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Analysis of Sampled-data Interconnected Systems

Chun Zhang and Geir E. Dullerud

Abstract— In this paper, we consider the sampled-data prob-
lem of interconnected systems, specifically, time- and space-
invariant systems. Our main contribution is to provide sufficient
conditions on well-posedness, stability, and contractiveness of
sampled-data interconnected systems in the form of a group of
Linear Operator Inequalities (LOIs); And despite their infinite
dimensionality, further reduce them to Linear Matrix Inequal-
ities (LMlIs). The technique is also applicable when dynamics
are spatially continuous, and measurement and actuation take
place in spatially localized patches; namely, when a spatial,
rather than temporal, sampled-data arrangement is present.

I. INTRODUCTION

Many systems are composed of multiple similar units
that are interconnected to create a larger composite system,
where the connection between units may for instance be
simply neighboring units directly interacting. If the number
of units is large, a centralized control approach to design can
become prohibitively expensive from both computational and
engineering perspectives due to fast increasing measurement
costs and system complexity. In such cases distributed or
decentralized control becomes natural choice to consider.

Frequently, interconnected systems can be approximated
by time- and space-invariant systems, for which the con-
tinuous Ho-alike distributed controllers with exact inter-
connection structure of the plant are discussed in [1] and
[2]. A different controller design approach using Fourier
transformation on both temporal and spatial dimensions is
presented in [3].

However, these controllers are not immediate for digital
implementation due to their continuous dynamics. Digital
controllers are highly desired for any realistic system, due
to the flexibility in design and the convenience in imple-
mentation, [4]. In order to bridge the gap, we adopt the
sampled-data, in particular, lifting technique originated from
[5] and [6] in our development. Although we focus here on
temporal sampling, the approach presented has applicability
to the spatially sampled case, which could for instance arise
in micro- or nano-applications.

In this paper, we consider time- and space-invariant in-
terconnected systems built from identical basic building
blocks that only interact with their direct neighbors. For the
sake of simplicity, we assume the dynamics of the system
is of discrete-space but continuous-time. Also, we assume
the system is controlled by a distributed digital controller
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with the same interconnection structure as the plant. The
controller is assumed to be of discrete-time and -space.

In order to connect the continuous plant to the discrete
controller, measurements must be sampled and controls must
be held. However, in order to preserve the exact continuous
interconnection between units, the interconnecting signals
must be lifted instead of sampled. This leads to the major
difficulty in this paper - the infinite dimensionality of the
state space of the lifted interconnected system.

In this paper, we study analysis problems of the lifted
open-loop system, which can be shown to have the same state
space representation as the closed-loop system. Controller
synthesis will be discussed in a future paper. Our main
contribution is to provide sufficient conditions for well-
posedness, stability and contractiveness of the sampled-data
interconnected system in the form of a group of Linear
Operator Inequalities and further reduce them to a group of
Linear Matrix Inequalities despite the infinite dimensionality
of the state space and the input/output spaces.

The rest of the paper is organized as follows. In Section
II, we introduce the notation. The problem is mathematically
formulated in Section III, followed by analysis of the lifted
system in Section IV, where sufficient conditions are devel-
oped. Section V deals with the finite reduction. Conclusions
are given in Section VI. Due to space limitation, most proofs
and detailed derivations are omitted, interested readers can
check [7] for details.

II. PRELIMINARIES

The sets of integers, non-negative integers, real numbers,
and non-negative real numbers are denoted by Z, Ny, R, and
R respectively. The notation R® denotes real-valued vectors
whose size are either clear from context or irrelevant.

The space of n by m matrices is denoted by R"”*™, the
space of symmetric n by n matrices is denoted by S™.

The space of square integrable functions mapping [a, b] —
R™ is denoted as L%[a,b]; The space of square summable
sequences mapping Ny — R is denoted as 3. When n is
clear or irrelevant, we simply denote them as Ls[a, b] or {s.

We use s to denote the L-tuple (s1,82,---,sr). The
variable s; can either be in Z or in a subset {1,2,---  N;}
of Z. We use D; to denote either of them, therefore, s; € D;.

Definition 1: The space Iy is the set of sequences u
mapping D = D; x Dy X --- x Dy +— R®, where
> sep U (s)u(s) < oo. It is a Hilbert space with inner prod-
uct defined as (u,w);, := > pu*(s)w(s), The associated
norm is defined as ||ul|, := v/ (u, u),.

Apparently, when D = Z, this is the standard ¢y space.
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Definition 2: The space Ko is defined as the space
L[0,h). And K% denotes the space L5[0,h).

Definition 3: The space K2(D) (or simply Ko when D
is clear from context or irrelevant) is the set of functions
4 mapping D := Dy x Dy x --- x Dy, +— Ko for which
> senll@(s)|lx, < oo The inner product on this space is
defined as

> (als), ws)) k.
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The norm on this space is defined as [|@|| g, := /(@ @) g, -
Definition 4: The space I is the set of sequences
mapping No +— o for which 7, - |l@(k)| ¢, is finite. The

inner product on this space is defined as

(1, u~}>l~2 = ZkeNo <ﬁ(k)7 ﬁ)(k)),@
= ZkENo Zse]D) <ﬂ’(ka S)v ’LI)(]C, S)>/C2
= Y peng Ssen Jo 1@ (k,5)) (0)][(@(k, ) (£)ldt

The norm on this space is defined as ||ill;, := y/(@, @),
III. PROBLEM SETUP

A. Interconnected Systems

For simplicity, we only consider systems with one spatial
dimension (with both forward and backward channels) in our
derivation. Results here can be generalized to systems with
multiple spatial dimensions.

Fig. 1 depicts the basic building block of the plant,
which is assumed to be a finite-dimensional Linear Time-

invariant (FD-LTI) system with the following state space
representation
&(t, s) Arr Ars Br| [z(ts)
w(t,s)| = |Asr Ass Bs| |v(t,s)
z(t,s) Cr Cr D] |z(ts)
2(0,8) = x9€R® 1)
— ’U+(t,S) _ w-‘r(tvs)
where v(t,s) = L}_ (t,s)] , w(t,s) = {w_(t,s) .
d(,s) z(,s)
vi(s) i T w.(,5)
()
w_(,s) G v_(,s)
Fig. 1. Basic Building Block

We consider an infinite interconnection in this paper. This
approximation is sufficient for a large number of systems; In
particular, when the scale of the influence of localized effects

is much less than that of the whole system, [1] and [3].
The first order infinite connection is shown in Fig. 2, where
we assume

ve(t,s+1) =
v_(t,s—1) =

w4 (t,s) € R™F

w_(t,s) ER™~, VseZ ?2)
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d(,—1)%(,—1) d(,0) z(,0) d(,1) 2(;1)
vy (L l T v+ (,0) i T vi (1) i T vi(,2)
oo ov,(, _9) G olo1) G° v (,0) G" ()"
Fig. 2. Infinite Interconnected System

Define the following bi-directional shift operator:
Ag . = diag(SI,,,,,S™ ', )

where S is the shift operator on the forward spatial dimen-
sion. Then the interconnected system can be written as

&(t,s) Arr  Ars Br| |z(t,s)

(Asmv)(t,s)| = |Asr Ass Bs| |v(t,s)

z(t, s) Cr Cr D |z(ts)
z(0,s) = =z0€R° 3)

It is also possible to form a period connections or other
higher order connections, see [1], [7] and references therein.

B. Lifting the Interconnected System

Lifting is now a standard technique for lumped-parameter
sampled-data systems, see [4], [5], [8] and [9]. In this section,
we generalize this technique to the interconnected system
shown in Fig. 2.

The lifting operator L : L3[0,00) — Ka(Np) is defined
such that for a signal u € L2[0, 00),

U= Lu, U(t)=u(kh+1t), for0<t<h

The inverse lifting operator £ LI@Q(NQ) — L]0, 00) is
defined such that, for a signal @ € KCo(Ny),

w=L" % u(t)=ap(t—kh), forkh<t< (k+1)h.

Remark 1: The key property of the lifting operator is that
it defines an isometry between the two spaces L2[0, o0) and
K2(Np) [5], in the way that

1, gy = el 0,00 |
Let us consider the interconnected system (3). A lifted ba-
sic building block with measurements and controls included
is shown in Fig. 3.

Fig. 3. Lifted Basic Building Block
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The sampler S and the zero-order hold H are assumed to
have perfect synchronization. The sampling period is denoted
as h. The sampler and the hold work as follows,

g(k,s) = Sy(t,s) = y(kh,s) for kh <t < (k+1)h

u(t, s) = Hu(k, s) = u(k, s) for kh <t < (k+1)h

The setup in Fig. 3 preserves the exact continuous inter-
connection between units by lifting instead of sampling the
interconnection signal v. However, this comes at the cost of
infinite-dimensional state-space.

It can be shown that the closed-loop system has the same
state space representation as the lifted open-loop system
without measurements y and control signals u, if we assume
the controller has the same interconnection structure as the
plant [7]. The lifted open-loop interconnected system is
shown in Fig. 4.

d(,-1) 2(,—1) d(,0) 2(,0) a1 2(,1)

: o o
ot P neo t—— ny A w2
~(-1) ~(0) ~(1) oo
I-(-2) | G 1201 | G <60 G (1)

Fig. 4. Lifted Interconnected System

Thus in order to consider analysis problems of the closed-
loop system, we can equivalently study the lifted open-loop
interconnected system,

z(k+1,s) Arra z‘:lTs B;T z(k, s)

(Asmd)(k,s)| = | Asr Ass Bg| |0(k,s)

z(k,s) Cr Cs D] ldk,s)
z(0,5) = =mp € R™. )

where Z(t,s) € R™, o(t,s) € Ky'" & Ky'™, d(t,s) e K,
and Z(t,s) € K. The operator Ag m on Ky is defined as

Agm = diag(Sf,M, S_lfmf)

where I,,, . and I, are unit operators on Ky'* and K5'~
respectively, and S is the shift operator on the forward
channel.

The other operators are defined as follows, derivations can
be found in [7].

Arr, eArrh
Arsi(k,s) = fh Arr(h=9) Ayt (o, s)do (5
Brd(k,s) = fh Arr(h=2) Brd,. (0, s)do.
(Asrz)(t,s) = AgpeTria(t,s)
(ASS'[U@)( , S) = AgsUy (t, S)
- + Jy {Asret (=) Apg Yy (o, 5)do
(Bsdk)(t, S) = Bsdk(t, S)

+ fJ{ASTeATT(t_U)BT}CZk (0', s)da

(6)
B CN'T = CTeATTt
(Csﬁk)(t, S) = Cgy (t, S)
) + fg{pTeATT(t—U)ATS}ﬁk(O-7 S)dO’ (7)
(Ddp)(t,s) = Ddy(t,s)

+ [1{Cre?™m (=) Br}dy (o, s)do.
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Define the following operators for convenience
i |Arra Ars 5_ | Br ~ 5 A
A= |:AST Ass] B= [S] , C=I[Cr Cs| (8

Remark 2: After lifting, the system becomes a discrete-
time and -space linear system which is shift-invariant in both
temporal and spatial dimensions.

Remark 3: Part of the state variable, ¥ is in 22, which
is of infinite-dimensional. This structure prohibits the direct
application of the techniques used in [5], where the lifted
system is reduced to an equivalent FD-LTI system but
depending on the fact that for a lumped parameter system
the state-space stays finite after lifting.

IV. ANALYSIS

In this section, we develop sufficient conditions on well-
posedness, stability and performance properties of the lifted
interconnected system (4) in the form of a group of LOIs.
We assume the system before lifting has these properties
satisfied. Finite computation will be discussed in the next
section.

Similar to [1], by eliminating the interconnection signal v,
the system (4) can be re-written as

Z(k+1) = Az(k)+Bd(k)
2(k) = Cz(k)+ Dd(k), )
A B Arr, B A
where [C D} _[gi DT]+ ?S}

A. Well-posedness

A system is well-posed if it is physically realizable. In our
setup, we define the well-posedness property as follows,

Definition 5: A system is well-posed if and only if
(As_’m - /155) is invertible.

We have the following Lyapunov type test on it.

Lemma 1: The system (4) is well-posed if there exists an
invertible self-adjoint operator Xg on the space ICmH'm’
such that

ASSXSASS — XS <0 (10)

Proof: The system is well-posed if there exists an
invertible self-adjoint_operator Xs on the space K, Tt
such that ASSA* XSAS mAss — Xg < 0, (10) follows

by considering the structure of A57m. [ ]

B. Stability

For a well-posed system, given an initial condition Zy € Io,
the solution to (9) is

k—1
= AFz+ Y A" Bd(p).
p=0

(k)

A system is said to be (uniformly exponential) stable if
there exists a finite positive constant a and a constant 0 <
(B < 1 such that for all k, we have

|A¥];, < aB®.
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Lemma 2: The lifted system (4) is uniformly exponential
stable if there exists an operator X = diag(X7, Xg), where
Xp € S™0 is a positive definite matrix and X s 1S an
invertible self-adjoint operator on the space IC;”*J”"’, such
that

AXA-X <0 (11)
The proof is similar to that of Lemma 1. Notice that the
(1,1) block of (11) is exactly the well-posedness test (10).

C. Contractiveness

Assume the system (4) is stable, we say the system is
contractive if the induced gain from input to output is strictly
less than one, namely, ||d — 2|, 7, < 1. This is an Hoo
type criterion, which can be checked in the following way,
similar to the KYP lemma.

Lemma 3: The system (4) is stable and contractive if there
exists an invertible self-adjoint operator X defined in the
same way as in Lemma 2, such that

i BI'[X o][4 B]_[X 0] _,
C D] |0 IJ]|C D 0 I
where the operator I is the unit operator on K3.

Notice that the (1, 1) block of (12) is exactly the stability
test (11).

12)

V. FINITE COMPUTATION

In the previous section, by using similar techniques as
in [2], sufficient conditions on well-posedness, stability and
contractiveness are given in the form of LOIs: (10), (11), and
(12). Unfortunately, they are not immediate for computation.
In this section, we reduce these LOIs to computable LMIs
based on the technique presented in [10], where the induced
norm of a compression operator is computed. The corner-
stone of this finite reduction is the isometric transformation
introduced below:

Lemma 4: ([10]) On the space o = L3[0,h), given a
constant 6 € (—m, 7], define

Yi(t) = h=Y2e39kt for 0 <t < h

where wy, 1= 22948 “and {v;} = {0,£1,42,---}. Then
{Yx}5° form a complete orthonormal basis for K.
- For an operator K : Ky — Ko, there exists an operator
K : /5 — f5, such that

(er, Key) = (v, Kibx) (13)

where {ej}5° are standard bases of /5.
Definition 6: A compression operator K on the Hilbert
space KCy is defined to be of the following form

t
(Ku)(t) := / Cer""" Bu(r)dr + Du(t), 0<t<h
0

where A, B, C, D are matrices of appropriately dimensions,
and h > 0 is a real number.

WeA07.1

From Lemma 4 and (13), K has the following equivalent
representation on the /o space given e7? ¢ eig(e”?),

Co

(Ie’® — A)~' [By -] + diag(Go, ) (14)

The exact definition of matrices here will be clear as we
proceed. It is worth mentioning that K is the sum of a finite
rank operator and a block diagonal operator.

A. Well-posedness

From Lemma 1, we know that the existence of a self-
adjoint operator X5 on K5* 7™~ which satisfies (10) is
sufficient for the system (4) to be well-posed. In this section,
we provide a finite-dimensional reduction of the LOI (10).
Let us start with the definition of 12155 as in (6). It is clearly
a compression operator by Definition 6. From Lemma 4 and
(14), it has the following equivalent representation on the
standard ¢y space:

_ Co _ GO
Ass=|.|M[By -]+ . (15)
where,

A = etrrh (16)
M = (I - A" (17
B, = (Tjwr — ATT)il(Ieje - A)ATSh71/2 (18)
Cr = Asr(Ae™® —Dh™Y*(Ljwy — Arr)™" (19)
Gr = Asr(Ijw, — Arr) "Ars + Ass (20)

We have the following technical lemma:

Lemma 5: Assume the system before lifting is well-posed,
then there exists a positive integer N and an invertible matrix
Y € S™++m- such that for all k > N,

Y -GiYGr >0 21
Proof: Since the system before lifting is well-posed,
there exists an invertible matrix Y € S™+%"- gsuch that
Y — AESYASS > 0. As k — oo, Gk — Agg. Thus, the
positive number N exists. [ ]
The following lemma follows from the isometry between
KCo and /5.

Lemma 6: The lifted system is well-posed if there exists

a self-adjoint operator X g on E;nﬁ'm’ such that

Angsgss —Xg <0
Given a matrix Y € S™+7™~ and a positive integer N
which satisfies Lemma 5, for an integer n > N, we define

X = diag(Xy, Yinr) (22)
where X,, € S"(m+™-)_ and Yi,; = diag(Y,Y,- ).
Partition the operator Agg in (15) as follows,
= Cl CTYI
Ags = [02] M [By B]+ [ GJ (23)

where matrix G = diag(Go,--- ,G,), the operator Gy =
diag(G,,+1,- - ), and operators C;, B;, i = 1,2 are parti-

tioned accordingly.

2072



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

By arithmetic manipulations, we have

—xs= | @) (e R

. {GIXnGl

AssXsAss

G;anG2:| N |: 0
where

[FO(Xn) Fl] — CanGl C’z}/infG2i|

By By
o “To M
QU(Xn) = |pr MT(CIXMC+ CSYinfCQ)M}
It is clear that (24) < 0 is equivalent to the feasibility of the
following operator inequality

[é Y - JJ‘{JO(S( . 8}

[Folg?")] Q' (X,) [Fo(X,) Fi] >0 (25
where Jy(X,,) = G5 X,G1 — X, + I and J; = G3YintGo.
Now we state the first theorem of the paper on checking
the well-posedness property of the lifted system.
Theorem 1: Assume the system before lifting is well-
posed, and ¢/? ¢ eig(eA7T"). Let N > 0 be an integer
that satisfies Lemma 5. If for some n > NN, there exists a

finite-dimensional matrix X,, € S™("+*™-) guch that the
following LMI (26) is feasible,

b4 -8
_ Fo](if)} Q Y(Xn) [Fo(Xn) Ei] >0 .

where F1Ef = Fi(Yinr — Jl)_lFl* is a matrix, then the
lifted system (4) is well-posed.

Proof: Since we choose n > N, then Yj,s —J; > 0 by
Lemma 5. Therefore S := (Yint — J1)~ /2 is well-defined.
From [10], we know that if the LMI (26) is feasible then
the LOI (25) is feasible, therefore (24) < 0 is feasible with
the operator Xg = diag(X,,, Yiur). By Lemma 6, the lifted
system is well-posed. [ ]

B. Stability

To guarantee stability, we need the LOI (11) to be feasible
for some operator X = diag( X, f(s), where X7 € S™0 is
a positive definite matrix, and Xgisa self-adjoint operator
on IC;n*er’ as in the well-posedness part.

Let us start with the structure of A defined in (8), which

is an operator on R™0 @& K5+ 7™~ From Lemma 4, it can
also be represented on {5 as follows,

Mt

A = | O | xmx[Mt By -]

+diag(L, Go,--+)

where /1, M, Cy, By, and Gy, are defined in (16) through
(20), and L = Ie?? is a constant matrix for a fixed 6.
Similar to Lemma 6, we have the following lemma:

WeA07.1

Lemma 7: The system (4) is stable if there exists a self-
adjoint operator X on R™° @ E;T”er’ with the structure
diag( X7, Xg) such that

A" XA-X <0
Define Xg = diag(X,, Yiyr) as in (22), follow the same
derivation as in the well-posedness case, partition A per the
structure of X7 and Xg, we have

M1
A = —Ci | xM x[M™" —Bi —Bs]
_02
+diag(L, G1,G2)
Then we have the following equality:
) L*XrL
A" XA-X = GiXnG1
G;anG2
Fy (Xr)
+ | Fi'(Xn) | Q' (X1, Xn) [Fo(XT) Fi(X,) Fb
Fy
Xr
- Xn
an
27
where
[Fo(Xr) Fi(Xn) F]
_ MY XrL —CiX,Gi o —C3YineGo
- M —By B

5 To M

Since L*XrL = Ie 7 XrIe’? = X7, then (27) < 0 is
equivalent to the feasibility of following LOI

I I
I - JO(Xn) -
an - Jl 0
Fy (Xr)
Ff(Xn)| Q' (Xr, Xn) [Fo(Xr) Fi(Xn) F2] >0
F*
’ (28)

where Jy(X,,) = G5 X,G1 — X, + I and J; = G3YintGo.

We have the following theorem on the stability.

Theorem 2: Assume the system before lifting is stable,
and €79 ¢ eig(e77"). Let N > 0 be an integer that satisfies
Lemma 5. If for some n > IV, there exist finite-dimensional
matrices X7 € S0, and X,, € S™™++m-) guch that the
following LMI (29) is feasible,

1 1
1 — [ Jo(Xn)
1

0
F5(Xr)
FY(Xa) | QN (X1, Xa) [Fo(X1) Fi(Xn) Ez2] >0
E*
: (29)

where E3FEy = Fy(Yins — Jl)_lFQ* is a matrix, then the
lifted system (4) is stable.
The proof is similar to that of Theorem 1.
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C. Contractiveness

Now let us consider the reduction of the LOI (12).

Let us start with the simplest version of (12) by assuming
the system has no temporal dynamics; Then it can be written
as follows,

M;;SXMSS — X <0
where Mgg := [%ZS Bﬁs]’ and X = [XS f]' XS is a
self-adjoint operator on IC;”*J”"’, and [ is the unit operator
on K3. ~

Our goal is to find such a feasible operator X by using
finite computation, the difficulty here is that both Xg and I
are infinite-dimensional operators.

From (6) and (7), it is clear that Mgg is just a regular
compression operator. By reloading the notation By, C, G,
we can represent Mgg on the standard {5 space as we did
for the operator Agg.

Co o
Mss=|“1 | M[By B -]+ G (30)

where A and M are defined in (16) and (17), and

By = (Ijw,— Arr) '(1€° — A) [Ars  Bs] hTVE 3D
o = {f({fﬂ (Ac™ — D V2(Ljwo — Arr)™' (32)
(33)

Lemma 8: Assume the system before lifting (3) is contrac-
tive, then there exists an positive integer N and an invertible
matrix diag(Y, I), where Y € S™+*™~ and [ is an identity
matrix on R?, such that for all k > N

Y =+ | Y =
-l Jo
where GJ, is defined in (33).

Again, from the isometry between Ko and /2, we have,
Lemma 9: The system without temporal dimension is
contractive if there exists a self-adjoint operator X €

25+ such that

M ;v SX M ss—X <0

Again we want to choose X = diag(X,, Yin¢), but we
have to be careful this time since now both X,, and Yj,r are
structured, as we shall see in the following remark.

Remark 4: In the above procedure, an implicit coordinate
transformation has been performed. Originally, we want to
find an X = diag(Xs, 1) on Ky "™ @ K3. However,
Mgg in (30) comes from an operator on Ky *+™=+%
This introduces an equivalent coordinate transformation from

T @ty 0T We have to take that into

account by choosing X in the form of diag(X,,, Yine), with
X,, of the following structure:

(34)

Xll 0 Xln 0
0 I --. 0 0
Xp=| - (35)
X1 0 -+ Xpn O
0 0 0 I

WeA07.1

Each X;; € S™ ™ where0 < 1,7 < n; And
each I is an identity matrix on R?. Operator Yy =

diag (ﬁ; ?] , [S(; ﬂ ,> for some Y which satisfies

the previous Lemma 8.

We have the following theorem on the contractiveness.

Theorem 3: Assume the system before lifting is contrac-
tive, and e’/ ¢ eig(eA77"). Let N > 0 be an integer that
satisfies Lemma 8. If for some n > N, there exists a finite-
dimensional matrix X,, € S"(m++m-+2) with structure (35)
such that the following LMI (36) is feasible,

FRCE

0
where Jy, J1, Fo, F1 and E; are defined in the same way
as in well-posedness part but using redefined operators (31)
to (33), then the lifted system is contractive.

The proof is similar to the proof of theorem 1.

Remark 5: We can now add the temporal dimension back,
by following the exact procedure from well-posedness test
to stability test but using the reloaded notation (31) to (33).
Interested readers are referred to [7] for details.

VI. CONCLUSION REMARKS

In this paper we have formulated and solved the analysis
problem of sampled-data interconnected systems. An infinite-
dimensional state-space model is employed to represent the
lifted interconnected system exactly. A group of LOIs is
provided as sufficient conditions on well-posedness, stabil-
ity, and contractiveness of the lifted interconnected system,
which are further reduced to computable LMIs.

Future works include but not limited to: controller synthe-
sis, and extending current results to the heterogenous case,
where the system is composed of non-uniform basic building
blocks.

- [ @ ) B > 000
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