evaluate the maximal
admissible uncertainty under which a nonlinear discrete-time
system can be stabilized by a constrained Receding Horizon
(RH) state-feedback control scheme. Remarkably, the norm
bound on the admissible uncertainties has been shown to
depend on the robust invariance properties of the terminal
set Xy, which is a free design parameter of the FHOCP.

Finally, a set-iterative procedure has been proposed to
approximate by numerical computations, with arbitrary ac-
curacy, the bound on admissible uncertainty.

APPENDIX I

Proof: [Lemma 5.1] According to [12], given the
state vector x; at time ¢, and a feasible control sequence
T, ;4 N, 1) the prediction error €., £ Typi — Bypiprs with
i€{l,...,N.}, and 2, obtained applying W,y g D
open loop to the uncertain system (1), is upper bounded by

7

L.
|et+l‘t| < L d Vi € {1 NC}

where d is defined as in Assumptlon 2. Then it follows that
Tpyi=Bp s+ a0 €X, ViE{l, ..., Nc}. u

APPENDIX II

Proof: [Theorem 5.1] The proof consists in showing
that if the FHOCP is feasible at time ¢ for some x; ( i.e
x+ € Xrp), then, applying the state feedback control law
ut=kprH (xt), t€Zq, the FHOCP admits a feasible solution
for all x4, with 1€Z~, subject to the c-1 dynamics :zrtH_
f(@, kre(xe)) + di, with d; € B(d). Let us define d;
(Ly, — 1)/(L}, — 1)dist(R™\Ci(X), X;).

The proof will be carried out in four steps.

o €Ci(Xy) =g, 1o €U° |:C(x0,u01 1j0-do,i—1,7) €
Ci(Xy),Vdo;—1€B(5;)": Given zo€C;(X ), let us denote
as uo,z—l\o a feasible control sequence (implicitly function
of o) such that Z;, = Z(wo, ug 00 i) € Xy. It is
straightforward to prove that the norm difference between
the prediction ;) and x;=x (o, ug 1107 do,i—1,%), with
do,i—1€B(0;)’, can be upper bounded by

L;} -1

Ly —1
Substituting the value of 8, in (16), it is trivial to show
that, since Z;0€ Xy, then z;€C;(Xy).

ii) Uncertainty bound d: First, let us consider ¢=2. Thanks

(16)

2310 — 24| <

to Point i), V' € Ci(Xf) ® B(ds) Ju : f(z',u) €
Co(Xy) «B(d2); then it follows that
(C1(Xf) ©B(d2))UC2 (X )
CC1(Ca(Xy)~B(d2))UCt (C1(X§))
a7

=Ci(C1(X7)U(Ca( X)) - B(52)) )
cay([((X)B(62) UCa(X))] ~B(32) ).
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By noting that C;(Xy) U (C2(Xs)~B(02)) C Co(Xy) C
(C1(X )@ B(62))UC2(X ), then from (17) it follows that

ThTA09.4

Xy, and hence =" €C;(X). These arguments also prove
the second inequality at Point iii) of Problem 6.1.

diSt(Rn\C3(Xf),CQ(Xf)) > L;zlgg. ii) dist(Rn\éi(Xj')j+l,Xj') < dist(R"\RCi(Xf),Xf) =

With similar arguments as above, it is possible to prove
that dist(R™\Ciyi-1(X),Ci(Xf)) > Ly '6i Vi > 2.
Hence, one can apply recursively this result to obtain
dlS_t(R"\C(zl ) (X5)sCoapsi, 9(Xy)) 2
Ll
Therefore, since N, > 22:1 j, the statement of the
theorem trivially follows.

111) i’t_;’_jlt GXt_,_j‘t = jt_},.j‘t_;,_l GXt_,_j‘t_,_l, V‘]e{l, e ,NC}:
Consider the predictions & ;; and T4 jj;41, initialized
by x; and z,41, and obtained respectively using the input
sequences ?t+N gt and a feasible Qi1 4N, —1)t415
chosen equal to the subvector uy 1t N1t Assuming
that & ), €X « B( (LJ —1)/(Ly,—1)d), let us introduce
neB((Ly! ~1)/(Lyg, ~1)d). Let EE Loy jle41~ Lo g,
then, in view of Assumption 1 and thanks to (16), it
follows that

CAi(Xj')jJrl D) C}(Xf)j (D Xf),Vj S Zle Under the
stated assumption, being J; € R, the subsequent inclu-
sion follows from the properties of Minkowski addition.
If J ;=0 for some j€Z>1, then Ci(X5)j1=Ci(X});, Vi€
7> j, and hence the limit is finitely determined.

,»I(ZJ*IJ)(szl(L £ D /(L =D)dist(R™M\Ci(X5),(X5))- i) dist(R™\RC; (X 5),X f) <lim,__, 0o dist (R"\C; (X 5 ), X f):

The proof can be carried out by contradiction.
First, by Point ii), notice that ¥(Ci(Xf)oo) =
Ci(Xf)oo. Assume there exists ¢ € Rso such that
hm]_)oodlst(R"\C (X)X p)=dist(R"\RC;i(X¢),Xp)—

- Then, the set 9Ci(X f)oo C Ci(int(Xy)). Since there
ex1sts ¢ €Rx such that Ming o6, (x ). Jpup(T,ug,;)>
¢, then there exist a set 9(Ci(Xf)oo) D Ci( X f)oo, Which
1nva11dates the original assumptlon. [
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L4y —1_
I€] < |Tejear — Tegjpe] + Inl < ﬁdv (18)
P

and hence, ¢ € B( (L%, =1)/(Lg, =1)d). Since iy €
Xi1jpt» it follows that Tigj|e +&=Fyji41 tnEX, Vne
B((L 1)/ (Ly,—1)d), yielding to &y jj¢1€ X4 jjer1-

iv) :it+Nc|t S Xf = jt-ﬁ-Nc-i-l\t—i-l S Xt+Nc+l|t+1: Since d is
assumed to fulfill the following inequality

i< Lidlst(R”\X X;),
Lir —

then, in view of (8), X;yn. ;¢ = Xeynoy1je41 2 Xy In

this regard, Point ii) ensures that x;y; € Xry, and hence

TigNot1ft+1 € X5 © Xop N4 1]t41-
Finally, in view of Points i)-iv), it follows that X gz is RPI
for bounded additive uncertainties d € B(d), with d defined
as in the statement of the theorem. |
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